ADVANCES IN
QUANTUM
CHEMISTRY

Volume 22

Per-Olov Lowdin

Copyrghted Materal



EDITCRIAL BOARD

David P. Craig (Canberra, Australia)
Raymond Daudel (Paris, France)
Emst R. Davidson (Bloomington, Indiana)
Inga Fischer-Hjalmars (Stockholm, Sweden)
Kenichi Fukui (Kyoto, Japan)
George G. Hall (Kyoto, Japan)
Masao Kotani (Tokyo, Japan)
Frederick A. Matsen (Austin, Texas)
Roy McWeeney (Pisa, Italy)

Joseph Paldus (Waterloo, Canada)
Ruben Pauncz (Haifa, Israel)
Siegrid Peyerimhoff (Bonn, Germany)
John A. Pople (Pittsburgh, Pennsylvania)
Alberte Pullman (Paris, France)
Bemard Pullman (Paris, France)
Klaus Ruedenberg (Ames, lowa)
Henry F. Schaefer III (Athens, Georgia)
Au-Chin Tang (Kirin, Changchun, China)
Rudolf Zahradnik (Prague, Czechoslovakia)

ADVISORY EDITORIAL BOARD

David M. Bishop (Oitawa, Canada)
Jean-Louis Calais (Uppsala, Sweden)
Giuseppe del Re (Naples, Italy)
Fritz Grein (Fredericton, Canada)
Andrew Hurley (Clayton, Australia)
Mu Shik Jhon (Seoul, Korea)

Mel Levy (New Orleans, Louisiana)
Jan Linderberg (Aarhus, Denmark)
William H. Miller (Berkeley, California)
Keiji Morokuma (Okazaki, Japan)
Jens Oddershede (Odense, Denmark)
Pekka Pyykko (Helsinki, Finland)
Leo Radom (Canberra, Australia)
Mark Ratner (Evanston, Illinois)
Dennis R. Salahub (Montreal, Canada)
Isaiah Shavitt (Columbus, Ohio)

Per Siegbahn (Stockholm, Sweden)
Harel Weinstein (New York, New York)
Robert E. Wyatt (Austin, Texas)
Tokio Yamabe (Kyoto, Japan)



ADVANCES IN
QUANTUM CHEMISTRY

EDITOR-IN-CHIEF
PER-OLOV LOWDIN

ASSOCIATE EDITORS
JOHN R. SABIN AND MICHAEL C. ZERNER

QUANTUM THEORY PROJECT
UNIVERSITY OF FLORIDA
GAINESVILLE, FLORIDA

VOLUME 22

ACADEMIC PRESS, INC.

Harcourt Brace Jovanovich, Publishers
SanDiego New York Boston London Sydney Tokyo Toronto



Academic Press Rapid Manuscript Reproduction

This book is printed on acid-free paper.

Copyright © 1991 by ACADEMIC PRESS, INC.
All Rights Reserved.

No part of this publication may be reproduced or transmitted in any form or
by any means, electronic or mechanical, including photocopy, recording, or
any information storage and retrieval system, without permission in writing
from the publisher.

Academic Press, Inc.
San Diego, California 92101

United Kingdom Edition published by
Academic Press Limited
24-28 Oval Road, London NW1 7DX

Library of Congress Catalog Number: 64-8029

International Standard Book Number: 0-12-034822-5

PRINTED IN THE UNITED STATES OF AMERICA
91 92 93 94 95 9 87 65 43 21



Contributors

Numbers in parentheses indicale the pages on which the authors’ conkributions begin.

Jan Almléf (301), Department of Chemistry, Minnesota Supercomputer Institute,
University of Minnesota, Minneapolis, Minnesota 55455

H.-P. Cheng (125), Department of Physics and Astronomy, and Materials Re-
search Center, Northwestern University, Evanston, Illinois 60208

D. E. Ellis (125), Department of Physics and Astronomy, and Materials Research
Center, Northwestern University, Evanston, Illinois 60208

Steffen Eriksen (167), Department of Chemistry, Odense University, DK-5230
Odense M, Denmark

Shridhar R. Gadre (211), Department of Chemistry, University of Poona, Pune
411 007, India

Jan Geertsen (167), Department of Chemistry, Odense University, DK-5230
Odense M, Denmark

Horacio Grinberg (9), Departamento de Fisica, Facultad de Ciencias Exactas y
Naturales, Universidad de Buenos Aires, 1428 Buenos Aires, Republica Argen-
tina

J. Guo (125), Department of Physics and Astronomy, and Materials Research
Center, Northwestern University, Evanston, Hlinois 60208

George G. Hall (1), Shell Center for Mathematical Education, University of
Nottingham, Nottingham NG7 2RD, England

J. J. Low (125), UOP Research Center, Des Plaines, Illinois 60017

Julio Maraion (9), Departamento de Fisica, Facultad de Ciencias Exactas,
Universidad Nacional de La Plata, 1900 La Plata, Republica Argentina

Jens Oddershede (167), Department of Chemistry, Odense University, DK-5230
Odense M, Denmark

Rajeev K. Pathak (211), Department of Chemistry, University of Poona, Pune
411 007, India

Peter R. Taylor (301), ELORET Institute, Palo Alto, California 94303

vii



Preface

In investigating the highly different phenomena in nature, scientists have always
tried to find some fundamental principles thatcanexplain the variety from a basic unity.
Today they have not only shown that all the various kinds of matter are built up from
aratherlimited numberof atoms, but also that these atoms are constituted of a few basic
elements of building blocks. It seems possible to understand the innermost structure of
matter and its behavior in terms of a few elementary particles: electrons, protons,
neutrons, photons, etc., and their interactions. Since these particles obey not the laws
of classical physics but the rules of modern quantum theory of wave mechanics
established in 1925, there has developed a new field of “quantum science” which deals
with the explanation of nature on this ground.

Quantum chemistry deals particularly with the electronic structure of atoms,
molecules, and crystalline matter and describes it in terms of electronic wave patterns.
It uses physical and chemical insight, sophisticated mathematics, and high-speed
computers to solve the wave equations and achieve its results. Its goals are great, and
today the new field can boast of both its conceptual framework and its numerical
accomplishments. It provides a unification of the natural sciences that was previously
inconceivable, and the modern development of cellular biology shows that the life
sciencesare now, in turn, using the same basis. “Quantum biology” isanew field which
describes the life processes and the functioning of the cell on a molecular and
submolecular level.

Quantum chemistry is hence a rapidly developing field which falls between the
historically established areas of mathematics, physics, chemistry, and biology. As a
result there is a wide diversity of backgrounds among those interested in quantum
chemistry. Since the results of the research are reported in periodicals of many different
types, it has become increasingly difficult for both the expert and the nonexpert to
follow the rapid development in this new borderline area.

The purpose of this serial publication is to try to present a survey of the current
development of quantum chemistry as it is seen by a number of the internationally
leading research workers in various countries. The authors have been invited to give
their personal points of view of the subject freely and without severe space limitations.
Noattempts have been made to avoid overlap—on the contrary, ithas seemed desirable
to have certain important research arcas reviewed from different points of view.

The response from the authors and the referees has been so encouraging that a series
of new volumes is being prepared. However, in order to control production costs and
speed publication time, a new format involving camera-ready manuscripts is being
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used from Volume 20. A special announcement about the new format was published
in that volume (page xiii).

In the volumes to come, special attention will be devoted to the following subjects:
the quantum theory of closed states, particularly the electronic structure of atoms,
molecules, and crystals; the quantum theory of scattering states, dealing also with the
theory of chemical reactions; the quantum theory of time-dependent phenomena,
including the problem of electron transfer and radiation theory; molecular dynamics;
statistical mechanics and general quantum statistics; condensed matter theory in
general; quantum biochemistry and quantum pharmacology; the theory of numerical
analysis and computational techniques.

Asto the content of Volume 22, the Editors would like to thank the authors for their
contributions, which give an interesting picture of part of the current state of the art of
the quantum theory of matter: from a historical survey of the foundations of molecular
orbital theory, over the Feynman path integral method and its applications 10 the
electronic structure of atoms and molecules, a study of transition metal clusters,
investigations of the coupled cluster based polarization propagators and some basic
inequalities in quantumn chemistry as applied to bounds for energy functionals, to a
survey of quantum mechanical calculations based on atomic natural orbitals.

It is our hope that the collection of surveys of various parts of quantum chemistry
and its advances presented here will prove to be valuable and stimulating, not only to
the active research workers but also to the scientists in neighboring fields of physics,
chemistry, and biology who are turning to the elementary particles and their behavior
to explain the details and innermost structure of their experimental phenomena.

PerR-OLov LOWDIN



The Lennard-Jones paper of 1929 and the foundations of
Molecular Orbital Theory

George G. Hall

Shell Centre for Mathematical Education,
University of Nottingham,
Nottingham NG7 2RD

ABSTRACT

The 1929 paper by Lennard-Jones is the first one to treat
Molecular Orbital theory in a quantitative way. It introduced the
Linear Combination of Atomic Orbitals approximation for the
molecular orbitals. Its derivation of the electronic structure of
the oxygen molecule from quantum principles convinced many
chemists that quantum mechanics could contribute something
new to their subject. The rigour and computational sucess of the
theory today owe much to this paper and his subsequent develop-
ments of it.

1. Introduction

In 1929 a Discussion of the Faraday Society was held in Bristol. It was
organized by W.E. Garner and J.E. Lennard-Jones, both local Professors. The
subject was Molecular Spectra and Molecular Structure and it brought
together many of those most active in these fields at that time including F.
Hund, R.S. Mulliken, C.V. Raman, V. Henri and G. Herzberg. To this spe-
cialist audience Lennard-Jones presented his first paper on the Theory of
Molecular Structure (1). To appreciate the significance of this paper it is
necessary to see it in the context of the subject at that time. From today’s
vantage point, some parts of it may appear conventional and others dated. It
is equally important to realise its role in making known to the chemical com-
munity the relevance and potential utility of Quantum Mechanical calculation.

ADVANCES IN QUANTUM CHEMISTRY Copyright © 1981 By Academic Press, inc.
VOLUME 22 1 All rights of reproduction in any form reserved.



2 GEORGE G. HALL

The Discussion itself brought together both theorists and experimental-
ists and, following a trenchant paper by O.W. Richardson, much of the discus-
sion centred on problems of notation and usage of symbols for various quan-
tum numbers. Several of our presently accepted conventions were fixed dur-
ing that meeting. As is typical of that time, papers on various kinds of spectra
predominated and most of these concerned the interpretation of experimental
spectra. In these circumstances the Lennard-Jones paper stood out as purely
quantum mechanical and highly original.

2. Background

In 1926 Schrodinger published his epoch-making papers (2) on wave
mechanics. Then Heisenberg applied perturbation theory (3) to the two-
electron problem and showed how 'resonance" arising from electron
exchange could explain "exchange forces". Heitler and London (4) used this
idea to explain the covalent bond as exemplified in the hydrogen molecule.
From this beginning the electron-pair, or resonance, treatment of molecular
structure developed rapidly. It took over so many of the earlier ideas of the
Lewis model of chemical bonding that it was easily accepted by many chem-
ists and became the preferred mode of explanation.

At the same time Hund began to formulate, as an alternative, the Molecu-
lar Orbital (MO) theory (5). His objective was to determine the quantum
numbers of all the electrons in a molecule and specify its state by vector
coupling them, as had proved so successful for atoms. He postulated that each
electron should have four quantum numbers which remained invariant with
inter-nuclear distance R. Since the electronic structure of atoms could be
assumed known, he considered the two limiting cases when R was infinite,
giving separated atoms, or zero, giving the united atom. He drew correlation
diagrams connecting the electron levels as a function of R and judged that
levels going to unoccupied levels of the united atom would be unfavourable to
bonding and those remaining occupied for all R would be favourable. With
these ideas, and considerable experimental information from spectra of vari-
ous kinds, he could assign the electron configurations of some diatomics. It
emerged from his work that the conservation of the number of nodes in each
orbital as R changed was very significant.

A very similar stand-point was taken by Mulliken (6) who adapted
Hund’s assignments and made more use of atomic data. His extensive
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spectroscopic experience enabled him to suggest electronic structures for
many diatomics. In particular Mulliken emphasised the importance of the
group theory classifications and his distinction between o, x and 8 bonds
remains vital to us.

3. The Lennard-Jones paper

The starting-point of Lennard-Jones paper is his uncompromising
insistence on the auf—bau principle. Just as Bohr built up atoms by adding
electrons one by one, so molecules should be built up in the same way. (Mul-
liken had considered this possibility but thought it impractical.) He then con-
sidered what the Schrddinger equation for a typical electron in a diatomic
would be. Since he was concerned only with homonuclear diatomics the dif-
ferential equation can be written out in full but with unknown potentials
expressing the effect of all the other electrons on the selected one. By treating
these as perturbations he could start with the hydrogen molecular ion equa-
tion. Already an approximate solution for this was known using + and -
combinations of the separated atomic orbitals. Thus his first approximation to
the molecular orbital is a linear combination of H-like atomic orbitals suitably
normalized using the overlap integral. The screening constants are adjusted
to allow for the other electrons. From his evaluation of the integrals he then
gave a correlation diagram having some quantitative significance and showing
how different levels could both rise and fall with R.

For the diatomics with few electrons, this approach was quite successful
and confirmed many of the assignments already made by Hund and Mulliken.
For larger molecules Lennard-Jones introduced another idea. He accepted
that atoms with the inert gas structure of completed outer shells could not
show bonding. Except for the London force, they must repel one another. By
starting from pairs of such atoms and removing electrons one by one he could
arrive at the structure of these larger systems. Thus two Ne atoms repelled but
the removal of two electrons and the reduction of the nuclear charges gave
fluorine molecule with an "inverted H system" in the perturbation to the orbi-
tal equation. Thus the single bond of fluorine is due to the removal of two
anti-bonding electrons. This gave a fast and easy explanation both for fluorine
and oxygen molecules. His argument for the 3y ground state structure of
oxygen was the first to be based on quantum mechanical principles rather than
on the interpretation of spectra, His assignment of 1% for the ground state of
the carbon dimer contrasted with the S°I1 given by Mulliken (6) and
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experiment confirmed him, though the separation between the two states is
small.

In effect, this Lennard-Jones approach implied that the inner electrons in
these molecules remained in atomic orbitals and only the valence electrons
needed to be in MO involving both nuclei. This distinction was earlier made
by Hund whereas Mulliken thought all electrons should be MO. Mulliken (7)
eventually agreed that, while, strictly speaking, all should be in MO, it might
be accurate enough to put the inner ones in AQ.

As a final contribution, the paper also argued that the notation for the
MO should begin with the principal quantum number of the atomic orbital of
the separated atom instead of using that of the united atom, as was the custom
at that time.

4. The follow-up to the paper

Lennard-Jones himself did not rush to build on his beginning. He was
involved in moving to Cambridge. By the time of the next Faraday Discussion
on the subject, in 1933, the molecular orbital theory had become much more
accepted as a valid and useful theory. In that discussion he presented a paper
(8) on hydrocarbon free radicals, including CH,, in which group theory is
used to help assign the order of the orbital energies and explain the electronic
and geometrical structures, E.Hiickel attended that meeting and, in the course
of the discussion, acknowledged (9) that the first quantitative use of molecular
orbital theory was the 1929 paper of Lennard-Jones. Perhaps this contact with
Hiickel prompted his next molecular paper (10) on the treatment of conju-
gated hydrocarbons. In this paper he introduced the concepts of compression
energy of the ¢ bonds and the variation of B with distance, which opened up
the whole subject of variable CC distances in conjugated hydrocarbons. This
paper is still quoted as the formative paper in the treatment of polyacetylene
since it allowed for the persistent alternation of double and single bond char-
acter despite the length of the molecule.

The first accurate calculation of a molecular orbital wavefunction was
the Coulson (11) calculation on the hydrogen molecule. Although the method
was then extended to the lithium molecule (12) it relied on the high symmetry
of the homonuclear diatomic and did not generalize.
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Although Lennard-Jones gave partial explanations much earlier, the final
resolution of the problem of justifying the use of atomic orbitals for the inner
electrons and diatomic orbitals only for the valence electrons was not
achieved until twenty years later when he showed (13) that the determinantal
wavefunction had unitary transformations which left it invariant but could be
used to transform the molecular orbitals into localized equivalent orbitals
without loss of accuracy. In these two papers he gave a rigorous derivation of
the orbital equations from the Schrédinger equation using a method he had
introduced (14) for the atomic SCF equations. It was not until the third paper
in this series (15) that the MOs were completely defined as eigenfunctions of
the SCF Hamiltonian. At this point the MO theory became fully rigorous and
consistent.

5. Conclusion

By any standards Lennard-Jones must be considered an outstanding
scientist. He worked on many problems which continue to interest us and
contributed his share of good ideas in each case. Perhaps his work on inter-
molecular forces is best known today though his theories of liquids and of
surface catalysis are still quoted and influence our thinking. His molecular
structure work is represented in a relatively small number of papers but shows
him trying to understand the fundamental aspects of the subject and injecting
ideas which we still find useful.

Lennard-Jones has an important place in the history of theoretical studies
in this country, N.F.Mott said (16) of him "If in his Bristol appointment he
was the first man in this country to hold a Chair of Theoretical Physics within
a Physics Department, certainly he was the first man to hold a chair of
Theoretical Chemistry anywhere in the world." He set the style of the subject
here and tried very hard, with some success, to explain it to experimental
chemists in a very simple way.

References
1 Lennard-Jones, J.E. (1929) Trans.Faraday Soc. 25,668

2 Schrodinger, E. (1926) Ann.d.Phys 79,361,489,734.



10
11
12
13
14
15

16

GEORGE G. HALL

Heisenberg, W. (1926) Z.Phys. 38,411

Heitler, W. and London, F. (1927) Z.Phys. 44,455

Hund, F. (1926) Z.Phys. 36,657

Mulliken, R.S. (1927) Phys.Rev. 32,186

Mulliken, R.S. and Rieke, C.A. (1941) Rep.Progress Phys. 8,231
Lennard-Jones, J.E. (1934) Trans.Faraday Soc. 30,70

Hiickel, E. (1934) Trans.Faraday Soc. 30,59

Lennard-Jones, J.E. (1937) Proc.Roy.Soc. A158,280

Coulson, C.A. (1938) Proc.Camb.Phil.Soc. 34,204

Coulson, C.A. and Duncanson, W.E. (1943) Proc.Roy.Soc. A181,378
Lennard-Jones, Sir John (1949) Proc.Roy.Soc. A198,1,14
Lennard-Jones, J.E. (1931) Proc.Camb.Phil.Soc. 27,469

Hall, G.G. and Lennard-Jones, Sir John (1950) Proc.Roy.Soc. A202,155

Mott, N.F. (1955) Biograph.Mem.Roy.Soc. 1,175



THE FEYNMAN PATH INTEGRAL FORMALISM: ATOMIC AND
MOLECULAR ELECTRONIC STRUCTURE

HORACIO GRINBERG
Departamento de Fisica, Facultad de Ciencias Exactas vy
Naturales, Universidad de Buenas Aires, (1428) Buenos

Aires, Republica Argentina.

JULIO MARARNON
Departanento de Fisica, Facultad de Ciencias Exactas,
Universidad Nacional de La Plata, CC. No 67, (1900) La
Plata, Republica Argentina.

I. Introduction
II. Mathematical OQOutline
A. General Remarks
B. The Feynman Path Integral
Q. Elementary Physical Systems
a. Harmanic Oscillator
b. Density matrix of fermionic states from
coherent states via functional integral
III. Path Integral Theory of the Hydrogen Atom
A. General Remarks
B. Theory of the Hydrogenic Oscillator in [IP.4
C. Justification of the KS Tranzsformation
IV. General Treatment of Many Electron Systems
Through the Feynman Path Integral
Representation
A. Path Integral Approach to a Finite
Many-Body Problem

ANTUM CHEMISTRY Copyright © 1991 By Academic Press, Inc.
Cg\(G:‘A(I:EEZSZ mau 7 All rights of reproduction in any form reserved.



8 HORACIO GRINBERG AND JULIO MARANON

B. Partition Function of the Hiickel Model
C. Application of the Path Integral to the
Quantum Fluctuations of the Ground State
D. Presence of an External Field
V. Path Integral Formulation of Roothaan’s
Equations
A. Preliminary Considerations and Closure
Relations
B. The Projected Generating Functional
VI. Feynman Path Integral Representation of Field
Operators and Memory Superoperators in a
Liouville Space
A. Preliminary Remarks
B. Theoret.ical Background
4. Feynman Representation of Memory
Superoperators: Physical Interpretation
D. Feynman Path Integral Representation of
Field Operators
E. Application to a Non-Interacting Many-Boson
System
F. Final Remarks
VII. Conclusions
Acknowledgments

References



THE FEYNMAN PATH INTEGRAL FORMALISM 9

I INTRODUCTION

Three classes of approximation methods are commonly
employed in many body quantum mechanical problems.
Perturbation techniques produce =series expansions for
quantities of interest in powers of a variable which
specifies the departure of the given problem from an
exact.ly soluble case. Variational methods produce the
best estimate out of a given class of trial solutions.
In the Semiclassical approximation the expressions for
wave functions, energy levels, phase shifts, scattering
cross sections, etc are derived in which analytic forms
are correct in the limiting case where Planck’s
(reduced? constant h 1is small in comparison with the
act.ion functions occurring in t.he corresponding
classical problem.

This review will deal with the appldcation to
at.omic and molecular systems of a particular
semiclassical approximation, the Feynman path Cor
Sfunctional) integral approach ([1] that constitutes the
most. appropriate tool to work in this scenario.

The original Feynman’s path integral formalism was
in the framework of classical least-action mechanical
principle. The formalism was later extended to quantum
mechanics [2} and quantum-~field theoretic regime (3]
The problems involved in the precise nature of this
transition are well known. It is the requirement of the
correspondence principle that the laws of quantum theory
must. be formulated in such a way that in the limiting
case, when many quanta are involved, these laws should
ga over into those of the corresponding classical
theory. The usual interpretation of the correspondence

principle is to reguard classical theory as the limit of
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quantum theory as h goes to zero. This interpretation
has led to the belief that. deterministic (Hamilton’s or
Newton’s) classical mechanics 1is indeed the classical
limit. of Schridinger’s wave mechanics.

In fact, the formulation of quantum theory draws
heavily on classical notions, and it is natural that
this is =so. The various representations of quantum
theory -~ such am the x - or the p-representation of
quantum mechanics - are connected with the
diagonalization of one or another operator, the physical
significance of which is presumed to be known from a
clssical context. While classically both x and p are
needed to mpecify a system, the Heisenberg uncertainty
relation precludes simultaneocus specification of both
variables, and we are familiar with quantum
representations that use only half the classical Cauchy
data. Nevertheless, various phase-space representations,
such as that proposed by Wigner [41 and Weyl [31, and
developed by Moyal [6), employ functions of phase-space
variables x and p in their quantum formulations. The
price paid for this particular kind of generalization is
the inability to =specify states of the system that are
sharp in both x and p in violation of the uncertainty
relation. Once thi=s kind of Llimitation is understood and
accepted, it is no more difficult to use such quantum
descriptions, and indeed sometimes it is of considerable
conceptual and practical value. In particular,
alternative formulations often lend them=selves to new
and unconventional approximation schemes, which may have
applications for a wide variety of problems.

The relation of classical and quantum theories, and
the use of semiclassical, or WKB, approximationz in

quantum problems are, in fact, topic= which have
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pervadaed diverse branches of theoretical chemimstry,
examples being provided by the calculation of proton
tunneling probabilities for the Lowdin mode] aof
mutagenesixs (71, as well as the investigation of the
semiclassical limit of Feynman path integral in order to
determine the cilassical trajectories which contribute to
tunneling processes (8,91

From a methodological point of view, the path
integral approach serves as a unyfying entity among
apparently disconnected disciplines. In recent years
Feynman’s path integral formulation of quantum mechanics
2], statistical mechanics [10] and quantum field theory
{11)] has proven to be a surprisingly powerful method in
a large variety of problems ranging from nuciear physics
{12,131, atomic and molecular physics ([14-22), polymer
physics [23-251, solid state physics (26,271 and
stochastic processes [28] to quantum gravity [291

Today path integrals play an ever increasing role
in providing solutions to problems not s=o accessible by
other methods. Thus, no other approach has been able to
match the success of Feynman’s treatment of the polaron
problem (301

To facilitate the discussion in this review it will
suffice to imagine a functional to be a function of
infinitely many variables which are labelled by a
continuous index.

The systematic development of the functional
calculus began with Volterra (311 In his work various
limiting processes of the analysis of functions, such as
continuity and differentiability, were appropriately
transcribed ta the functional regime. Perhapx the most
significant contribution made by Volterra was a general

method for handling functional operations. This consists
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in appraoximating a functional with a function of N
variables. The results thus obtained depend on N, which
in the end is allowed to go to infinity. An example of
such a procedure is the well known technique for solving
Fredholm’s integral equation.

Functional integration as a means for solving
partial differential equations of stochastic nature waw
introduced by Wiener (32)], who succeeded in obtaining
the fundamental solution (propagator) of the diffusion
equation.

For the record of the early history, we =should
mention that Kirkwood (331 speculated that integration
of special functionals in a Wiener =ense, could be
applied to quantum physics in connection with the
evaluation of the statistical sum. As it is well known,
this technique became of prime importance in the theory
of the Brownian motion [34] as well az in the early
development. of quantum theory of fields {35}

The wave function of the path integral method has
been compared with that deduced from microscopic
Green’s function approach (2] In the formulation of the
path-integral theory, the wave function is expressed in
terms of the kernel of an integral equation. This kernel
(the propagator) is a "macroscopic"” function related to
the resultt of superposition of microquantum states
through the path integral principle. This is the reason
why the path integral method can be developed to study
quantum systems in an approximate way.

Thus, a careful treatment of the path integral
using Feynman’s time lattice subdivision process {(36]
shows that an appropriate formulation of the path
integral theory leads to an alternative way (18,191 of
handling such problems as those arising in molecular
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quantum mechanicx associated with the use of propagators
or Oreen’s functions [37-49] and based on the so-called
second quantized hamiltonians.

In fact, propagators were introduced in molecular
quantum mechanics about 20 years ago [50-32]. However,
they were used quite extensively 1in other areas of
physics before that [1,53-561

In the first step of the path integral theory, the
wave function is expressed in terms of the kernel of an

integral equation

©

wix,t. ) = f K, 5%,,t,) ywix,,t ) dx, a
-

ie., the total amplitude to arrive to the space-~time
point (xi’t’i) [w(xl,t.i)] iz the sum, or integral, over

all possible values of X, of the total amplitude to

arrive to the space-point (xz,t_z) [w(xz,tz)l muitiplied

by the amplitude to go from (xz,tz) to (xt't'l)' that. iwx,
Kix A 't 1 ;xz,t,z). In the second step this kernel is
written as an infinite series of the amplitude function

#x(tb,ta)] contributing between the end points t.b and

ha,
KCa,b) = z Pixct .t 1, overall all paths a - b a.z

where g¢ix(t t.a)) is the amplitude contributed from each

b.’
path. In the third step this amplitude is expressed as
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an algebraic function of the Lagrangian,

ﬂx(tb,ta)] = const exp Urh> S[x(t.b,t.a)]} <1.3>

with the action function given by

t .
SIxct, ,t 01 = [ b at 4>
b’ a .
a

L being the Lagrangian of the s=system and x and x

and ;21,; .» respectively.

2)--- 2,..
This review is organized as follows. Section I

-~
represent xi,x

discusses the Feynman path integral and its application
to elementary systems. Thus, in view of its importance
in the treatment of the Feynman path integral of the
hydrogen atom in four dimensions, we give the derivation
of the propagator for the one-dimensional harmonic
oscillator within the context of the Feynman path
integral. The second example we deal with is a many
Fermion particle system, which provides a good example
of how the divergencies can be eliminated from the
functional integral.

Section III deals with the theory of the hydrogenic
oscillator in four dimensions. Following the work of
Duru and Kleinert 141 we discuss the
hydrogen-oscillat.or connection in the framework of the
unified view of symmetry which emerges in such a
treatment.

In Section IV, the Feynman path integral is used to
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show the equivalence between a finite many-body problem
for a non-relativistic motlecular system of N electrons
and N one-dimensional Ising models. The idea of quantum
fluctuations of the ground state is discussed, a link is
established with bifurcation and catastrophe theory and
a connection with vacuum state fluctuations i=
investigated.

Section V is devoted to the generating functional
of the molecular orbital theory. We show that the
Roothaan’s equations are eawsily obtained when this
object. iz projected onto a subspace of atomic orbitals
and the saddle-point approximation to the corresponding
effective action is explicitly considered.

In Section Vi the Feynman path integral
representation for memory superoperators is
investigated. A physical interpretation of evolution
superoperators in a Liouville space is given and shown
to be closely related to Feynman representation of
quantum mechanics.

Finally, in Section VIl we give the general

conclusions,
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II. MATHEMATICAL OUTLINE

A. General Remarks

In 1932 Dirac (571, with his paper on the role of
Lagrangian mechanics in quantum theory, laid the
foundation stone of what. was destined to become, in the
hands of Feynman, the third formulation of
non-relativistic quantum mechanics {1]. Indeed, it was
Feynman who began the building of the theory and raised
the =subject to the rank of a new discipline. The
essential idea of this formulation is the concept of a
probability amplitude with which every classical
trajectory connects two points a and b of the
space~time. It should be pointed out that, as far as
these trajectories contribute with the same weight of
prabahilities, the sum aver all of these possible paths
results in the transition probability amplitudes between
these two points,

By associating the idea of propagator or Ureen
function of the Schridinger equation, a formal
definition of +the path integral will be given and a
det.ailed description of this methodology as applied to
an harmonic oscillator will be presented. More detalls
about the standard formulation of the path integral in
terms of the classical action and the corresponding
Lagrangian can be found in Refs=s [58,59). To close this
Section we shall deal with functional integrals for
Fermi systems utilizing a complete =system of states,
that are closely related with coherent states, and

incorporate the necessary algebra of fermions.

8. The Feynman Path Integral
We are now entering fully intoa the regime of
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quantum mechanics. In the present section, we shall
construct. a path integral giving the propagator of the
Schrdidinger equation in the case of a time-indepsndent
Hamiltonian.

As is well known, the propagator of the Schrodinger
equation for a system contains all gquantum mechanical
information about the system. Thus, {t would seem
appropriate to begin with considerations as to how the
propagator arises and telling us at the same time what
thing this propagator is. Equations leading to the
propag ator are, in general, formulated in terms of the
Lagrangian function; however it has been found more
useful to work in the Hamiltonian representation and we
<hall develop our theory in this particular
representation.

Let us consider a system with hamiltonian

2

H = -h2 2md 02,0 %2 + UGh 1.1

The problem we are faced with here ix to find the
evolution in time of a wavefunction, which at a given
time (say t = 0) is given through wa(;). The answer to
the problem iIs obtained by =olving the Schrodinger

equation:

1 h 379t - HI wR,t.> = © .25

with the initial condition

wx,00 = wocb aE3>



18 HORACIC GRINBERG AND JULIC MARANON

In terms of the evolution operator, expl-dGrstoR t],

the solution is given by:

y(R,t) = exp [~ M) H L] V'o(;: > R

This clearly s=satisfies the Schridinger equation together
withh the appropriate initial condition <11.3).

In Eq<Il4), the evolution operator acts locally
on the initial wavetunction, which it transforms in
t.ime, so that it oheys the Schrdadinger equation. If we
vish now to disengage the process of propagation from
the particular content of the wavefunction we rewrite

C(I1.4> as follows:

wix,t) = J exp t-cisbd> H £ 186G -~ XD woc?c’) dx’

= K&t |2 o ¥ (7 AR’ LS

The kernel

W

KXt | % 0> m exp -G/t H L) 86X - % AL6)

is the propagator in coordinate representation. It
supplies the wavefunction at time t <(not necessarily
later) from the information carried by the wave-function
at. t = 0.

Assuming a discrete spectrum, we can write

-

SGE = Fd e SR | R>CR A = | A ALT>
k
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-

sk - %D = TR | R> R | EA> =G| R arz
K

where all <x l K> form a complete set of wavefunctions,

(1.6) can take the form:

KG: t | % @) = exp [-Ci/h) H ] <X | %7
-+ -
= <x| exp -/t H t}] x> ave>

Now, one way to obtain an explicit expresszion for

the propagator is to operate as follows:

KmIi-d/m Rt + 120 102 B2 22+ 3 668 - 39

ar.ed>
This is an additive procedure based on a series
expansion of the evolution aperator.
Another way to go about it is via a multiplicative

process based on a product expansion of the evolution

operator as follows:

K= [(1=C/R H U /N [1 - (i/h) H /N
..... (1 ~ Ci/hd H LN} SCx =% a1.10»

If we take the limit as N + o we have the required
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propagator, since:

lim 1 - d/h) H t,/N)N m exp (-U/h) H t] 11.11D
N-» o

The multiplicative procedure iz the one employed in path
integratl constructions.

Next, before we go any further, notice that by
adding a term of O(CAt.)z), At = t/N> to any one of the
factors 1 = ish H At)> in (11102 the Umit of the
product. as N + o i not affected. So we can obtain our

propagator as a limiting case of the matrix element:

R|U-Ush) H 4L) U-Urhd H ALDLL.A-U/ND H AL R
C11.12>

Inserting complete sets of wavefunctions between the

various operators we have

-» -» -» -»
Ky t]| %’ 0> m [ <k |1 - dskd> HoAL e >

- -»
gt - Azt Hoae | x>

R, 1AM H AL | XD R J1-dsmD Hoat] ¥
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dx, dx, ..dx 11.13)

WVe have in (I1.13) N short-time propagators of the form:

Urh) H AL > = 4 = WUshd H AL) &CR - %)
l 3 il 3

Ci1.14)

but. <N ~ 1) 3D integrations.
To obtain the form of the Feynman path integral we
employ the plane wave decomposition of the identity

transtormation, e,

-» -» 3 > -+ -+ -
A - -
’(XJ-H xJ) o 1/02n) f dk exp 1 k. (><J+1 xJ) 1

11.18>

The decompo=sition ix done using essentially the
eigenfunctions of the kinetic energy operator.

Putting the Hamiltonian 11)>  into I1.14), we
have with the aid of (d1.18) an approximate expression

for the short-time propagator, as:
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-» 2 2 -2 - -
< XJ+1| 1 CizZh) [-h 7C2m> 8 72 x-j_“1 + U(xJ+1)] AL'XJ >

- 1/(2n)3 rdﬁ 1 - i K kz/(Zm) + /R UJ(;z)] At)

> 1 CI1.16>

1)

- -
exp [1 k. (xJ+1- 3

- -»
Notice that on the rhs. of JdlL1& xJ_'_1 in U(XJ-H) was

replaced by X, on account of the &é-function accompanying

it.

J

As pointed out earlier we can add to the short-~time
operators of (11.16) any terms of order higher than At,
without this affecting the limit. So, we can replace iIn
CI1116> the term in the angular brackets by an
exponential, which has the same expansion to order At,

-
ie. <x_j+1|1 - sl H At X, > is replaced by

1c2m>°3 [ dk exp t-1 h22 czm> At - 16 UG AL

J
- -> - 3/2
exp (1 k. (:«:J+1 xJ) le fm/C2 1 1 h AL))
-» - 2 -+
exp {i/h Imr 2 ((xj+1 - xj)/At) - U(xj)] At > Ar17>

Making the replacements (d1.17> in ddI.13) we have for

the approximate propagator the expression
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y . -, . * _ 2 2
KN(x t|x’ 0> = J exp [ i7h M2 t(xjﬂ XJ)/AL]

- Uk o At.] tm/c2 7 1 h a2

N-1

| | tmocz n1noatn®? g arie>

=i 3

- - -» -
with: x w %’, % = x.
o N

Notice that in Eq.(11.i18) we have the Lagrangian

n discrete form) of our problem revealed.
The product accompanying the exponential on the
-»

rhs. of (1118) is the path differential D (ﬁi. Xy

L It contains the right normalizing

SR S
factors d(measure of Iintegration)? for obtaining the
propagator, through the muitiple process of integration
in the Umit of infinite sub-division of the interval
[0,t]. In other words, in the limit as N + ©, the

sequence [K_ 1 goes to the required propagator.

N

K % t] % 0> 4 KG ] % 0

The above method of path integral construction is
essentially Hamiltonian based, and the steps
(11.10>-C(I1.16> originated from Abe [60].

In the limit. of infinite refinement of the

partitions of the time interval [0,t]1] we make use of a



24 HORACIO GRINBERG AND JULIO MARANON

notation, naturally amanating from CI11.16>, and
indicating the mulitiple integrations d{integration over
paths). We have

KGt | 32 0> =

t‘ «
J exp /b [ Imr2 22¢r> - UG dry DEECT) CIL19D
0

with XC0> = §’, X(t> = ¥ and where

DIRC T D] =

72 ‘ l 3/2

Ims/C2 n it d‘r)]a m/C2 n 1 h de2l d3CT)

ar.20>

However, a word of caution is more than In order
here. Expression (II.19) may mnislead <C(especially when
vector potentials are involved) to a sequential form,
from which although it can be reproduced for smooth
(differentiable) paths in the Hmit of infinite
refinement of [([0,t}, it may fail as a functional
integral to lead to the correct propagat.or. The
difficulty arises from contribution made by the
discontinous paths. The 1-dimensional motion analogue of

(I1.32) is an N-1)-fold integral for which the range of
- »

1 2 ¥N-

+ o These variables take their values independently of

each of its variables, X extends from -o to
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each other. Let us then freeze one particular wset of
these values and see what pilicture we reach. We get a set
of points each of which lies on a different. axis of the

->

- -»
set. of axes xo, X X If we connect these

’.
points by a continuous c:m--veN we get an idea of the
continuous paths entering the praocess of multiple
integration. Actually, this 1is somewhat illusory. for
the continuous paths are not by any means the only paths
involved in the integration process; for imagine a
sequence of denser and denser partitions of {0,t], which
implies that any two consecutive axes are separated from
each other by a smaller and smaller distance, tending to
zero. Now, since the variables of integration take any
values from - ® to + ® (which are represented by points
on the various axes’, this means that the representative
points on two consecutive axes (which tend to coalesce)
can be separated by an appreciable distance. Thixz sort
of situation in the limit of infinite =subdivision of our
interval produces a broken path. In fact our integration
involves all imaginable paths which cross only once each
of the axes »x(T).

it has now become evident that the propagator
K(?(t.[.:z’O), from time O to time t, can be found from
knowledge of the propagators K(;TT |§’0') and K(x tl;:_r'r),
from time 0 to time T and from T to t, respectively, by
summing over all the intermediate posistions 5:1 at time

T as in the formula:

KGE LR 00 = [ KGE L% 7> KGE 7|% 0> dit .21

This is the markovian property of the propagator,
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characteristic of the formation of quantal amplitudes
through all possible intermediate stages linked by a
given time.

In the above construction of the path integral the
Hamiltonian was taken to be time-independent. When the
Hamiltonian 1s time dependent, H(t) = H(T) at time T
does not commute with the Hamiltonian H(r’> at another
1’. The non-commutativity of the Hamiltonian produces a
complication and one requires Dyson’s time- ordering
operator T for obtaining the evolution U(L]L’) from time
t’ to time t:

t
Uct |t = T exp [- t7h I

LD

HCT) dT ] C11.22>

The required propagator KCx t.| %’ 0> from the space-time

point (X’,t’) to the space-time point (%,t) is given by

KX t] % 0> = <k |uct|enD] % > 123>

However, it i=s one thing writing down the evolution
operator with formal use of the time-ordering operator
and another thing obtaining, via a path integral, its
configuration representation, the propagator. Wwhat we
really need is an <Capproximate) form of the evolution
operator suitable for path integral constructions. The
way to proceed is via the infinitesimal generators of

the evolution aperator.
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Let. us now consider a fine partition, PN , which
for =simplicity we take to be isomeric. Then we form the
time ordered product., uct [t, of the various

infinitesimal generators [1 - | H(‘!'J) At/hl as follows:

Uth.lt.') =
[1 - Ci/h) HOGL) At 1 - 4 - HCT > at)

(1 - 4/h> H <T1> At] ar.z4>

The evolution operator UL|t’) assoaclated with the
t.ime dependent. Hamiltonian HCx,t) j= obtained from
UN(LIL') by passing to the Hmit of infinite refinement
of the interval (t’,t] since:

4> UCL|t?I+ 1 as t» >  and i) UG |t’) satisfies
the (operator) Schrodinger equation.

) is eas=sily seen, while {i) can be obtainaed by
considering the time interval ([t’, t + At)l and the
associated =sequence of ordered product, UN+1“’ + Atlt.’)
approximating the evolution operator in the extended

interval. We have:

-
UpegCt + At |3 = 1 - 1/h HOGEL + AL ALY Upct{e’

CI11.25>

which can be written as follows:
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it/Aat [UN_H(L + At.l t’y - UN(tlt’)] =

HCL + AL) U Ct |t ¢11.26)

We now take the limit as N 5 ® (or At = (t - L2/N » )
and find

i h arat U(t.'t.’) w  HCLD U(t.'t.’) C11.27>

which tells us that Uct. ' t’D produced from 124>
through the process of infinite refinement of the
interval [t’,t] obeys the Schrddinger equation.

Furthermore, as before, it can be seen that by
adding to the various infinitesimal generators of
(I1.24> any quantity of 0((At.')2), these will not affect
the limiting value of the operator U(t,lt.’), for they
will only produce an additional operator with limiting
value zero. This is very important =ince it also applies
to the matrix elements of these operators, and the rest
of the story regarding the construction of our path
integral follows the lines of the time-independent. case.

In fact our path integral for the propagator can be

taken t.o be

KGE b %7 ¢ =
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N-1 N-1
tim < 1 - d/h HGr L) At] X >] dx
A+ OI [ I I r+t l r+1 I r l '  of
r=0 rai
C11.28)>

with the end conditions Qo = %’ and ;:N - x.

Eventually (11.28) in the case of a time dependent
Hamiltonian with a =scalar potential leads again to
formula (I1.18) for the approximate propagator, but. this
time with U(5¢'J) replaced by U(;:J’TJ)' Also 1in the
expression (I1.19> for the propagator we have the
replacement. of UCRCT>) by U(;(.(T),T) i.e. the Lagrangian

of the problem appears in the phase again.

C. Elementary Physical Systems

In view of its crucial importance in the treatment
of the Feynman path integral of the non-relativistic
hydrogen atom, we give the derivation of the propagator
for the one-dimensional harmonic os=scillator. This is a
one-particle system and provides a good example of how
to get such object. This technique will be extended to a
many particle propagator, from which the density matrix
far a femionic system will be obtained. This constitutes
a natural way to connect the methodology of second
quantization with the functional integral or path
integral.

a. The harmonic oscillator

For an harmonic oscillator the Lagrangian is
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Lemz2 - o x> 11.29>

and the classical action is given by [11

s = m w2 sin w T [(x: + xz

<l b)cosz—Zxax]

b

C11.302>

where T = tb- ta. According to the method for evaluation
of QGaussian integrals [11 the propagator can be written

in the form

K,a) = F(T> exp A m w”/(2 h =sin o T2

[(xZ + xz) cos o T - 2 x x I} C11.31)
a b a b

The remaining function F(T) depends upon the time
interval only and is written (1]

0 t 2 22
FC(T) = I exp [ trh [ omo2 - Wy )dt.] D yctd
0
0

C(I1.32)

where the integration limits come from the fact that the

paths must. hoth reach the same end points y(ta) - y(t.b)

s 0, fe, all paths y(t) start from and return to the



THE FEYNMAN PATH INTEGRAL FORMALISM 31

peint y = 0. We shall solve this at least. to within a
factor independent. of w, by a method which {llustrates a
particular way of handling path integrals. Since all
paths y(t) go from 0 at ¢t = 0 ta 0 at t = T, such paths
can be written as a Fourier sine series with a

fundament.al period of T. Thus

yet) = z a_ sin (n 7 t/T) 133>

n

It is possible then to consider the paths a=s
functions of the coefficients a instead of functions of
y at any particular value of t. This is a linear
transformation whose jacobian J iz a constant, obviously
independent of w, m, and h.

Of course, it i=s possible to evaluate this jacobian
J directly. However, here we shall avoid the evaluation
of J by collecting all factors which are independent, of
w (ncluding J? into a =single constant factor. We can
alvays recover the correct factor at the end, since we
know the value for « = 0, FCT> & m<2z n 1 h T2 (a
frea particle).

The integral for the action can be written in terms
of the Fourier series of Eq.CI1.33). Thus the

kinetic-energy term becomes
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T
f yz dt = 2 2 i n/T> (m n/T> a a
o n "m

n m
T
J‘ cos (nn Lt/T) cos Cm nt t-T) dt
0
2 2
w (12> T Z SN % S R CI1.34)

and similarly the potential-energy term is

T 2 2
I yZ dt = 1/2> T Z al a1.3%>
0

On the assumption that the time T is divided into
discrete steps of length £ =o that there are only a
finite number N of coefficients a the path integral

becomes
N
[« 4] e <]
Fe>m g [ f .. f [exp{T/Zzim/CZh)
e T -
nmt

(€51 n/'l‘)z - wz a2 da,7A da_r/A ...da_ A C11.36>
n 1 2 N

where, in the present case, the normalizing factor A is
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Am@nih emt?? 137>

Since the exponent in Eq(II.36) can be separated into
factors, the integral over each coefficient a can be

done separately. The result of one such integration is

s o]
f exp [(T/Z) 1 m/C2 [n2 nz/'l‘ - wz] ai ] dan/A
-0

2 .2 2

=z Y21 [n2 n?,1% - 4

-1/2
] €11.38)>

where T/ = N was used. Thus, the path integral is

proportional to

N
| ' (nz nz/rz _ c02)-1/2
n=1

- -1/
- I I n® a1 I | t - o2 12 m? ¥y 12
=1

C11.39>

The first product does not depend on « and cambines

. 172
with the jacobian and other factors Ceg. Q2N Ve 9/
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into a single constant. The second factor has the limit

testn @ T W 2 as N + «, that is, as £ + 0. Thus

FCTY = Q [sin oT D) 2 C1L.40>

vhere (O ts independent of w. But for w = 0 our {integral
is that for a free particle, for which it can be shown
that

FCT w tmr2 n i b o172 a1.41>

Hence for the harmonic oscillator we have

FCTY) m Im w/(2 n 1 h sin » T)Jl/z C11.42)>

and the complete solution is obtained as

Kb,a) s fm w2 n {1 h sin © T)ll/z

exp [ imwAZ2 h sin © T [(x: + xz

b) cos w T - 2 xa xb]]

C11.43)>

By keeping track of all the constants it i= found
that the Jacobian J satisfies the condition

N

Jjz 72 N ' A/md o+ 1 as N + o CI1.44)
n=i
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b. Density matrix of fermionic systems from coherent
states via functional integral

Functional integrais have been widely employed for
the study of both the dynamical and the statistical
properties of quantum systems. Functional integrals for
second quantized Hamiltonians have been devised for
boson systems [35c,61-63]1 but as Mattews and Salam [38al
pointed out, the functional integrals for Bose systems
can be applied to Fermi systems with the use of
quaternions. For applications to many-body expansions
see refs. (64-661

In what, follows, use i=s made of functional
integrals in order to construct a propagator, from which
the matrix density of interacting fermions is obtained.
OQur procedure is based on the use of the complete system
of coherent states.

We wish to produce a functional integral giving the
propagator assoclated with a given Hamiltonian, H, in
terms of a complete set of states |y>. We make use of

a generalization of the formula (I1.82

-

< | T exp [—(i/h) 1) v Her d'r]l F o
t'

N-1
"

- im G 1 - mua ) ar

r r

=0
N-1
+ occar®y | >] | |d55(” 11.45)
with ;(0) = ; o, ;(N) » ; and max.(A'rr) + 0.

The time interval (t’, tl is partitioned as usual by
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points T with -rO- t’, ™" t; Arr - Tr_ﬂ- T T
signifies the time ordering operator; d; i the product
of differentials of the components of }' in the case of
rectilinear variables, and this is the case we are
dealing with.

The r.hs. of Eq.d1.45> is essentially our
functional integral. It is quite general and accomodates
first. and second quantized Hamiltonians, irrespective of
the statistics obeyed by the system. Thus, we consider a
Fermi system for which its particles can go into n

channels and introduce the following n-channel state:

- 2
| Yoo Yy v > mn exp -1/22 |yj|
J=1
n n
1 + 2 c+ + 2 c, C
L LIS Uk B |
m1 1> 1=t
n
. + v+
zyjrlykcjclck
§>1>k=1
+ e e 1.46)
Y = ¥z ¥y S C3 94 || .

where the ‘s  are complex numbers (labelling the

Y
J
state), |O> is the vacuum state, and c+ is the fermion

3

creation operator for the channei i

The state (11.46) contains all possible independent
0,1,2,....,n fermion states; each ance. Thus, the
2-fermion states for nm3 are taken to be: c+ c: |O>, c+

2 3

+ + o+
<, |O>, Cq ©C, |0). Any permutation of their operators



THE FEYNMAN PATH INTEGRAL FORMALISM 37

will generate dependent states. Az is well known, these
states are orthogonal between themselves and all states
with the lower or higher number of particles,

The bra~form of the state <(I1.46> 1is written in

terms of the annthilation operators ¢, and the complex

- J
con jugates Y_j of rJ as:
n
- 2
<y vy e r | =n exp [—1/2 2 |rj| ]
J=1
n n
<o 1 +2 r, o, *+ 2 ¥ . r.c ¢
' Y3 %3 L8 WL I B
Jm §>1>me
n
+ z ' ¥y Sy S <y + ¥y ¥y ¥, S SpeCy
>1>kw1
C11.47)
The totality of the states |yn ..... 7, r,> forms a
complete set in the sense
n
I Ir Y, v vy v, x| | | d%y, =1 <1148
n 27 1 72 Tn | 3

dzr means: d(Re 2> d(m »).
For establishing 11.48> one needs repeated use of
the integral
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1 1

J n ! exp [— ly]z ] lylz dzy - 1 11.49>
Y»; 0,0

and the complieteness of independent. 0,1,2,...,n

fermion statex produced through the action of
combinations of products of creation operators on the
vacuum state, as in (I1.46).

The essentials of functional integration with our
=tates can be shown in their entirety even in the
simplest case with a Hamiltonian of the form H= z cJ c+

3
cJ. In fact, from the technical point. of view, the
multi-channel case with interaction adds nothing more
than similar manipulations of the same kind. However, we

will use a Hamiltonian involving interaction, {e.,

3 3
+ + +
I'l1 -2 sJ c:J cj+ 2 le cJ ¢:1 clcj a1.50>
=1 J>1m

We wish to evaluate the propagator:

(yt Y, 7, | exp C-i Il1 t.)l ya’yz’ri’)

N-1

= lim f [ | ' <y:r+1)r;r1) y;rﬂ) |1 -1 H At
At. 40 r=Q
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N-1

r) (r> (> T .

Yy Ty, ¥, )] | |d2 (:) dzy(x; dzr(rg L3531
rei

with 7% a7, = 27

In Eq.(I1.81> t.he superscript., r, labels the
complex variables associated with the point. of partition
t'x- = r At At - t/N). Furthermore, for simplicity, we
have absorbed in the t Planck’s constant h, {.e., our ¢t
is (time/h).

To do the evaluation in Eq.U1.51) we just need the

matrix element.:

1)y 1> <
<r1 Y, 74 j 1 - 1 Ill at | ys' vy’ r1’>

3 3
- =C1)
f o e [rm S b ] [ Py
=1 3=t

3
-C1>_, =, -a>_, =, =d>_,
+ Z Ap Ty Ty ¥y rY Ay Ty Ty T T3 T3 Y
$> 1m1

I1.52)>

where:

A, =1 -1 £ AL, AJ1-1-1(£J+£1+VJI)AL
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and

A1.23 =1 - i (51 + £, + £q + v12 + V13 + Vza)At. I1.53)

It is apparent from dI152> that all creation and
annihtlation operators involved in the sates I; ’> or
<;| dissapear when matrix elements are evaluated and,
more importantly, the ordering of complex variables ;
is of no consequence.

Next we perform the integral

@) @ @ 4y A W
I <r Y2 ¥a b1 - tH At |y, oy

3
A _ad> . e TTT 2D
<y Y, ¥a | 1 1!!1 At |73 vy, vy | |drj
=1
3
-3 @ 2 2
L ex - 1/22( + ’ >
» | RSl RN R i)
m
3 3
2 =@ 2 -@ _, o2
t+3a e Y A ’ ’
Jw $>1m
2 =@, =@, =
tAizs Ty Y4 ¥z Y ¥y Ty ] arsa

The Iintegrations are extremely simple and involve
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repeated use of formula (dd1.49). It is clear from
CI154> that by folding two consecutive short-time
propagators the resulting Capproximate) propagator,
corresponding to time 2 At, has the same form, but with

the quantities A A squared. The complete

7 A M2s
folding of the short-time propagators corresponding to
finite time, t, leads to the =same form, but with the
various A’s raised to the power of N

In the limit as N 4+ o dde, At -+ 0) these

quantities [see Eq.(I11.53)] become:

N N
- - 4 + A}
Aj + exp [~ 1 ej t} , AJl + exp (- 1 (cJ “ le)t.

N
- + +
A123 + exp - 1 (51 + £, + £, + V12 \(13 V23) t 1

So, it thus follows from Eq(148), that the required

propagator takes the form
- ? > >
(yiyzrslexp(iﬂit.)'ys ¥y v

3
- ﬂ-3 exp [— 1/2 2(|rJ|2 + |yJ’|2)]
J=1
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3

{1 + Zpr [ § cJ Ly YJ ;/J'
Jm1

3
+ - +c + 7 sy »
z exp [ 1(.¢:J 51 VJI)L];/J ‘Yj Yl yl
1=

- + +
+ exp [ i (cl + €, + £, + V12 V13 v23) t.]

- )— '- !‘
Yo Y, ¥y, T } aL5%
from which we get for the expectation value of the

density operator of the three fermion interacting system

in the coherent state representation the expression

3
Colr; D > = n-3 exp [- 172 E(lyjlz + |yJ’|2> ]
=1
3
1+ )y ,
{ XSRS
=1
3
= r - 13 by > - -
+ E ryryny o Y rary vy v vy rs’} <1L56>

3> 1=

The propagator <(1.56) associated with the =second
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quantized Hamiltonian (11502 is exact, and incorporates
the Fermi-Dirac statistics. The various terms in dJ1.56>
are (separately? symmetric with respect any exchange of
a pair of indices. This enables one to remove
restrictions on the indices in the sums and introduce
appropriate factorials and &’s of Kronecker, although
this might not be helpful in an actual evaluation.
Nevertheless, it helps to shorten the analytic
expressions for more general cases, eg., when use is
made of a two body second quantized Hamiltonian
involving n states. In this case the expressions for the
various matrix elements required to evaluate the
propagator are rather complicated. Recurrence relations
for these matrix elements can be obtained from the
anticommutation relations {671

As a final remark it =hould be pointed out. that
replacement. of complex variables in the beson functional
integral with anticommuting complex variables
(quaternions) would produce the corresponding functional
integral for the fermion propagator [(35cl. However,
functional integrals with quaternions are good for
obtaining relations, but not so easy for handling direct

evaluations.
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[I1. PATH INTEGRAL THEORY OF THE HYDROGEN ATOM

A. General Remarks

Path integrals are of special interest with respect
to bound states, because one has to deal with infinitely
many classical paths whose constructive interference
leads to resonances, alias bound states. These can be in
momentum space much better understood on the basis of
classical trajectories for the following reasons. A
particle with a given negative energy E has oniy a
limited domain in position space that {is available for
it.s classical motion. On the other hand, all of momentum
=pace is classically accessible, provided the attractive
potential has a singularity of the Coulomb type. All we
need are the classical trajectories and the first-order
fluctuations around them. No effort iz made to estimate
the importance of the large fluctuations, because their
effect vanishes in the limit of small Planck’s quantum
h. It is natural to use the classical motion as a
starting point in order to find an approximate s=olution
for Schrodinger’s equation. This idea was implicit in
the "old quantum mechanics”™ of Bohr and Sommerfeld, and
was made explicit in the WKB approximation.

In fact, approximate analytic expressions far
single electron wave functions of bound states in atoms
aor simple molecules are pravided by the phase~-integral
approximation, sometines called the WKB method. In
particular, this approxitmation was applied to the
Coulomb potential in momentum space, in which the
location of poles an the negative axis gives the Bohr
formula for bound-state energle=s, and the residues of
the approximate Green’s function were shown to yield all

the exact wave functions for the bound states of the
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hydrogen atom (68).

On the other hand, it is well known that only
Gaussian path integrals can easily be computed. The
hydrogen atom does not belong to this kind of problem
and the calculation of the density matrix involving the
Coulomb potential iz a formidable task. Nevertheless,
this has been carried out. with success within Feynman’s
path integral formalism, in which the eigenvalues and
eigenfunctions of the hydrogen atom are calculated in a
closed form by transforming the Ooulomb
three-dimensional problem into one in four dimensions
[14~16,69). This procedure is Justified as the
degeneracy of bound states of the nonrelativistic
hydrogen atom is known to be linked with its rotational
invariance in four~dimensional Euclidean space. It wa=x
recognized that the momentum representation iz most
convenient. for realizing this connection, an approach
which has been used to obtain an explicit construction
for Green’s function of this problem {701, A
semiclassical method of evaluating the path integral for
the hydrogen atom was azalso proposed ([71)], in which the
calculation i=s performed in configuration space with the
Langer modification of the angular momentum ([72]. More
recently, the Feynman path integral for the Coulomb
potential was calculated exactly by reducing it to a
gaussian form by means of a transformation formula for a
class of non-linear =space-time transformations in the

radial path integral {731

B. Theory of the Hydrogenic Oscillator in IR4
Among the various procedures leading to an
appropriate kernel for the hydrogen atom, that of Duru

et al. (14,691 in combination with the
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. T
k’(ra, Ty T) = J DLr]l exp [ i I LCr,1r2 dt.] CaIr.1d>

in combination with the KS transformation made it
possible to transform the nan-relativistic hydrogen atom
inte a four~dimensional isotropic harmonic oscillator.
In what follows we will consider analytical details of
such a transformation, leading to a kernel which has
residues that. are the product of four one-dimensional
harmonic oscillator wave functions. Then the well known
expansion of the kernel of an Iisotropic harmonic
oscillator (Eq.(I11.43)1 will be used to generate the
hydrogenic wave functions ‘Pnlm as various combinations
of’ the product of one~dimensional oscillator wave
functions. Complete analytical details, as well as a
discussion of the unified view of symmetry which emerges
in such a treatment.,, were given by (drinberg et al. (161
Also, the use of the KS transformation as applied to the
Goulomb potential was justified [17,751 by connecting
the homogenous space with the quotient space within the
Feynman quantization formalism. It. should be emphasized
that. the [Ra -+ [R4 hydrogen-oscillator connection 1is of
paramount importance in the study of atomic systems
sub jected to electric andsor magnetic flelds. In this
respect, the problem of a hydrogenlike atom in an
electric field or a strong magnet.ic field can be
transformed, by means of the KS transformation, into the
problem of a four-dimensional isot.ropic ascillator
presenting anharmonicity of degree 4 or 6, respectively

[76). Therefore, many calculations ari=ing in the Zeeman
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and Stark effects for the hydrogen atom may be conducted
in the oscillator representation. It is thus desirable
to have the wave functions for the corresponding
four-~dimensional oscillator.

The theory of the hydrogenic oscillator in IR4
proceeds as follows. We start by writing Feynman’s
formula for G@reen’s function involving the doulomb

potential; it reads

a ID3[p]
Kex, ,t ;3 x_,t D -Iu) (x} ——————
b’ b’ “a’"a 2z >3
ty 2 2
exp 1 J‘ dt. [p x - p“/C2m)> + e“/ri C111.2>
t.

a

and is not readily integrable due to the 1/r paotential.
Duru and Kleinert (141 parametrize the paths in terms

of a new auxiliary “time”

sty = [ Y dr torend L3>

If this connection is enforced via a Dirac-4 function,

the propagator K(xb,tb; xa,ta) can be cast in the form

l((xb,t.b;xa,t.a) = IdE/(Zn) exp [-iE ¢ - t.a)] K(xb,xa;E)

b

aIir.4
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where the energy propagator is given by ¢ = dr/ds)

«©
. . 2 i
K(xb, xa, E)w J dsb exp [ e (sb Sa)] rb

£
a

€2 s

3

3 D Cpl s, 2

J.IDIZMJ——-—-‘-———3 exp [1f ds[px'-rp/(Zm)-t-Er]
a

a11.8>

where sa - s(ta), sb - s(t.b), and use has been made of
the Fourier decomposition of the & function.

After multiplying expression d114) by a dummy
path integral involving a new completely arhitrary pair
of canonical coordinates (x4, p4) [14,16,171 , the path
integral in Eq.dI1.8> is brought to the

four-dimensional form

® 4
I d(x4)b‘f D Ex1
-0 2 m

p*epa
4

s
exp[lf b
s

ds(px’-rpz/(2n1)+Er)]
a

116D

On introducing a fourth coordinate and momentum
components, it is possible to get =ix generators of the

angular momentum L a,j=1,2,3,4>. These six generators

13
Llj obey the same commutation relations as (Lx’ Ly’ Lz)
and therefore constitute the generalization of the three

generators L from three to four dimensions. The group
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that they generate can be shown to be the proper
rotation group in four dimensions 04> [77). This
evidently does not represent a geometrical symmetry of
the hydrogen atom, since the fourth components N and Py
are fictitious and cannot be identified with dynamical
variables [78). It turns out that the constants of the
motion of the hydrogen atom in this space are the
angular momentum L and the Runge-Lenz-Paull vector [79).
These operators satisfy the commutation relations of the
Lie algebra that corresponds to a symmetry
transformation of the 0<(4) group (801

We now introduce a canonical change of variables
through the KS transformation [(74) from x,p) to (u,pu)
such that

2

r = gw(x (3)11/2

CIHI-7>

and construct a map from IR4 into physical space lP.a. The
4 X 4 linear orthonormal matrix Adu) perfarming such a
transformation is well known (14,16,79,811. The space |is
mapped onto IRa > (xi, Xy xs) by A with the annihilation
condition dx4 = 0, le, Xy i1s a cyclic coordinate of
the system. In momentum space p = (pi, Py pa) e IRS and
Py
Laplacian operator in this particular four-dimensional

-] [R4, where P, i1s a constant of the motion {16]l. The

Riemann subspace becomes

4 r p2 - pi - - Vi CI11.8>

an equation which is useful for expressing the energy
propagator K(xb, X E> in the (u, pu) space,

Although as yet there exists no rigorous
mathematical definition of Iintegration over paths, there
is still a precise enough formulation of the method
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introduced by Feynman which consists Iin defining the
path integral as a Hmit of finite dimensional
integration. Introducing the Jacobian J of the [lnear
transformations x = ACu) u and p = ACW) Py (14,161

Jerud) = 16 rz in r space di1.9a)

Jeprp ) = <16 r5H ! in p space AIL9D>

together with Eqs.C(lI1.7> and ddlI1.8), the path integral
CI11.6> is transformed to

0 xb,(x“)h

4
1716 rb) J d(x4)b/rb D (ul D

Yo 1zt
3]

- xa,(x“)a

s

b
exp [ i J. ds <pu u’ - pﬁ/(z;.:) - uz wz uz/Z) CI11.10>
=

a

wvhere p m» 4 m and wz m ~E/AC2 m» and is recognized,

apart. from the integral over d(x 4)b/rb' to be the Green
function of an isotropic harmonic oscillator 1in four
dimensions .

When the KS transform {is expressed Iin the
quaternionic polar <or Euler-angle) coordinates (r,8,p>

through an auxiliary angle o, defined on IE4 through
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' -
sin 172 8 cos 172 (a + p)
-+
1.2 =in 172 8 sin 1/72 (o v CHLA1

u®osr

cos 172 8 cos 172 (a - )

cos 172 € sin 1/2 (o - )

®
the integral J—m d(x4)b/rb can be written [14,16}
© 4n
+ +_ +

I d(x4)b/rb L I d % z , . w ~1,=2 -3, .
o 0 i M Il .42)

where the sum is part of the QGreen’s function of the
harmonic oscillator <(as always 1{if cyclic variables are

used) [82]1. Thus Eq.(1I11.10) can be written

4n
1,16 v, > do, FAT) exp (-n FAem tau? + u®) coso T
b b P ( a T Yp GO
o

-2 u_ ubl] ’ C(I11.13)

where T = (sb - sa) and F(T>? is the usual fluctuation

factor of the one-dimensional oscillator [Eq.C(11.42)).

In order to relate the propagator K(xb, xa;E) with
the harmonic oscillator wave functions we perform the
spectral decomposition of the integrand of Eq.II1.13)>
and symmetrize it in u, (since o, » ab+ 2n corresponds to

b

u +»- u and expand, for E ( 0 as

b b
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® 4
2 exp -iw[Z n1+2]T

[ Cu > @ Cu D
"1"2"3"4 b n1n2"3"4 a C1IL.14)
where
4
uwr = 1 ¢ (ui) CI11.15)>
nynaNay iy ™

and the ¢>n (ui) (iw1,2,3,4) are the one~dimensional
i

harmonic oscillator wave functions, ie., they

constitute the basis functions in a four-dimensional

Riemann space. The n, are sub jected to the constraint

4

2 N, m2d-1 =0, 24 .. IIL.16)
imt

Finally, inserting aI1.14> in the propagat.or
(II1.5>, and after some rather involved analysis, leads
t.o

a aon
2 -1
K(xb, xa; E) = -m /po 2 1 1 - v/n>d I d otb
n=0 (1]
[(p 8n>172 5 (ub)] [(p°/80)1/2 8t (ua)]
° 1"2"3"4 172"

CIXX. 17>
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where the variables v and p_ are abbreviated symbois for

1 = ez/Zw = [-m e4/(2 E)}! and P, = =2 m E)1/2 . The
sum in EqJIII17) explicitly displays the bound state
poles at

4 2
En - -me /2 n), n =14, 2, 3,.., I11.18>

with the residues being the wave functions in
unconventional quantum numbers. In this connection, it
should be pointed out. that it is rather remarkable that
aimost all gquantum numbers can be interpreted as
invariants of certain groups. In fact, t.he KS
transformation is closely connected to the SUC2)eSUC2)
symmetry of the Kepler motion which exhibits the
dynamical symmetry S0(4). Clearly, there is a nice
izomorphism between the two groups= (831

In three~dimensional space, the Schrodinger
equation for the hydrogen atom iz separable in spherical
polar and parabolic coordinates. While its =separability
in the former 1is related to the spherical symmetry of
the central Couloamb potential, its separability in the
latter is attributed to the “"hidden” symmetry which is
responsible for the degeneracy peculiar to the
potential.

We now use the four-dimensional results given above
in order to evaluate the atomic orbitals of the
non-relativistic hydrogen atom. This will be performed
through the residues of the first order poles of the
propagator (II1.17) in combination with the KS transform
in polar coordinates [Eq.(111.11)]. This makes possible
to reduce the dynamical symmetry of the hydrogen atom
described by the 04 generators ta the geometrical
symmetry of O0(3) (81,84,85]. In order to proceed, the
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kernel describing the motion of an isotropic harmonic
oscillator {Eq.<11.43)]1 is expanded in expanential
functions of time multiplied by products of energy

eigenfunctions

FC(TY> exp [— n F‘Z(T) (( ui + ulza decos o T - 2 ua“b))
a0
&
- 2 exp C-E; T) ¢ Cuy) ¢) Cu)d CIII.19)
J=0

On expanding the left-hand side of this equation in
successive powers of exp §) w T, the different.
one~dimensional o=cillator eigenfunctions can be
obtained [1l. Taking into account. the constraint
(I11.16>, it can easily be seen that when n = 1, the
only combination of the n is n = ¢ ¢ = 1,2,3,9).

i i
Therefore from the residue of the propagator 1117,

the wave function of the lowest energy level of the

hydrogen atom becomes

2 (po/mV 23 Ci11.20a)>

L - (2 n)i/ 0000

100

When n = 2, there exist different combinations of the n1

abeying the constraint (dI1.16>, =so that the hydrogenic

wave functions vy

nim

combinations of the functions & u) given in
nn,n.n,

Eq.C1I1.15>. The first few cases are given below:

can be expressed as various
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172 2

L a 2n) (po/16)1/

200 2 e

(®2000 * %o200 * %0020 * *0002)
CI11.20b)

v, =o' g _r1617?

+
211 { %1010 %0101)  <rr1.200)

v, w2 mt7? <p°/16)1/2

+
210 ( §0()10 Ql()()‘l] CI11.20d4>

+ - -
Y,y - czn)i/cho/té)vz (B2000 * %o200 ~ %oo20 ~ Fooo2)

CI1l.20e)

Similar results have been obtained by Chen (841 in
the study of the Stark effect of the hydrogen atom. On
using the one-dimensional o=scillator eigenfunctions
generated by expansion (I11.19) together with the KS
transform, the different hydrogenic atomic orbitals are
eastly generated (161

It should be emphasized that the problem of the
expansion of an 112:3 hydrogen wave function in terms of [R4
o=cillat.or wave functions was recently studied in a
systematic way (86,871, in which passage formulas from
oscillator to hydrogen wave functions were obtained in
variocous cases resulting from the combination of =several
coordinate systems.

Moreover, on using the S0(2,1) algebra generators
and through the study of the N-dimensional Schrddinger
equation, the equivalence between the hydrogen atom and
the isotropic harmonic oscillator was established ({88].
Finally, it was recently reported that the realization
of a stereographic projection of the coordinates of an

isotropic four-dimensional harmonic oscillator on two
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orthogonal unit hyperboloids in a six~dimensional space
is a new form of geometrizing the Coulomb field, that
iz, the homomorphism between S0(4,2) and SU(4,2) was
explicitly demonstrated (89]

C. Justification of the KS Transformation

In general, a Hamiltonian path integral Iis not
invariant under a nonlinear canonical transformation
{90,911. Therefore it 1is important to see Iif the KS
transformation performed in each short-time integral
would give rise to the desired global change of
variables without bringing up any additional effect.

In view of i{ts possible application ta the helium
atom we now make a series aof topological considerations
to Jjustify the KS transformation as applied to the
Coulomb potential. Ringwood and Devreese [92] considered
this problem as the motion on the quotient =space of a
conformally flat manifold. We naow make some further
methddological comments on thiz interesting question, by
connecting the homogeneous space with the quotient space
within the Feynman quantization formalism. To this end,
let L be the classical Lagrangian

L= 18 % % + e’ v a2
vhere the mass i taken as 1/74. We now apply the KS
transformation in polar coordinates (14,16,75) and
obtain the Lagrangian in IR4 (Roman indices run from 1 *-~
3 and Greek indices run from 1 to 4),

L w12 g ﬁa u, + eZ? aIL22>

lE

where gaﬁ is the metric tensor in IR4 and the metric is
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2 af? .
dgs” = g dua duﬁ C111.23>

for all points of the space; ife., it is the metric of a
conformally flat Riemannian space. The scalar curvature

R is -~-18 u4 s0 that the Lagrangian takes the scalar form

L= 12 Gyt e2c-r 18172 CLIL.24)
R is constant for all points of the doubly connected
space M since it is isotropic and homogeneous [93]1 and
by definition its metric (dII.23) is constant in all of
its points. We find that Eq<(1I1.24) is the classical
Lagrangian of a free particle which moves on an
isotropic and homogeneous Riemannian space of metric
g’ 1751,

The “short time™ (quasiclassical) propagator of the

Schridinger equation in this Riemann space is

t
4 b
Kau b5 u,t > = N [ D ful exp [1 f Lorp dt]

t’a
<I11.25)

where N is a normalization constant and lLeff iz the
effective Lagrangian [90]

o3 & 3r o 5

- + -
[Lerf - {1/8 R 18 [g oﬂ FGY e rl?}’ l"aé
- LM r 6
& roné rﬁr C1I1.26>

where F:‘ﬁ are the three-index Christoffel symbols. Since

the homogeneous space is a conformally Riemannian space,

Eq.<II1.26) reduces to
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o3 - -
Legr = 17267 v, us = Voo CI1.27>
and Verr iz given by
V.. = -e?c-r18> + R8 c1ir.2e>
eff

In fact, R is a constant which in Eq.(I1.28> introduces
A phase as the only additional physical effect, On using
Eq=.(1I1.25> and a1L.27> together with the Fourier
transform of the energy propagator [Eq.(111.4)]1, we are
led to

4 4 4
K(ub,ua,E) - M I D tul D [pul/(z n)

t'b . of? 2
exp [ 1 j dt. [p > u = 172 ¢ <p D> _Cp ) s * E u 1]
t’a
CIl1.29)
where M m N exp O e2 (sb - sa)]. In order to get the

propagator in the homogenecus space we use the integral

transform (II1.3) and arrive at

4 4 4
K(ub,ua,E) - M I Dvwl b [pul/(z nd

s
exp |1 [ P oas [p W~ 172 p2 - 12 o W2 ]] C111.30>

- u u

a
Thiz is the propagator in the doubly connected space M.
Increasing t.he value of t.he auxiliary angle o
{Eq.CI11.12)1 in 4 n n one generatas the Lie group of

continuous rotations $S0¢3), where the manifold of the
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group is the universal covering space M of the space M
751 Following Dowker (941 the connection of the
homogeneous space M with the quotient space M/S0C3)
enables us to calculate the propagator of the Coulomb

problem in the physical space !Ra. Thus

Kx, ,x_E> = - [ Kcu, ,u jE) = do
b~ a M/H Socay Poa M
@
= f_w KCu,u_; B> 5 da 1131

vhere the simply connected space M is defined by the map
M+ M = M/’H and H is a properly discontinuous discrete
group of isometries of M without fixed points.

The integral J‘__:; dot can be written in the form

2n

2 f dab z
0 ab-, ab 4 na

Q1I.32>

because the end points are homotopically equivalent;
ie., the K S transformation realizes a mapping from IR4
in IRS, so that all the %
extreme x in Ra. Thus, developing the {ntegrand of

b
Eq.(111.31> for E < o, the expansion C111.14) is

+ 4 n n correspond to the same

obtained. As 1t has been shown [95,96] t.he strict
equivalence between the Shrodinger equation and the
Feynman path integral in a Riemann space together with
the justification of the KS transform in the path
integral formulation of the hydrogen atom gives an
alternative proof of the results of Chen (84]

Finally, the singular character of the Lagrangian
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Lmp a-172 pi + e®ru® w12 p2 + % 1u C1I1.33>

with the caonstraint [zee Eq.(I11.3)]

=
t, -t - f P gs res> = 0 CIIL.34)>
a

s
a8

s a matter of deep concern 1in the path integral
formalism. In particular, the Lagrangian CII1.33)
becomes a constrained Lagrangian in !R4 if the
annihilation condition dx4 w 0 is imposed [16]l. On using
the Dirac’s theory (971 it is possible to transform such
Lagrangian in that of a four-dimensional isotropic

harmonic oscillator
L-puu-‘l/2pu+Eu + e 111.38)

performing the quantification of the corresponding
constrained Hamiltonian [981.

It should be pointed ocut. that the KS transformation
is a generalization of the Levi~Civita transformation
[99), which i1s a conformal mapping of 0?.2 onto (Rz {1001.
Its generalization requires to use two complex variablex
in a four-dimen=ional Riemann space. Thus, the bilinear
condition, implicit in the annihilation constraint
dx4-0, 16,751 has to be imposed in order that (x4,p4)
become =imultanecusly zero. By means of this artifice it
iz passible to recover the problem in the physical space
R

A final point to be considered concerns ta the
topological meaning of this annihilation condition. The
set of points in IP.4 which are in correspondence, through
the KS transformation, with a given poaoint in 023

constitute a “fibre”. In this particular case these
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fibres are circumferences contained 1in planes passing
thropugh the origin of coordinates of the IR4 sSpace.
Therefore, topologically, the covering space M is a
bundle, i.e., a fibred space and H is the group of the
bundle. Together with the base space M and the mapping M
+ M, H and M make up a fibre bundle. In short, through
the KS transformation every trajectory x(t> in [R3 is
mapped onto curves which, by virtue of the condition
dx =0, are arthogonal t.o the fibres. Consequently,

4
according to (1I1.31>, the quotient space M = M/H

enables to sum*’ e, integrate) the different
cont.ributions of the propagator over all fibres through
the Lie group H. It should be pointed out that the
topological equivalence between the hydrogenic system
and the free-particle system has recently been
established (1011 by a homeomarphic embedding of IRS into

r?
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IV. GENERAL TREATMENT OF MANY ELECTRON SYSTEMS THROUGH
THE FEYNMAN PATH INTEGRAL REPRESENTATION

A. Path-Integral Approach to a Finite Many-Body Problem

Feynman's path-integral formulation of quantum
mechanics reveals a deep connection between classical
statistical mechanics an quantum theory. Indeed in an
imaginary-time formalism, the Feynman integral is
mathematically equivalent. to a partition function. Now
we will construct the Feynman path integral of a
non-relativistic N-electron system for . a one-dimensional
problem. In particular we will be concerned with the
formalism developed for field theories (which can be
illustrated in the context. of non-relativistic quantum
mechanics? in order to get more insight into the
chemical bonding within the context of the HUckel! model
[1021.

We begin with the Lagrangian for a one-dimensional

molecular system having N electrons

N
L-Z[i/ziz-vcx>]-2uo«,x) CIv.1)
=3 o T
o= 1 B<an

where m = 1 was taken; V(xa) is the potential energy of
electron o and U(xa, xﬁ) is the electron-electron
repulsion energy. The value of V(xa) iz independent of
the posgition of the N~1 remaining electrons. From now on
Greek indices stand for electrons or molecular orbitals
and Roman indices stand for =sites or atomic orbitals.

We apply Feynman’s formulation of quantum mechanics
and consider the amplitude for an electran to propagate
between the =pace~time points (xa,t.a') and (xb,tb).
According to Sect.ll the amplitude for this transition
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is postulated to be (1]

Z = Z(xa,ta; xb,t.b) = (x| exp [~G/M H b, - t.a)]l X, >

b

Lo
= f DIx]l exp i/h> SIx1 » CIv.2>
e

vhere DIx] is the Feynman path differential measure
[Eq.C(I1.35>] and Sixl is the Minkowski-space action for
a particular path. The first form,
G lexp  [-iH <t -t O/hl|x > [EQAI23)), is  the usual
quantum mechanical expression for the propagator of a
particle moving under the influence of a Hamiltonian H.
The second form for Z(xb,tb;xa,t.a) is the path integral
formulation [(Eq.<I1.3421

On performing the Wick rotation (31
t = =-3irT av.a

(t. is real time) so as to realize the adequate analytic
cont.inuation, we get the euclidean action for discrete

time slices

N-1
2
Sixl = ¢ Z {1/2 [(xiﬂ - xl)/s] + V[‘l/Z(x1+1 + xi)l}
i=1

av.4>
where the time axis was made discrete by introducing a

time lattice £ = t -t ie, the integral JddV.2)

i+1 1’
was discretized using a space-~time lattice of N-1 =ites
[36,103). The integration measure of the euclidean path
integral given in Eq(IV.2) is now well defined and is

given by



64 HORACIO GRINBERG AND JULIO MARANON

© N-1

Z(N) = B J I | dx, exp (~(1/h)> Slx 1 AV
-0 img

where B = 2 n b2 ATY 72 with aT = t. - ¢

Before continuing, we note Lbhat, aE:qs.(.l\/.ct) and
av.s> constitute a one-dimensional statistical-
mechanical problem. We have a one-dimensional lattice
whose sites are labeled with the index 1. On each =ite
there is a variable X which takes on values between -
and @ . The action couples nearest-neighbor wvariables x
and LIPOp
over all paths x(t), which start at xa at. time t'a and
end at Xy at time Lb. Each path x(t> is weighted by a
phase factor determined by the classical action S

associated with this path. Thus, EqIV5) is identical

The integral f | | dxi implies a summation

to the partition function for a one-dimensional Ising
maodel.

We now return to the evaluation of the integrals in
Eq.CIV5> and organize our analysis in an enlightening
fashion by writing [36]

4
=

®©
Z(N) = BI

-

4 "’ xl) av.6d

[L —

' dx 'E(xi
1

xince the action only couples nearest neighbor lattice

variables X, T is the matrix element of an operator -

the transfer matrix - and is given by

- 2 .
T(x“_i, xi) m exp {—~(1/H) IZ(x“_1 xi) 7C2 £)
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* VC - .
VLl/Z(xl_._l xl)) € 1) Aav.7>

The equivalente of the path integral with the
Hamiltonian approach to quantum mechanics can
be established through this operator ([(36]l. We now set up
a space of one~-electron states by expanding the eigenket

'v,o( > _=_|a > satisfying
Hico = E_]o> av.ed

as a linear combination of atomic orbitals
|¢>i(xi))5 |¢:1>
N
jo> = .anl [, av.es
1=

Then the spectral decomposition of the partition

function in the site representation becomes

N

Z, N = 2. expC-E_ KN <¢ | o > <af #> C1v.10)

where K is a positive number. Thus, at large K the
leading term in Eq.(IV.10) gives us the energy and

wavefunction of the lowest-lying energy eigenstate.

Clearly, T is the usual time evolution operator of
quantum mechanics Jdimaginary time) evaluated over the
interval &£. Using T, a useful expression for Z(N) can be

obtained as
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o N-1
Z(N)-BI l l d¢>i<¢!ﬂ|'r|¢»i>
—0 1w
a
=8 J @Ol T | Pyg® By Bpegl T | >
-

gl T | Oy > <ty | T | ¢, > de, <#, | T | 2>

= B <¢b| ™ | ¢ CIV.11)

where N-1 ixs the number of 71 slices between T and s

and use of the completeness condition
1= {do |9 <] av.az2>

has been made. If we impose periodic boundary conditions
G, = xh) and sum over all possible initial positions of
the electron, Eq.CIV.11> is replaced by the more

familiar result

Z(N> = B Tr TN av.ad

where the trace is over the physical Hilbert space. We
now express the Hamiltonian in terms of the evolution

operator for an infinitesimal step in time (short-time
propagator); it. was shown to be (361

T = exp {(~Ce/h) [H + OCed P av.i4>

Therefore, choosing 1’ - T = £ to be infinitesimal so
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that this interval consists of just one slice we have
Z (N = <x | exp [-(e/h) H 1 | x 2> av.1%sd>
rs r =

The Hamiltonian in the site representation reads

>
He Y lo> H_ <o |+ |o>H <] av.16>
2 <& ,r>

where <s,r> are site indices coupling the nearest,
neighbars The diagonal part i=s

Hss -~ <¢s|x 72 + V(x)|¢s> avi17>
We restrict the present treatment to molecules
consisting of the same kind of atoms. Therefore Hrs

becomes a constant.

-2
H = <p |x"72 + Voo | > CIv.18)
and the second summation in Eq.(IV.16> becomes simply
(3 = H_ )
rs

H=p3 Z ’]¢S> <o | CIv.19>

<m,r>

which is recognized to be the Hamiltonian of a continuum
Ising model with no external field 11041

We now extend this result to an N-electron
non-relativistic molecular system and characterize the
wavefunction by a configuration specified by
one-electron wavefunctions Y, As long as the fermionic
character is concerned we may select the antisymmetric
component. of the Hartree product in order to fulfill the

Pauli exclusion principle automatically, which (except



68 HORACIO GRINBERG AND JULIO MARANON

for a constant. factor) transforms the wavefunction into

a Slater determinant, ie.,

(¥ > = I(N!)"V2 §

-

5p [P[wi(l)...wa(a)...wNCN)]> av.2o

et

where é(P - (-1)EP (P, parity af the permutation? and the
sum extends over all possible permutations. wa(ca) (a0 =
1, 2,,..,N>) are one-~electron wavefunctions which can
be expanded in terms of an orthonormal basis of atomic
arbitals [Eq.(IV.9)L

The expression of the partition functional Q<N) for

N electrons can be written as (1Bl

4] o N-=1

N-1
o = N Jj l l dx, exp {-(l/h) E s[xlﬂ, xi]}
14

- - iwmi

av 21>
where - 'xcr) 22 0 “(N)'
1 xi i Xy > eeees » Xy U "Xy

represents the set of coordinates associated with the N

electrons in the intermediate site i and | l dxl iz the

volume element for all the coardinates. The action is

given by
S x x,)> wm g] 172 [Kx - X )/c]z
i+1” i i+t i
+ VA2 (x, ., + X0 + 2 v, K5 av.2zz>
1+1 i i’ i :
a3

The exponential factor of Eq.{dV.21) can be written as

the direct. product of two matrices, T and U:
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P=eTeU av.23>

wvhere T is the one-electron transfer matrix [Eq.CIV.7>L
Thus, the partition function Q(N» for N electrons can be
written as
N-1
N o a _— a ~
QN> = B I I l dx PC
-0

o o,f3

o
X’ xlf) CIV.24)>

In order to write the P matrix in the representation of
the {¢1(xi)), we compute the matrix elements in the

Slater determinant basi=s and get

<~l’|§|w> = F| exp € ~Ce/h) [H + 00 > W

- + >
a < Zéu, [y'1(1)...wa(ot)...y/N(N)] lexp ~Ce/h) [H + 0Ce)
P>r

P [wi(i)...rpa(a)...wN(N)] >

Therefore

2’ + 2
< Z b [ y 1(1)...wa(ot)...wN(N)]|H o<s>|
{33

U’[wi(i)...wa(a)...wN(N)] >

=}
=2 Z <wot 'ha‘ ¥a > + Z< Y w{?' U(xi-ﬂ’ xli?)[ 'wa w/? >
@ o,3>

- | wﬁ wa >] Iv.25)>

where ha is the monaelectronic operator
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N
2 _2
h = 1/2 h° v° - }:z /v V.26
fa [s ] [ o1 oo

c=1

and the bilelectronic term of Eq(IV.25) can be written

as

[=1 3 -1,
Z<v'ot w/? I U(xl'!-l’ xl>[ |Wot w{? > |pl3 Yo >]

20,{3>

- Z(Z Ja 3 - Ko( I?) - Z ch A av.2?>

<, e, 3>

In Eq.{IV.25) the integrations over the s=spins were
performed according to the usual prescription and the
N/2 lowest-energy orbitals are =upposed to be doubly
occupied. In Eq.(1V.27> ch'? and Kr_\q’i are the molecular
coulombic and exchange integrals, respectively.

Accarding ta Eq(IV.?), the molecular orbitais ¥,
can be expanded in the orthonormal basis set (¢1(x1))
where ¢1(xi) = (¢>i(1), ¢i(2)’ ..... ,r,bi(ot), ..... ,¢1(N)};
taking into consideration Egs.({IV.25) and <dV.27), QN>

can be written as

N_
QN> = BN Jm-[ ® | | W, & 4| p | #n-1 >
- ~o jwt
< ¢N_1| P I Ph-z D <¢1| P | 2. D> Cav.2ed

On applying periodic toroidal boundary conditions (¢a =
¢b) {1051 Eq.(IV.28) can be cast in the form
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N-1

|40, <2alF"}oa > = 8"
-

N

N v m >~
QCN> = B J Tr P 1v.29)>

-an

o erem—

which corresponds to the canonical partition function of
a many-hody system (dentical particles? abeying
Fermi-Dirac statistics.

The Hamiltonian in the representation of the basis
set (¢1(xi)} can be ~wvritten, according to EqddV.25> in

the form

DN T R S D N R PR
j

<iL,P

Ccij,try>
where Hlj and “JJ have the =same meaning as in the
monoelectronic problem. Since GU 1y = G = a constant

for the Huckel model, EQq.(1V.30) hecomes C(taking
H w G =0)
BN

Hwp Z’ lqbl > < ¢ l av.an

i,

where the summations are carried out, as usual, only for
the nearest. neighbors. This result is analogous to that
of a bidimensional continuum Ising model ([3,104]

As long as G was taken to vanish, the N-electron

transfer matrix P can be written as
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P=AT CIv.32>

where A is a constant. which can be absorbed in the

normalization of the path integral. Then Q(N) becomes

© o N
o> = caml IJ‘ ' l ' l (ct) <¢t<)a>| N | ¢;a)>
- =o o=l
N
- cap l | <¢;°‘)l ™ l S = am® I l
am1 CIvV.33>

This result suggests that through the euclidean
path integral we <can represent a non-relativistic
N-electron quantum system as a statistical-mechanics
problem of N one~dimensional Ising madels in a

space~time lattice of N sites.

B. Partition Function of the Htickel Model

The purpose of this Section is ta get. the partition
function of the Hiickel model via the saddle-point
approximation of the Gaussian integrals appearing in the
path integral [19). The present formalism constitutes an
alternative method to those given previously using the
Green’s function (381 and Dyson equation {1051 to get
self-energlies and reactivity indices.

In the site representation v, can be written as
v/Q(xi); since we are dealing with one-electron wave
functions the index o can be dropped and the MO may be
expressed as ¥y

When the Hamiltonian in the MO’s basis is expressed
in terms of the evolution operator 'f‘ [Eq.C(1V.14)1 for an
infinitesimal step in time (191 and the continuum Ising
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model is used to evaluate the multiple integrals, the
partition function in Eq(IV.11> can be rewritten in the

alternatiave form

L] *
ZC(N> = B J' ' | Wy dw L WDy )
imi
. ®
exp (~(e/h) "("'1”"14—1)} IV.34)

where the weight function wtwi,w:_ﬂ] is a Dirac 6
function; as long as the Euclidean version dmaginary

time) for the action is being considered, the & function

can, in fact be represented by its Gaussian
approximation [106]; thus, WIwi,zp:_ﬂ] becomes
w{wi'wiﬂ.] = exp (~Cc/hD )\'Iwi><w1+1|) (. real parameter>)

av.as>

Therefore, an effective Hamiltonian, functional of

¥, w‘, can be defined in the form

LB | ]
HooCowt) = HOpy' > + 2 E b <vl V.36

which clearly represents a constrained Hamiltonian. In
fact.,, the values that a particular MO takes on in each

of the sites form a finite subset (wi'} that. fulfills the

normalization condition

1if 1 = j

< | v, > - V.37
>0, <1 if 1 = |
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On expanding the MO’s in the atomic orbitals basis,
Eq.C(1V.34) becomes

Z(N> = B J. l | dc dci+1 ¢1 ¢i+1
twi
i »
exp { Certd Heff(ci' ci+1)} Iv.38>
where ¢, are the expansion coefficients and Hefr(c,c.)
is given by (SU are the overlap matrix elements)
H (¢, c D= c c. H + ac, o, H
eff ' E S T § 1 z S T W
Y <L, 3>
+ A e, c° S V.39
1 73 713 ’

L5

Application of the saddle~-point approximation to
t.he integrals appearing in Eq.(IV.33), ie., variation

of Hef!‘ with respect. to c and c. leads to (191
5 H_, _(c,c™/6 & = zc CH,, + xS, 0D v.40>
eff 3 L "1 1] R :

from which the =secular equations for confined systems
based in the Dirac variational principle (951 of the
constrained system are obtained As a generalization of
the above results, we point. out that the Potts model
[1071 can be used as an alternative method instead of
the Ising model for the evaluation of the partition
function for a molecular system. In addition, explicitly
intraoducing the electronic repulsion operator of

Eq.(IV1) and expanding each atomic orbital in terms of
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cont.racted Gaussians, the exchange term can be
incorporated in the formalism, thus leading t.o -
bidimensional problem in which the partition function of
an ab initio SCF method can be evaluated.

We now describe a non-linear formulation of the
Hiickel model by wusing the gaussian approximation
introduced by Wilson (1081 in an Ising model. As a
consequence of the application of the saddle-point.
approximation ta the multiple integrals of the partition
function Q¢CN) ,Eq(dV.33), a set of non-linear equations
vill be generated [20a). We start with Eq.dIV.34> and
vrite the weight function W[w,w‘] in the form

Wiy, p®1 = exp {(s/h) u’[ E by <w | -t ] } V.41
. i

vwhere ww is a positive quantity. Eq. J({dV.41) can be
considered as the gaussian approximation describing the
quantum fluctuations in a molecular =system via molecular
orbital theory. This incorporation of the quantum
fluctuations leads, within the context of this theory,
to a proper description of phenomena such as the
dynamical behavior of the double hydrogen bonding of
nucleic bases as well as the resonance of annulenes,
which could be interpreted in fact., as quant.um
fluctuations of the ground state of the molecule
[109,1101. To this end the exponential factor of
Eq.(1V.41) is approximated in the form [20al

2
w [ 2 by <wy) - 1] ~ (172> b z by <vyl
L2 S b v ,)2
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- w[ 2 by <vyl ] av.42>

<iT

where b = =4 wu’, allows the partition function <IV.34)

t.o be rewritten in the form

2z

-1

1

|

ZCN> = B I dw, dy/: o %P {-(.c/h) H ootV w‘l}

[ p—

1v.43)>
where Herr[w, y%]l, the effective Hamiltonian, is given
by [20a]

L ]
H_polvow™) = L E [ <w | + &K + /2> b Z by <wl

[y <L,

2
- w [ z Jv> <z,,j| ] Iv.44>

i)Y

where L and K are respectively the diagonal and
aoff-diagonal matrix elements of H in the molecular
orbital site representation. In order to proceed further
we follow the algebraic derivation of Wilson and Kogut

[108]1 and directly arrive to

*®
H_ v, v'1 =K {2 Uvper> = > w | =

L

2
- R 2 I <yl +u [ 2 P> <)l ] } CIV.45>

<iLj> <t g

with R = b/(2K> - L and u = u-/K. Expansion of the
MO’s w in the atomic orbital basis {(¢), leads to
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H_ Ie,c™1 = K e, ¢ + A b - LD Ecc s

*.
-2 o 2 (c:ic:-i)2 + Z z (c:l c* (c:i,c:',) Sl
<, <L’ J J J

(1v.46>

By applying the saddle- point approximation to the
integrals of each partition function Z(a)(N) in
Eq.CIV33>) a set of N saddle-point equations and their

adjoints is obtained [20]

& H __[CC, C¥en1l/a C o> = K z o
eff i 3
J
. ’ .
+ [ECoO - LI }: c®cwr s - 2w 2 (C, x> ¢*coric® o
3 ij 1 J 3
J J
" ® - )
+ 2 z (G, Co0 @,€e01 uJ,cm} av.4a7>

<i T

where E(a> = b/2 is the enerzy of the MO w(ad. The set
of equations (dV47) and its adjoint, represents the
non~-linear secular equations of the Hiickel model. When
u =20 in Eq(IV47) and 1ts adjoint, we are led to the
secular equations of the classical Hickel model [1021
Further, the sign of the coefficients u’ of the saddle-
point equations av.a7> carrespond to these two
possibilities: ) w < 0, corresponds to a single
minimum energy; (i> v > 0, on the other hand,
corresponds to a double minimum energy. The second
situation allows to rationalize from this novel point. of

view, the dynamical behaviour of phenomena involving
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daouble well potentials such as the double hydrogen
bonding in nucleic basis and the resonance phenomenon in
aromatic systems In what follaws we discuss the
connection of this phenomenon with quantum fluctuations

in molecules [109).

C. Application of the Path Integral to the Quantum
Fluctuations of the Ground State

In recent years there has been a remarkable surge
of interest. in non-linear wave equations, particularly
those which possess travelling solitary-wave solutions.
The localized, particle-like nature of solitary waves
has =spurred their use in quantum field theory (1101,
condensed matter theory (1111 and engineering
applications [112], to mention a few. Most of the
relatively few known analytic solitary wave solutions
are to non-iinear wave equations for a real scalar field
in one space and one time dimension, with notable
exceptions (1131, We now wil discuss two phenomena
clasely related to this subject, namely the resonance
phenomenon in molecules (1091 and the double hydrogen
bonding in nucleic bases {114). To this end a link with
bifurcation and catastrophe theory [115,116]1 will be
established.

Bifurcation and catastraophe theory has led to a
wide of applications of the elementary theory to many
branches of science [([115a,116]1. The modelling of the
treatment of  hyperthyraoidism [116], for example, Ii&
typical of applications in the biological =science, where
the model is=s a hypothesis, an aid to understanding the
phenomenon, enabling data to be fitted, and leading to
conjectures which may then be tested experimentally. In

particular, the theory of bifurcation and catastrophe is
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useful in describing phenomena where acantinuously
changing causes give rise to discontinuous effects. As
such, it would smeem to be an appropriate tool to discuss
double well potentials in molecular systems from a
non~conventional point of view.

To describe the above mentioned link we write the
multielectronic wave function of a n-electron system as

a classical complex field

wix,t>) = Udx,t.) exp 4 ¢ix, L)) 1V.48>

and the double well potential as a complex-valued
expression with a self-interaction term involving a

Cy w‘)z potenti al (charged potential describing +the
behavior of particle and anti-particle>

2 a2 p WP + b oy + P AVAD

V(w,wu) - ~1/4 (yp w‘)
where a and b are constants.

We now adhere to the mechanical model of the
Zeeman’s catastrophe machine [115,1161 and take the

derivative of Eq.(dV.48) with respect to v and w. to get

a Vep o p m =12 p W W v a2yt + b CIV.50)

and a similar equation Iinvolving w‘. The graph of
@ V79 y = 0 generates a smooth folded surface whose
folds project down onto the bifurcation =et. Thus,
9 V78 w = 0 defines a cusp catastrophe surface; a and b
in Eq.{IV. 49> can therefore be considered as the axis
of a plane over which the catastrophe map is pro jected.
The corresponding equation of motion is obtained by

application of the Hamilton variational principle to the
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classical action. The Lagrangian is taken as [117,118]

Lop, v = 12 |y P12 [y )P Az [v|?- e y)?

C(Iv.51>

A and B being positive constants. This model was first

introduced as a mathematical conventence in the
description of charge-density waves in crystal=s
[111l.

The potential implicit in the non-llnear Lagrangian
IvV.51> must be compared to the phenomenaological
potential ddV. 48> in order to characterize the cusp
catastrophe surface. In the present case, t.he
discriminant. D (= a3/2) of the cubic equation 9 V/9 y =
0 is less than =zero, ie.,, the roots are real and
distinct.. In the map of cusp catastrophe ({1171 the
single minimum bifurcates into two minima of stable
equilibrium of less energy. If D = 0, then a = 0, {le,
this situation corresponds to that of the cusp point,
there exists no maximum nor minimum. If D > 0, then a >
0, and therefore the proposed potential (IV.48) does not
represent. a double well.

The non~ilinear equation generated by the

Lagrangian (IV.51)
2 2 2
toawpyrsrat+3 " wrax"+A y|" wmo IvV.52>

where A > 0 possesses soliton solutions [119] and may be
regarded as the mnon~linear Schrddinger equation for a
system of fermions in one space dimension. This suggests
that w describes the motion of a solitary wave
connecting those two minima through tunnel effect. From

this point of view, it 1is concluded that phenomena
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involving double well potentials such as the resonance
in annulenes as well as the double hydrogen banding in
nucleic basis can be considered as a cusp catastrophe,
te, as the motion of a scliton in a bistable
potential, and therefore a proper description aof such
phenomena consequently should require the calculation of
the tunnel effect of the soliton.

Expansion of the stationary solutions of Eq.(IV.52)
in a basis of atomic orbitals leads to a set of coupled

non-linear equations of the Gaussian Hiickel model,

Eq.CIV.47). This approach allows an effective
theoretical calculation of resonance integrals in
annulenes to be performed [1201. The asympt.otic

expression of such parameter, when the number of atoms
iz allowed to tend to infinity, was easily derived and
the qualitative behavior of the variation of these
integrals as a function of the number of atoms N was
found to be similar to that observed for the ration
p7CE/N), where p is the chemical potential.

Itt should also be pointed out that the potential
energy term inherent. in the Lagrangian (IV.46) describes
a quantum fluctuation of the ground state and therefore
can he thought of in the present. case as representing
two equivalent. ground states, thus leading to a close
analogy with what occurs in gquantum field theory. In
fact,, since the phenamenological potential (dV.48) can
formally be made to coincide with the potential
describing the vacuum fluctuation, a correspondence can
be established between the ground state and the vacuum
state. Using Coleman’s terminology [1211 this i=s
precisely the fate of the false vacuum. In the light of
this analogy the Gdoldstone bosons of the spontaneous

symmetry breaking (Cooper pairs, le., the n electrons
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pairs) are absorbed by the =self interaction term of
Eq.(Iv.48) (Higgs flelds) generating a mass particle
(saliton) which oscillates between those two ground
states.

The present approach follows the increasing
interest. in problems invalving structural Jdindstability
11221 and symmetry breaking {1231. This is closely
connected to synergetics (124 where links can be
established between critical phenomena and bifurcation
theory.

Finally, it should be pointed out that. the
realization of a non-linear Hartree-Fock madel should be
the appropriate mean to deal with such problems as
chemical bonding [125], resonance and hydrogen bonding
phenomena (ground state quantum fluctuations)? as well as

phase transitions [126].

D. Presence of an External Field

The formalism developed in IVb enables one to
study some particular ground-state properties which are
obtained or measured only in the presence of an external
magnetic field. For closed-shell systems, such
properties include the diamagnetic susceptibility and
its anisotropy, and the magnetic resonance frequencies
of protons and GC-13. To undertake this study, 1t i<
necessary to obtain the moadified secular equations in
t.he presence of an external magnetic field.

Neglecting the electronic repulsion the modified

molecular Lagrangian L’ reads

N

R
L = Z {1/2 [o'c + cered R ]2- V(xa)} avsad

om
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-+
where x + (esc> A represents the new velocity of the

electron in the magnetic field # with vector potential
K, ie., H = v x A& In an external magnetic field, it is
required that the MO’s be gauge invariant. Thus, the
modified atomic orbitals can be written as {[127]

¢, = exp -li e/Ch © Ay ?; AV.54>

where r is the point at which A is evaluated. With this
choice of the atomic orbitals, the modified Lagranglan
(avs53> is effectively invariant under a change of
gauge, Therefore, the modified effective Hamiltonian
(IV.36> becomes

> ) * » » > + E ) ? ’
Heff(”" v o= 2 lwr > “z‘s (Wsl A lvr > <wsl
2 <rVe

av.ss>
where the wx" are the gauge-invariant. MO’s and the

modified matrix elements H;s and Sz’-s are given by

» - -» L
"rs - J exp {1 [e/<h ) (Kr Ks).r} ¢:s

- 2
{ 172 [\( + Cesc> R - Kr) ] + VvV } @, dt Aavsed

» - -
s!_ = J exp {i lesCh o] (Kr Ks).r } @, ¢_ dv VST

where Ks is the vector potential at the center of atom s
and A - Kr) is a local vector potential independent. of
choice of origin. Thus, the average magnetization at the
site 1
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M1 = 1/7Q°(N)> @ Q’(N>/2 HilH-O (AvV.58)

as well as the magnetic susceptibility
x(H> = a M/ 3 H av.sod

can be calculated If the propagator dV.33) modified in
the prescence of an external magnetic fleld is knaown,
which leads to an explicitt account of phase transitions
and critical phenomena ([3]1. Thus, the path integral
formalism appears here as a practical tool for the
evaluation of thermodynamic and magnetic properties in

molecular systems.

V. PATH INTEGRAL FORMULATION OF ROOTHAAN'S EQUATIONS

A. Preliminary Considerations and Closure Relations

,\Applicat.ion of the saddle-point approximation
{3,105]1 leads to a time-dependent mean-field theory in
which coordinates, momenta, equations of motian, and
quantization conditions are specified by the underlying
effective Hamilt.onian. Thus, the functional integral
provides a bridge between t.he quantum many-body
propagator and the time-dependent. Hartree-Fack. In the
saddle-point approximation, the propagator between two
Slater determinants is dominated by the exponential of a
time-~dependent. Hartree-Fock soclution.

The Feynman path integral of a molecular system was
recently obtained ({21,221 through the generation of a
overcomplete set of vectors @ <F| using Klauder’s
continuous representation theory ({128). A further use of

the saddle-point approximation of the generating
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functional of the molecular system, was shown to yleld
t.he Hartree-Fock equations.

As long as the Klauder’s theory demands the
existence of a continuous global symmetry and since ¥ is
invariant with respect. to a phase transformation, we can

write (o is a constant phase)

PN m exp A a2 WND .1

vhere N is the number of electronst of the molecular
system. Therefore, the elements of the overcomplete set
¢ ¢ ¥| » are the elements of a “gauge” group U
similar to the gauge of the electrodnamics. Thus, WWN)
is parametrized by a Slater determinant.. In what follows
we intend to obtain the decomposition of the unit
operator in an atomic arbital representation. This is an
essential step towards building up the many body quantum
mechanical path integral with constraints. Indeed, the
secret of the use of the path integral in quantum
mechanics lies in the introduction of the constraints
via unit decomposition in a Hilbert space. Thus, we

bosonize the MO’s ¥ using the LCAO mapping

M
¥ = C (o) w.2>
2 jzx 32 4y

Therefore, the overlap matrix of ‘l'a can be written
as a function of the set p ),
» ~ pm
¥ ¥ dv m CGCad A C YD = S .3
fv « n » o3
in which dv is the volume element. and C(3> and C.(O() are

the column and row vector, respectively, of the matrix

C(ad) = (Gu(a)]. The matrix A is the atomic overlap
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matrix, where the matrix elements are given by A!j -
<¢\1|¢- J>.
It follows from Eqs.(V.2) and <V.3) that we can obtain

an expression for the product of the differential forms

M

dv z dc .Cod w.4>
™ L%y 9y

i®1

as follows:

® ] .
a¥ aw, -jchJ(w dA g do D -jzydajk(a,(?) - dACo,®

w.5

where A iz a (M x M) matrix. The overlap matrix elements
in the molecular basis are explicitly given by
M

[ o wp av = z c¥co A, > @
12y G 1 3
»

3
M
f
= 121 ay (o = 5, .6
»

where Au(a,{?) are overlap matrix elements in the

atomic basis.

Now, the closure relation for the <D| vectors is

fIp> <D| du %, DI = 1 w7y

where the measure du D, D'] with the conditien («V.3>
can be written as
N

* - *
du b ,D'] = ab d¥_ . & ¢ ¥ dv - & vad
i » a,{l? o n [ J a 3 a3 ]

which fulfills the phase invariance [see Eq.C(V.12)1]
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[21,128]. In the atomic orbitals =subspace the measure du
D ,0*1 reads

o M

du D 071 = | I dACe,. & 2 a, , (,a@) - 5 w.o>
o, 3 i, 13 o

Then, upon using the above results, the closure relation

(V.7> becomes

M

[ | | dACo,®. & sz a o = 5 o | D> <D| =1

o, 3

V10>

B. The Projected Generating Functional

The quantum mechanical evalution aperator
exp [-iH a’j-ti)] between the initial time t‘i and the
final time "_j' enablexs us to define, through its matrix

elments defined on the overcomplete set («D '), an

expression of the generating functional

Z(N> = (Dfl exp [-i H (&, - t.i)ll Di) V.11

3

Now, following the standard procedure for constructing
the path integral , we first factorize the evolution
operator as done in Sect.(Il> . Thus, on =setting 7v =
(t.r-t,l)/Q, Eq.C<V.11) can be written as

Q

ZND> = | | <D | Dy (DQ|exp 1T H)lbq_l>...

V122
<DQ_l|exp it | D

Q_1_1>...<D1 |Di>

Notice that in Eq.C(V.12) a typical matrix element.
appears, <Do lexp < 1 T H IDQ— e which may be
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approximated in first order as

: 2
(DQlexp 1T H)lDQ_1> - (DQ|(1 - 1T H+ O )|DQ_1>
<D |H|D__.>
. - Q Q-1
= (DQIDQ-1> exp irT VA
<D, |P,H_,>
Q' Q-1

Use of the Klauder’s continuous representtion theory
(1281 shows that, in the <hort time interval 71, the
inner product <DQ|DQ-1) is

<D <1 V.4

olPo-r

therefore, the matrix elements (V.13) read

iTH -ir <D, [H|D, >

< b, > = e

Q-1 S RLH]

ol
the normalization constant. implicit in Eq. (V.14) being
absorbed in the normalization of the Slater determinant
D..
Q

The constraint condition implicit in the Dirac &
function of Eq.(V.10) can be expressed through the
Fourier transform of the identity

t iEx '
EH(xX) m ——= I dE e V.16)

(Zrt)Mz

Upon insertion of the closure relation (V.10)
between each factor of the ZN), substituting the
expression of the matrix elements of the molecular
Hamiltonian into 2ZN), using the expression (V16> of
the Dirac & function, and after taking the limits = » 0,

Q -+ o in the expression (V.12), we are finally led,



THE FEYNMAN PATH INTEGRAL FORMALISM 89

after straightforward algebra, to the following useful
form for ZND:

LAl -
ZCN) = J__E— J dE e‘serfw"t”"’m VA7
(2n)M

where the functional measure of the path integral (V.17)

is given by

DIAl = 1im ' ' ' dAl(a,fi) <Df|DQ ><D1|D1>' v.18)
Q-0 1 o

740

while the effective action Se reads

rr
N M
L
Sorgl®*®AEl = SIp 0,1 - Z ECo, Z 2, <o
a, 3 i,]

V.9
and thus the functional Si¢=#,9,A]l takes the form

M

t
£
Sig®,,Al = I dt { 2 2 R, (K O,
t, 1

* ; Ry RopYop’igy
i j R i > j’

- Ry Rpvp (Ua,{?)i_j,j’i'] } w.20)

i3,1758

with
N

RiJ-ZC

-~ %

G (oD
3
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Use of the Fock matrix F allows the functional

S[¢.,¢;, Al to be written in the compact form (129}
F=K+d3d .21

vhere K ix the kinetic energy and electron-nuciei
attraction term and G is the electron-electron repulsion

energy. Thus, S[¢.,¢, Al becomes

L t'f A e =
Slp ,¢,Al = I dt. Z C (e F(? CCad «wv.22>
t.1 o, 3

o that the effective action can finally be rewritten ax

t. N
. r — —
&1
Seff[¢ ¢, A, El = I dt Z [6 8 €= 3] Pﬁ GCad
t.1 o, 3
N
— -
-Z C x> A Q3D ECoyD V.23
a, 3

It is observed that the generating functional 2ZNN)
can be interpreted as a partition functional describing
the dynamical bhehaviour of the (NxM) pseudobhosonic
particles constrained to move in the manifold of the
complex phase space, where CGlad> and C.(a) are canonical
coordinates. Noticeably, the motion constraint is given
by the second term of the expression (V.23), where it
can be given a topological interpretation, similar to
that found in gauge field theory. Consequently, we could
use the partition functional Z(N) to study the molecular
electronic behavior in an external field, for example
environment. (e.g.,solvation) effects.

It should be noticed that as long as the bo=zonic

Feynman path integral does not have the Grassman algebra
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difficulties arising when the molecular orbitals L
possess the status of the fermionic fields 1[128], the
generating functional 2Z(N) can be obtained in the
present case rather straightforwardly.

Now, we are going to generate equations of motion
of the electronic molecular system. Therefore, applying
t.he saddle~-point approximation (stationary pha<e
approximation) to the multiple integrals of the ZN)
propagator, Eq.(V.17>, the semiclassical equations of

motion result:

2s N N
eff _ -
- 2 Z F CCo - 2 A ECo,3 C(DY = 0
a c%c>
o r vV.24ad>
N N
as
+
eff L 2 2 { FId%co - 21\ Eca,® C (D} = 0
a (—:(Ol) o 3

(V.24h>

which are recognized to be the Roothaan’s equations
(1301,

The importance of this formulation lies in the fact
that the path integral is a nice mathematical tool for
saddle-point. expansion when the motion becomes
semiclassical. In this sense, the correlation energy can
be calculated through the =saddle-peoint expansion around
the saddle-point energy [1301

The path integral formalism has an itmportant
advantage with respect to others; namely, that by
Gaussian approximation of the path integral, it can
easily be extended to the nonlinear molecular orbital
theory, and so it can be use the full mathematical power
of the nonlinear field theory for studying the molecular
quantum fluctuations (1091 or for developing the
Gaussian Hiickel Model {201
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VI FEYNMAN PATH INTEGRAL REPRESENTATION OF FIELD
OPERATORS AND MEMORY SUPEROPERATORS IN A LIOUVILLE
SPACE

A. Preliminary Remarks

In this Section we extend the Feynman path integral
approach to the operator space in which useful
information on the time development. of field operators
for both fermionic and bosonic systems may be extracted.
This dynamical behavior was clearly analysed (within the
non~relativistic theory) for the density matrix (1311 by
means of memory superoperators. An extension of this
treatment to fermionic field operators allowed to get a
compact, expression for the Green function in a Liouville
space within the regime of the interaction picture
[1321. More recently, a U-matrix theory in quantum
mechanics has been developed into a workable approach
based on Dyson’s formulation [133] in which the
wavefunction is written in terms of the U-matrix within
the regime of the interaction picture [134]. It was
claimed that 1in the special case when the unperturbed
Hamiltonian and the Lagrangian commute, the wavefunction
can be reduced to the form identical to that obtained
from the path integral method and a comparison of the
path integral theory and this U-matrix theory can be
made [135]1

Here we est.ablish a link between memory
superoperators (1361 and the quantum analog of the
classical action in operator space of a many particle
interacting system. This will allow to generate a
Feynman superpropagator in a Liouvilllan space. Because
one needs to specify essentially the act.ion, this
formalism will be potentially powerful in handling those
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physical situations where Hamiltonian or Lagrangian
cannot. be written down explicitly [1371. Such a
situation arises, for example, in a reduced description
of a many particle system and is reflected through a

memory term in the reduced action.

B. Theoretical Background

We consider a many particle interacting system
descrihed by a second quantized Hamiltonian written as H
= Ho + H’> where Ho is a one-particle operator and H’

contains the many body effects, fe.,

H = I de J‘ dF’ w e, H €2 |23 weg’, e VI.1ad

[a]

+ +
14 > ?
H = 1,/2) Idf1jdzz Idzt Idzz w (;‘1,L)w (gz,t.)
» » » 14 ’
Micziszlf_i :2 > W({’z y L w(fi ,LY + .. «(VLiib)

Here ¢ denotes the full set of coordinates (space and

spin) of a particle; (HO(E |E ’), lHi(E 152 lfi'zz’)....-... are

the kernels of the one-, two-.._.particle Schrodinger
Fs

operators Ho’ Hi, ..... respectively, and w &,L) and

w(¥,t) are the time dependent field operators in the

Heisenberg picture representation satisfying the proper

commutation relations 1i.e.,
+ +
[w({,t.),w(t’,t.)]+ =Ly €,y Q7,31

- [w+((,t),w(£’,t>]+ - &CE - ED> mQ <wI.2)

Associated with these operators are the corresponding

commutation superoperators 00- [Ho, 1, and © = H’, 1_,
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whose =sum 03 - 6 + ‘B’ = [H, 1, is the generator of
motion feor t.he field operators y (Z ), w(&,b> [132). A=
seen, <D°, (D’ and (D are Liouville type superoperators,
ie, (inear hermitian) operators that. act, in the
Hilbert space of operators rather than the s=space of
states (136]. In this Liouvillian superoperator space
the equation of motion of the interaction picture field
operator is given by [132]1 (h =1)

1 /0t y <f,L) = - UL yCE,t) VL3>

where ll’)(t) = [UCL), 1_ denotes the evolution
superoperator associated with t.he interaction picture
hamiltonian operator U(L) = exp(-i(D t) H’.

The superaperator TU(L) is the generator of the

~

motion group & whose elements

-~ t ~
G, =« F exp | 1 J‘ ds UCs) CVL.4)
>

(defined in terms of the Dyson [133) time-ordering or
chronological superoperator F)> exhibit well known group

properties and propagate the field operator w<& ,td

according to the prescription
wI(E,tJ = GCt,tD rpl(t,t’> VLS
Introduction of the mutually arthogonal pro jection

superoperators P and @ = 1 - [P and defining the group of

t.ime~dependent superoperators (UIPS’ Gs(t,s) in the manner
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~

Upe(t) = R Utd) S; R, SalP, © V16

~

G

s

(t,s> = S F exp [ O i as, U (s> ] s 17>
s

it is found that the =solution of the differential
equation <VI.3) for the two orthogonal complements of

the field operator wrP(E,L) = [P wI(E,L) and wQ(E,L) = @

wI(E ,) can be expressed in the form

¥p i,

~ b4 » » » - > -
= Gplt,t” [ Meppltt’> ¥pl b’ + Np bt wedk,t )]

(42 98 : )

where it can be verified that the memory superoperator

(}‘IPQP(L,L') must satisfy the Volterra integral equation

Cthere written for an arbitrary pair of complementary

projections R and %>

Ca) o~ " "~
™ Lt = 5 - J‘ ds M
L)

~

tt,=,t'> M (s,t"D 9a)

SRS SRS SRS

and the [N{PQ(L,L’) coefficient, of w(D(E,t,’) in Eq.V1.8)

is connected to M

~

’
(Pd)[P“"t > thraough the expression

~

, Cal
[NI'PQ “tW,sD M

TR CVI9Ob)

Pre QPG

t ~
t.,t’) = I ds B

t"
whose kernels

~ ~

t‘ ”~
Nepg CtrsHt’d = [ _L ds’ Bop(t’,s )] BpgCt’s>  (VI10>
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involve superoperators

~ ~

B, . .(t,s) = G

SR ,s> Ugpls> G

(s, CVLA11)

5 R

which couple the R~ and %- subspaces at the common
instant of time t. This coupling proceeds by propagation
through [R- space backward in time from ¢t to s, a
subsequent direct coupling between the two subspaces
mediated by @SR(S) and a final forward propagation
tt,=,t.”)

ks
defined by Eq.10) couples the %~ and [R-spaces at time

through %-space from = toc t. The kernel

t.’ through motions forward to s and back again to t’.
The integral of [%SIR(L’,S’) from s’ = § to s’ = t then
recouples to %-space the dynamic information which has
been accumulated in R-space during the interval.

:I\'he equations for the memory superoperators (&SRS
and mS!R) can be solved formally by iteration. Thus,
using t.he Dysons’ U matrix theory [134,1351 and
introducing a Dysan-like superoperator to order both
the limit of integration and pairs of arguments of the

integrand factors NS[PS appearing in Eq.C(VI.9a), it
follows from this equation after some rather involved

analys=sis [131,132]1 that

- c
MSRS(L,L’) - S Mt $ V1.12)>

and

s, =« R B¢, S CVL13)

L ~ ”~
I«.» ds Bpot),s> Moo

wherein
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ML, b7
t < s
n 1 2n-1 -~
¢~ ’
- 2 ) J‘L’dsi It,’ ds,, ft.' ds, B’,s )
n20
”~ ”~ L ~
[B(t.’,sz).....lB(L’,SZn) wm [F cos [ J'L, ds B’ ,sd ]
VI.14)
and
MECL, b
I
= }: > t'dsi . ds ... . as, ., Bet',s >
nz20
”~ R ”~ , t Cal )
BCt ,sz).....[B(t. ,52nﬂ>-!}-' sin [ft’ ds lB(t.’,s)]

V115D

in which B(t’,s) stands for the hermitian superoperator

”~

= +
Bt ,=s> = B[PQ(t”S) (B(DIP(L,S) V1 .16)

Without going into mathematical detail=, the
result, relevant tc our discussion, is that in the
Heisenberg picture representation in a Liouville space,
quantum field operators, as given by Eq.(VL8)>, evolve

in time according to the prescription
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w ,Lo

”~ ~ ~ ”~
= exp Oot) G, CL,t* QSC(L,L') exp C-i Oot’) wC& ,t’D

1]
VI.17)

where CE'D(L,Q.’) and éc(t,t') are the <C(operator subspaces)
decoupling (D> and coupling <€) group superoperators
£131,1321 in the Zwanzig-Feshbach projection space
technique [138,139]1 as follows

~

G ¢, L) = G

D Ct,t7) + G, t’)

14

- [ exp [ift'ds (‘alP[P

o (=) + lUQQ(S)) ] i8d

RONASE Mt, b + 1 M, L)

= [F exp [1 f toas BCt? s> ] (VI.19>
t‘!

C. Feynman Representation of Memory Superaoperators:
Physical Interpretation
The formal solution of the Heisenberg equation of
motion in a Liouville space [136] [see Eq.C(VI.3)]

i /8t w(f,t) = = O w&,bd CVL.20)
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can be written in this operator space in the form

Ya,L) = exp |21 O _Ct-t’) - i J"‘ L Cf,r; w du] we,t”)
t')

V1.21>

where L i= the superlagrangian aoperator in the Liouville

space, ie., L = (Do - ©’= (L,..1_ , such that
~ -~ ~
5 = J' LcE,f5ud du , $ = SIrce, V122>

and I’ stands for the paths in the operat.or space.
The exponential of the superoperator appearing in

Eq.C21) can be decoupled as follows

t

exp 21 (DO(L—L’) -1 I LCF,Z;;ud) du

.’

t
= exp [21 O_Ct-t’>1 exp |-t [ Les,2; ud dul Zet,Td>
tl’
V1.23>

where Zt,7) satisfies the operator equation {134,135]
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0 n-2
T E §
-~ -~ ! r +1)!
ZCt, 1> = exp [I [<(z) dz ] + 1/n v
0 n=2 r=0
n-r-2
T ~ ~
[ J {C(z) dz ] Pr(r,O) VI.24)>
0
with E(z) given by
. - . v -
[Cz) m - 2 z vl I 2 00 du , & (L,
t’ v
yui
VLE.25)
and
~ r T . z, _ z,
Pr('t,()) - Z I dz1 ((21) dz2 l_’(zz).. . I dza+1
a (¢} Q
om0

zot+1 " - -
I d=z [z, ((za+1) Yr-a(za-ﬂ'O)

0
VI .262

A, B)v stands for the iterated commutatar,
(A,B]v w [A, [A, [....,[A,BIL. .1 1.27>

ie., there are v commutator terms in each term of the
expansion V1.25>. In Eq.(VI.26> Yn(r 0> =atisfies the

recurrence relation [1351}
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~ T ”~ T’. ~ Tn-i ~
C >
Yn 7,0 = ‘[0 dTl ((Ti) fo d'r2 Ij(rz) fo drn C(Tn)

T ”~ Fa) Ca) >~
- J‘O dz [Cz> Y __ <z,0), Y <z,0> = 0 142 B%-1:

wvhere [ is the identity superaperator.

It. follows from Eqs.(VI.21> and (V1.23)> that

WCELL) = exp € 21 O (L - t) > exp { - 1% ICCL, L))
€0 + ZCt, 721 wCE,L’) V1.29)

~

where é(t,r) in EqQ.VI.23) has been written as (I +
é(t.,-r)]. The two terms in Eq(VI.29) account for the
t.ime evolution of w at the phase space points ¥. The
first term is closely related to the usual path
integral wavefunctions [1,21 because it is seen to be
modulated by the superphase exp(-i "3); the second term
in Eq<V129) arises from the noncommutability property
of the operators Ho and L [135,137). A comparison of
Eqs.(VI.17> and «(VI.29) allows us to zet a physical
interpretation of the product of decoupling and coupling

group superoperators

exp O L) 6 Ct,L’) G _(L,t’) expC-1 © L7
o o

© C

= exp { 2i ‘Do b = 23> exp €~ i% (L, €731 {I+=CL,T1D]

VI.30D
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This expression may be considered as the Feynman’s
superphase representation of memory superoperators. It
should be noted that Eq(VI29) is not a standard
Feynman path integral representation. In fact, we are
dealing with time evolution only, ie, no space
propagation i=s involved. This implies that. the
superaction ;“: as defined in Eq.<(VL.22) must not be
interpreted as classical paths but rather as an action
superoperator from which a Feynman path integral in
operator space could be constructed. An action as a path
in the operator space may be characterized as a way of
implementing this kind of evolution scheme, and will be

discussed elsewhere in a rigorous manner.

D. Feynman Path Integral Representation of Field
Operators
To get the counterpart of the Feynman path integral
formulation for quantum field operators as a quantum
mechanical analog of the =state function, we write the
field operator as a homogeneous Fredholm integral

equation of the second kind

wCef ,t) = - I w<&?’,t> dat' VI .31)>

where wC<’,tY may be considered as the phase space
contribution for the field operator w(¥,t), namely a
Huygens-like principle.

The solution of Eq.(VI.31) is arbitrary and hence,
for the present. purposes 1is only a useful way of
expresseing the field operator. Thus, introduction of
the formal solution of Heisenberg’s equation of motion

(VI.20) into Eq.(VI31) leads to
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wCé,t) v - I exp [1 I t © du ] wCE?, L) daf’
L’
V1.32)>

and using the same procedure as that followed to
express the time evolution of y in the operator space

we get

-~

- n -t ? -
wr(f,t)- Iexp(ZiOo(L t’) » exp ( 1$r}

(0 + Zct,721 wperr,e> a¢7 <V1.33)>

As long as a particular choice of I' is necessary
for the evaluation of §, wr(f,t) can be considered as
t.he field operator on the I' path in operator space. In
the time evolution equation for y [EqqV1.21)] it |is
needed only one path for describing i1it; in fact, no
propagation in space coordinates is required. So ¥ may
be interpreted as a projection on the possible paths
between t and t’, and therefore the quantum field
operator may be considered as a sum over all those

pro jections, il.e.,

wC(E,t) = Z wr,(f,t.) - -I exp 2 1 &Do(t.- L) >

>

Z exp € - 1S, > (0 + ECt,T01 pe£’,t0 aler

> V1.34>
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From this equation the Feynman path integral Iis

recognized as

2 exp (- 1 SF) 0 + =ZCt,r2] V135>

aq»

Thus, the field operator p(f,t.) satisfiems the integral

equation

vt = [ KCGE L] £ L7y w0 ae> CVI.36)>

Eq.(V1.36> represents the Feynman path integral
formulation for quantum field operators, being K the

Feynman superpropagator, defined as

Kcg t.| £’ ) m - exp € 2 i (Do <t = L' Zexp {- 1‘5r}
{r

[l + =ZCt,r21 VL.372

This equation again takes into account the
Toncommutabilit.y of the operators “o and L. by means of
=L, 1.

Oon introducing Eq.(V1.36> into Heisenberg equation
of motion [Eq.(V1.2031 it is easily verified that the

differential equation for the superpropagator is

[1 3,0t + O + 10 ] Keg L] & e
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= 5 - £ exp [—1 f t o du] (V138>
LD

E. Application to a Non~Interacting Many-Boson System

In this sub-section we =shall develop functional
integrals, within the formalism of superoperators for
second quantized hamiltonians with Bose operators.

For the purpose of developing aur functional
integrals we consider a many boson system and use the
discrete form of Ho. it follows from Eq.(VI1a> that it
reads

+
Ho - Z ek ak ak CVI.39>

+
k’s are the one-particie energies and a, and

are the creation and annihitation bozon like

where the ¢

x
operators.

In order to proceed we need the superpropagator
representation [Eq.(VI.37)] in the original form as

given by Eq.CVI.32). Thus we vwrite
Keg ]2’ £ = exp[ i f ©_ du ] (V1.40>

This equation may be written in term=s of the short. time

approach as

’ Yy =
K& t]E’ 2 = K = expd (DO é"g) expdi Oo <5L2)
....... exp 4 O 6t D VI.41)
o N

where &t = 6t = /N =1, N>, with N the =hort time
1



106 HORACIO GRINBERG AND JULIO MARANON

partition.

For obtaining expressions which could be handled in
an easy way we intraduce an operator space which will be
the carrier space for the superoperator object. In the

limit. of no interaction this space is chosen to be

+*
3 = a,a k, 1 = 1, .0 > V1.42)>

1

This set spans the one particle operator space and

supports the closure relation

”~

—_

0 = } |a_> ca | V143>
. m m

m

with the associated binary product operation
<+
QR|Y> = [, R 1_ (V1.44>

Thus, the carrier space is metrized by

+
(ai|ak) - [ai, akl_ - éik (VL45)>

and the matrix elements for K in the short. time approach

become
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(all 14 and = Z‘Z (ai'exp a( (Do 5D a,
1 1 *
1 N
Ca | exp <i tl)c’ét.)al Yoo, Cay Jexp <1 ®° St a >
1 2 N
VI.46>

where the closure relation VI.43) has been introduced
between each exponential function in Eq(VI.41)>. This
procedure is analogous to that. implicit in the summation
over paths [Eq.C(VI.37)).

Realizing that each a, is an eigenelement of ‘DO

1

©1 (where n, is the corresponding
occupation number associated to the I1-th energy level),

with eigenvalues n

and allowing N to tend to infinity to get the exact
propagator, yields

(ail K ad>= expCin g > 61k V147>

k k 'k

Note that D? is diagonal in the operator basis set .
Physically the matrix element <(VI47> is the projection
of the 6\’ superaperator onto the one particle operator
space.

On performing the Wick’s rotation [140) (3 is the
inverse of the absolute temperature and t is imaginary

time)

it=s-p V148>

=0 as to realize the adequate analytic continuation into

~

the Feynman superpropagator k. [Eq.CVI.40)],
straightforwardly yields the thermodynamic matrix
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elements
a| K a ) = expi-(In £ &, VL.49>

which are the unnormalized one-particle density matrix
elements. Thus, normalizing Eq.(VI49) and noting that K
= ;1 {one- particle density matrix superoperator) leads

to

®
Tr(p,> = Z (ailp1 :sl)‘m.> = Z exp-3 n, £ «VL50)
<R > : ni_-o
t

which i= recognized to be the bosonic partition function
for the one-state distribution. R stands for the
accesible one particle configurations which are
compatible with the i-th energy level [141]

We finally get, for the density superoperator

matrix elements, the expression

R exp(-/3 n, sk) éik
(ai| Py ak) - V151>
@
exp(-/3 n sk)
nkno

Defining the number operator in the k-th energy

level in the usual form
N = * V152>
S Y |

and its assoclated superoperator
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N = [lNk; 1_

109

V153>

allows to evaluate the mean occupation number for the

k-th level as

A~

<[Nk> = Tr-(pilNk > = Z Z (ai|pia > (alllNk a)>
(R OCR D
VI.54a2
or equivalently
Z Z exp(-f3 n, a)(al|m a)cSr11
_ <R, D
N w
®
Z exp(-73 n, el)
(V1.54b)
n, =0
1
Thus, using
(alllNk ai) = n _a éik 611 «VLES)>
we get immediately
(s ¢}
n exp(-3 ng ek)
=0
n = o CVLE6>
Z expC-3 n .sk)
nkao

which after a little algebra leads to
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1
n = CVI.B7>

expC 3 sk) -1

which is the expected formulae of the Planck’s
distribution law.

F. Final Remarks

Quantum time evolution for field operators are
useful for describing not only equilibrium processzes but
also non-equilibrium evolutions. In fact, there exists a
close relation with Green functions expressed as
propagators in operator space {132,1361 and the reduced
density functions which are the essential tools for
evaluation of such properties. The Feynman path
formulation for field operators leads us to state some
interesting conclusions. As we have shawn, the Feynman
path representation of memory superoperators shows that
the evolution depends on the whole history of the
process, ie., the evolution is non-instantaneous; in
fact, the Feynman path integral representation includes
the history of the process by means of the action
superoperator. The resultant superpropagator contains
all the information about the =ystem, it being a sum of
contributions from all paths; thus, the quant.um
superposition is already manifest in the present
formulation. Finally, it =should be stressed that since
in an imaginary time formalism the Feynman path integral
is mathematically equivalent to a partition function
{18,191, the present. formatism should appear as a
practical tool for the evaluation of magnetic and

thermodynamic properties of many-body systems.
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VII. CONCLUSIONS

In this review we have shown that a beautiful and
powerful mathematical framework for the understanding aof
the properties of physical =ystems having large or
infinite number of degrees of freedom is provided by
path integral formulations of the many-body problem.

The path integral for the Jreen’s function
involving the Coulomb potential in combination with the
KS transformation (that. corresponds to the Hopf
fibration Sa/S1 = Sz) was used in the derivation of the
connection between the [P,S hydrozen atom and the [Re
harmonic [871. It should be emphasized that the KS and
Levi-Civita transformations, used to regularize the
three- and two-dimensional Kepler problem respectively,
were recently generalized to the n-dimensional case
[142]. Thus, while the technique we have described is
specific to the hydrogen ataom, its success lends
encouragement. that a possible extension can be devolped
to describe correlation effects. This appears praobable
since the helium results ({1431 demonstrate implicitly
the existence of new quantum numbers for a united atom
limit. classification of the molecular hydrogen spectrum.

The formalism described in Section II was used to
show the equivalence between a finite many~-body problem
for a non-relativistic molecular system of N electron
and N one-dimensional Ising models. This allowed us to
get. the propagator of the Hiickel model through the
Feynman path integral formulation. The correspoding
secular equations were generated via the saddle-point
approximation of the gaussian integrals appearing in the
path integral. Also, application of this approximation

to the corresponding effective action was shown to lead
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to the Roothaan equations.

In the path integral approach one writes an exact
expres=sion for a quantum observable in terms of a
functional integral over a fleld containing all the
degrees of freedom. Then, by application of the
saddle-point. approximation, a time-dependent mean-field
theory is obtailned in which coardinates, momenta,
equations of motion, and quantization conditions are
specified by the underlying effective Hamiltonian. Thus,
the functional integral provides a bridge between the
quantum many-body propagator and the time dependent
Hartree-Fock theory. In the saddle-point approximation,
the propagator between two Slater determinants is
dominated by the exponent.ial of a time-dependent
Hartree-Fock solution.

The emphasis of the path integral formalism is a
quantum mechanical generalization of the time-dependent
Hartree-Fock theory, which is addressed as many-body
corrections. This formalism at. least. offers t.he
potential of extending the quantum theory of many-~body
notion beyond the state obtained with conventional
techniques. Certainly, recent. achievements using mean
field models lend credence to this promi=ze [12,13].

It. should also be emphasized that enormous strides
have been achieved in the last =several years in the
simulation of quantum systems ([(144]. The examples that
we have discussed indicate the versatile way in which
path integrals methods can be used to study interesting
and difficult problems. One major advantage of path
integral simulations of gquantum systems is the insight
galned by examining the details of the quantum paths. It
is hoped that examination of the details will provide a

sound basiz for analytical treatment. of some of these
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problems. Despite explosion in activity, much remains to
be accomplished, even in the simulations of the
equilibrium properties of quantum systmes. For example,
efficient ways to reduce systematically the number of
beads for highly quantum mechanical systems are needed.
More importantly, reliable and practical methods are
needed to treat. systems in which the exchange
contribution to the partition function is significant.
The needed tools include methods for treating systems
with fermionic degrees of freedom, thereby providing a
nat.ural framework to treat chemical bonding [145].
Finally, a practical way to obtain real time dynamics
for interacting quantum systems is still lacking.
Despite =some =signs of hope, this is =till an open
problem, and progress in this area is sorely needed.
Some of the problems outlined here give the reader a
perspective on how path integral methods can be used to
address problems in fields ranging from particle physics

t.o biological sciences.
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1. INTRODUCTION

The structure and reactivity of transition metal (TM) clusters is interesting
both from the point of view of intermetallic bonding and from the aspect of
interaction with external ligands. The internal structure and external bonding of
metal clusters differ sufficiently from an isolated TM atom or the bulk metal to
merit intensive experimental and theoretical attention. A great deal of research
has focussed on metal clusters in both inorganic (1) and organometallic (2)
chemistry. Metal clusters play an important fole in enzymatic reaction centers
(3) and the photographic process (4). The design of more efficient and selective
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catalysts, which are often supported metal clusters, is an important part of the
petroleum refining and chemical industries (5).

Here we report results for clusters of Ni and Pt. First we discuss the
rearrangement of bonds during approaches of a rigid probe hydrogen molecule to
a Niy tetrahedron. A topological analysis of charge density in Niy and NigjHy
reveals changes in metal-metal bonds during the approaches. Metal clusters are
often reduced by hydrogen during preparation; the present work is intended to
lead to an understanding of how hydrogen affects the structure of such clusters.
Next we discuss the progress we have made in using theory to interpret X-ray
absorption near edge spectra (XANES) of Pt clusters. In both XANES and
molecular beam experiments it is clearly helpful to use theory to provide the
structural data which are not directly observable. Finally, we discuss the
progress we have made in modelling H atom chemisorption on a small Pt cluster
and a Pt atom adsorbed on y-Al,04. The metal-metal oxide interface has
important consequences for the stability and chemistry of ceramics (6) and
catalysts (5). These calculations represent important first steps in modelling
metal-metal oxide interfaces. The relative simplicity of the local spin density
(LSD) single-particle theory (7) allows one to construct a number of observable
properties for comparison with experiment. These properties include (but are not
limited to):

1. Charge and Spin Densities
. Density of States
. Cohesive Energies
. Photoelectron Spectra
. X-Ray Absorption Spectra
. Infra-Red Vibrational Spectra
7. Effective Potentials for Dynamics

AN AW N

The charge and spin densities, cohesive energy and related properties follow
directly from the electronic ground state in LSD theory. Spectroscopic properties
such as (2), (4) and (5) depend upon an interpretation of single-particle orbital
structure. The calculation of these properties involves use of transition states (8)
or similar extensions of the theory. This aspect of LSD theory is still very much
in a state of development, but we shall only require the most simple applications.
The particular method used in the present work is the discrete-variational (DV-
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Xa) scheme, in which the self-consistent orbitals are expanded in a basis of
numerical atomic functions. This approach, and the underlying self-consistent-
field formalism has been discussed extensively in the literature (7,9-11). Here
we only wish to comment on variational features with respect to

1. Orbital Expansions

2. Potential Expansions.
The degree of completeness of the orbital expansion used in Hartree-Fock (HF)
and LSD calculations is the result of a compromise between available computer
resources and the size of the problem. For convenience, we choose the number of
variationally treated electrons, N as a measure of problem size. The number of
two-electron integrals increases as N4 for HF, and the number of Hamiltonian
matrix elements increases as N2 for LSD. Since for an efficient basis set one
expects to employ more than twice as many functions as electrons for an
expansion of acceptable quality, it is easy to see why most work has been done
on diatomics and very small clusters.

The use of "frozen-core” approximations and effective core potentials
reduces the variational space to manageable dimensions. However, a great part
of the "art" of variational calculations remains in the process of basis selection,
sometimes called basis optimization. The DV-Xa scheme accomplishes the

basis optimization through an iteration procedure. The effective atomic
configuration as measured by Mulliken orbital populations, is used to generate
new atomic orbitals until internal consistency is obtained (10). One can obtain
additional degrees of freedom by placing the atom in a potential well to increase
the number of bound states. Altermatively, as in the Linear Muffin Tin Orbital
(LMTO) and Scattered Wave methods, the spherically averaged self-consistent-
field (SCF) potential can be used to generate radial functions centered at nuclear
sites. We match the SCF potential to a harmonic potential at a convenient radius
Ry
oscillator solutions in our implementation (12).

so that for r,, > R, the radial functions are rapidly decaying harmonic

The quality of the potential expansion in general is as important as the choice

of exchange-correlation potential, and often more so. The so-called Self-
Consistent-Charge (SCC) scheme employed in many DV-Xo applications uses a
Mulliken atomic orbital analysis of the SCF eigenvectors to produce an
overlapping spherical atom approximation to density and Coulomb potential.
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The simple SCC potential retains an interpretation of the molecular potential in
terms of contributing atomic configurations. This potential is sufficiently
accurate for many purposes. We employ the Self-Consistent-Multipolar (SCM)
approximation based on a least squares fit to the density, when greater accuracy
is required; e.g., in describing energetics of covalent bonding (11). This
approximation allows the number of radial and angular degrees of freedom at
each nuclear site to increase until the desired degree of precision is attained.
This increased precision leads to increased computation time. In the TM cluster
calculations presented below the SCC potential was used, with the simple Kohn-
Sham-Slater exchange potential (scaling constant oo = 0.7). Charge and spin
density maps show that nonspherical terms play a very small role (see below) in
the structure of clusters like Niy or Pt; 3. Description of an incoming molecule
interacting with the cluster is more problematical. We shall continue to use the
SCC potential in data presented here for HyNiy and Pt:Al,O4 for the sake of
simplicity. However, the omitted multipolar terms in the potential may have
important consequences.

2. Niy AND HyNiy

2.1.  Ni

We have previously studied several planar Nin (n=2,3,4,7) clusters with
surface simulation in mind(12). In this paper we concentrate on the Niy cluster
of T4 symmetry and its interaction with a probe Hy molecule. As in Ref. 12, we
find that basis iteration within the SCC approximation can increase the cohesive
energy appreciably. Using the optimized basis functions from Ref. 12, we find
the binding energy per atom of 2.0 eV at the equilibrium Ni-Ni bond length
R, =4.36 a.u. for the Niy (T ) cluster, which is more stable than the planar Niy
(Dyy,) cluster presented in Ref. 12. These values can be compared with the
experimental bulk cohesive energy of 4.44 eV/atom and bond length 4.71 a.u.
and the dimer binding energy of 1.0 eV/atom(13). Here we simply note that HF
yields planar Nig4 more stable than tetrahedral, with binding energies typically



TRANSITION METAL CLUSTERS 129

30% of our LD values(14). The cluster is ferromagnetic with a moment of 0.50

pg/atom. The SCC analysis yields an effective atomic charge (spin)
configuration 3d8'93(0'59)4s0'85('0'06)4p0'22(’0'03),

with the HF values 3d8-88450-93450-19,
The 3d4s4p partial spin density of states at the equilibrium point are plotted

which can be compared

in Fig. 1. We see that the center of the majority 3d spin states of all atoms lies
about 1.6 eV below the Fermi level; the d-bands have width of 3 eV. The 3d
exchange splitting is ~0.4 eV. The lowest 4s states begin 4 to 6 eV below the
Fermi level, and have about 0.4 eV exchange splittings. The splitting of 4p states
isless than 0.1 eV.

The topological charge density analysis of Bader et al.(15) can give some
further understanding of the Niy bonding. Although well established as a
technique of analysis for organic and light atom molecules, little has been known
heretofore about topological atom(TA) properties of transition metal clusters.

2.0
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Figure 1. Partial spin densities of states for Niq(Td) cluster at equilibrium
point. The Fermi energy of -1.55 eV is chosen as the origin of energy scale.
The solid, dotted and dashed curves are for 3d, 4s and 4p states, respectively.
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Thus Bader and MacDougall have developed quantitative correlations
between chemical bond properties of molecules like CH4, CH3F and CH3Li and
characteristics of the critical points(16). They have further emphasized the
importance of Vzp as an indicator of local compression or expansion of
electronic density and its relevance for predicting the initial directions of
complex formation. Wiberg et al. extended this analysis to a large series of
hydrocarbons, extracting empirical correlations to bond order and exploring TA
transferability(17).

Since bonding mechanisms of TM clusters are very much open to discussion,
even "pretty pictures” resulting from TA analyses are indeed helpful to provide a
perspective on these systems. We shall see that more work is needed to make
the TA analysis more satisfactory; what we have done here is to uncover and
discuss this problem.

We use the following terms in this analysis:

1. A topological atom (TA) is a subsystem bounded by surfaces with
surface normal 0 satisfying

II;OVp=(). )

where p is the charge density. Bader has shown that TAs separately
satisfy a Virial Theorem on their contribution to the total energy(15).

2. Critical points (CP) satisfy the condition Vp = 0. We characterize CPs by
the indices (a,b). Here a is the number of nonzero curvatures at the CP
and b is the sum of their signs.

3. A bond path or atomic interaction line is a line defined by two and only
two gradient paths that originate at a (3,-1) CP each of which terminates
at a neighboring (3,-3) CP (usually at a nucleus). A bond path(BP)
connects atoms sharing a common surface.

4. The asymmetry of the charge distribution in a plane perpendicular to the
bond path may be appreciated considering the ratio n=7»1/)L2-1 of the two
negative curvatures (A <A,<0) of p at the (3,-1) CP. The n quantity,
called ellipticity of the bond, gives a measure of the deviation of the
charge distribution from cylindrical symmetry.
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(a) ()

Figure 2. Charge density contours (a) and density gradient field (b) for
tetrahedral Ni4 cluster. Symmetry plane contains two atoms and bisects a
perpendicular Ni-Ni bond. Contour interval is 0.002 a.u.

Figure 2 contains a p contour map and a Vp map for Nig in a symmetry plane
containing two atoms, at the nearest neighbor distance of 4.68 a.u. This cluster
serves as a reference for the following study of its interaction with a probe H,
molecule. From Fig. 2, one can see the buildup of charge along the Ni-Ni
interatomic axis, and a transverse cut through an equivalent bond between atoms
above and below the plane in the conventional map. A curved bond path appears
in the Vp map (we shall loosely call this construction a "bond" in the following)
connecting the pair of atoms lying in the plane. There are six such equivalent
bonds in tetrahedral Ni4. Topological analysis of the charge density for Li and
Na clusters has suggested the presence of non-nuclear attractors (19). However.
the three dimensional tetrahedral Niy4 cluster displays no such remarkable
features. Bearing in mind that the gradient field of an isolated atom is radial and
extends to infinity, we can see also distortions suffered by the atom in forming
the cluster. The transverse cut containing a (3,-1) CP at the middle of a bond
forms part of the interatomic surface. In addition to the (3,-1) bond CP, we find
a (3,+3) nonbonding CP at the center of the cluster, and four equivalent (3,+1)
nonbonding CP near the cluster faces. Thus, while the total density can be
modelled well by a superposition of spherical "pseudo-atoms" or "proto-atoms"”,
the topological atoms of a TM cluster are far from spherical. Although this
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theory can define the presence or absence of a bond path, it does not
satisfactorily define a bond energy associated with this feature. After examining
density maps for numerous transition metal clusters, including Ni 2sn<7 (12)
and Ptn 2<n<7 (present work) among others, one realizes that the classical nearly
free electron model of bulk metals with a spherical d™ core and uniform sp
conduction electron density applies quite well in the description of even very
small clusters. Of course, in exterior regions the density decays in typical atomic
fashion.

2.2.  H,Niy

We explored "covalent" interactions of Niyq by bringing a rigid H, probe
molecule "end-on" into a tetrahedral face of Niy. This geometry corresponds to
the three-fold "pocket” site on a Ni(111) surface. The corresponding "bridge"
and "atop” sites were studied as well, but we will focus mostly on the pocket site
here. The chemisorption of CyH, on a Ni(111) surface using an embedded Nig
cluster has been previously presented(12). In this paper, both Ni-Ni and H-H
distances are kept at 4.68 a.u. and 1.75 a.u., respectively. These values are
chosen with modelling adsorption of H2 on Ni (111) surface in mind, but have
little to do with the observed dissociation of Hp upon Ni surfaces. We only
varied the distance h of the nearest H atom from the face and wish to
concentrate on the response of the charge density of the Niy cluster upon the
approach of the rigid probe H, molecule, which is modeled by a minimal s
numerical basis.

This highly restricted face approach path results in a local minimum in
energy at h = 0, with one H atom in the face. This geometry is more than 1 eV
"uphill” from the separated fragments. It is interesting to see, and possibly
important to understand how bond paths form and break as the cluster-ligand
fragments are assembled. Figures 3 and 4 provide two snapshots of p, Vp
structure and BP evolution along the threefold chemisorption path.

Figure 3 displays p and Vp maps for HyNiy in the same orientation as given
previously, with h = 2.5 a.u. While most features of the H, and Niy fragments at
h >> 1 appear clearly, the buildup of overlap charge between HI and the nearest
Ni is also visible, and an H1-Ni bond path has formed. Some encroachment of
the H1 region onto the transverse Ni-Ni bond is evident.



Figure 3. Density contours (a) and gradient field (b) for HyNi4; Hy
approaching tetrahedral face, with the nearest atom H1 2.48 a.u. above the

TRANSITION METAL CLUSTERS

face. Units and orientation as in Fig. 2.

 (a)

Figure 4. Density contours (a) and gradient field (b) for HyNi4: Hy
approaching a face, with H1 at the center. Units and orientation as in Fig,. 2.
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When H1 reaches the face (h = 0), three equivalent bond paths form between
H1 and each of the nearby Ni atoms. In addition a bond path has formed
between H1 and the remaining (apical) Ni; all Ni-Ni bond paths have
disappeared. It would be very interesting to allow the system to relax to
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minimum energy in this (h = 0) geometry and observe the reformation of Ni-Ni
bonds. Finally, when H1 is pushed into the center of the cluster(Fig. 4)
(repulsive by 1.5 eV) both H atoms are more or less symmetrically placed with
respect to the face, and additional bond paths form between H2 and the three
facial Ni atoms. As can be seen by comparing Figs. 3 and 4, considerable charge
transfer Ni — H takes place and Ni-Ni bond densities have been disrupted.

The bridge-bonding site of C,, symmetry was treated similarly with H-H
and Ni-Ni distances held fixed. For the "end-on" approach of H, the binding
energy curve is everywhere repulsive, and there exist three types of Ni-Ni BP:

1. 1-2, forming the bridge

2. 3-4, atoms not involved in the edge attacked by H,

3. 1-3, 1-4, 2.3, 2-4, each involving one atom of the bridge.
For an H-bridge distance of 1.2 a.u., BP 1-2 has been broken while BP 3-4 is
essentially unaltered. There have formed BP H-1 and H-2 between the hydrogen
and nearest neighbor Ni atoms. When H1 reaches the middle of the bridge, the
BP structure has not changed but the density and curvature associated with H-1
and H-2 have strongly increased. When H1 reaches the center and H2 is
approximately in the middle of the bridge, all Ni-Ni BP are broken and the
repulsive energy is 9.4 eV. The strong repulsion found for this geometry and the
absence of BP formation between H1 and two Ni atoms on the bridge are
remarkable, since this path could be considered a precursor to an H-absorbed +
H-bridge bonded species.

The atop-bonding path of C3,, symmetry lies along the same (111) line as the
pocket-bonding path, this time directly approaching a Ni vertex of the
tetrahedron. There is a local minimum in the binding energy of -0.9 eV relative
to infinite separation, at a distance R(H-Ni) = 3.5 a.u. The Ni-Ni BP are of two
types:

1. 1-2, 1-3, 1-4, connecting the apical Ni with basal plane atoms

2. 2-3, 2-4, 3-4, among basal plane atoms.
An H-Ni BP forms very easily even for R25.9 a.u. and remains the sole H-Ni
topological feature throughout the approach, even to very short distances. The
Ni-Ni BP structure remains stable, although CP quantitative values change
considerably (see Table I) as charge is transfered onto H and into the H-Ni bond
region.
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Table I. The values of charge density, Laplacian and ellipticity at the (3,-1) CP of Ni-Ni and
Ni-H and H-H bond for the approach of a rigid H, to a Ni4 tetrahedron. All values are in atomic
units; negative binding energies (BE) indicate repulsion with respect to energy at infinite
separation of H, and Ni4 molecules (h>>1).

Cases H-H Ni-Ni Ni-H
p V% 1 P V% p V% 1

Large Separation

h>>1 0.122 -0.291 0.00 0.049 0.095 0.15
Face Approach?
') 0.127 -0.249 0.00 0.051 0.087 023 0.048 0.086 0.23
0051 0087 014
(2) 0.140 -0.072 0.00 0.134 0355 0.03
0.055 0.129 0.00
3) 0.151 -0.021 0.00 0.117 0325 054
0.114 0355 0.89
0.115 0268 0.00
Bridge Approach®
(0 0.132 -0.161 0.05 0.051 0089 0.23 0.136 0326 0.03
0051 0.084 0.11
2) 0.153 -0.084 026 0.050 0.102 2.17 0206 0440 0.04
0.051 0.086 0.03 0.050 0.104 11.50
A3) 0.160 0.025 029 0207 0413 0.06
0.113 0275 0.02
Atop Approach®
() 0.121 -0.289 0.00 0.050 0088 0.21 0.004 0.008 0.00
0.050 0087 021
2) 0.125 -0.260 0.00 0.049 0.091 022 0.085 0.174 0.00
0.050 0086 0.21
3 0.138 -0.187 0.00 0.048 0.094 0.35 0.447 -1.98 0.00

0.051 0.084 0.24

(a) For face approach: (1) H1 is 2.48 above the face with BE of -0.6 eV; (2) H1 on the face with
BE of -1.0 eV; (3) Hl is 0.95 below (on the center) with BE of -1.4 eV.
(b) For bridge approach: (1) Hi is 1.2 a.u. above the edge with BE of -1.3 eV, (2) H1 is on the
edge with BE of -2.6 eV; (3) Hl is 1.66 a.u. below (on the center) with BE of -9.4 eV.
(c) For atop approach: (1) H1 is 5.90 above the vertex with BE of -1.3 ¢V; (2) H1 is 2.90 above
with BE of -1.0 eV; (3) H1 is 1.70 above with BE of -8.4 eV.

In the cases where there exist more than one different Ni-Ni and/or Ni-H bond, they ate
listed in the order of distance from the most distant H atom (H2).
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Table II. The values of charge density and Laplacian at the (3,+1) and (3,4+3)
CP of the Ni tetrahedron. Same conventions as Table I.

Systems 3,+3)CP 3,+1)CP

p V% p V%
Free Niy 0.043 0.039 0.043 0.060
Face (1) 0.045 0.034 0.045 0.042
Bridge (1) 0.044 0.037 0.045 0.044
Atop (1) 0.044 0.035 0.044 0.045
Atop (2) 0.044 0.034 0.044 0.042
Atop (3) 0.044 0.032 0.045 0.038

Numerical data given in Table I show charge density, Laplacian and bond
ellipticity at all the (3,-1) critical points in nine configurations studied along with
the configuration with infinite separation of the two rigid H, and Ni4. Although
these values do not correlate directly with any experiment, perhaps like Mulliken
populations, their variation with geometry and composition may be of
interpretative value. These parameters have been previously correlated with bond
strength, site of chemical activity, and directionality of the chemical bond(15-17)
and thus may be of interest for future comparisons.

From Table I, we see that charge density p and Vzp at H-H (3,-1) CP
increase as the sz approach and enter the Ni4 cluster in all three configurations.
The value of V“p even changes sign at case (3) of the edge approach. The
increase in Vzp is due to the depletion of p along the H-H bond path. The charge
distribution on the cross section of H-H bond has cylindrical symmetry except in
the edge approach as measured by the ellipticity 1.

The p and V2p at Ni-Ni (3,-1) CPs changes within the range of +5% and
+10%, respectively. The change in 1 is most remarkable at case (2) of the edge
approach. The values at Ni-H (3,-1) CPs vary over a wide range because of the
variation in the H-Ni bond length. We note that V2p changes sign at case (3) of
the vertex approach; and two anormal cases of sign change in V2p are much
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more repulsive in energy than the remaining cases. Further study in the
correlation of these values and kinetic energy density with the binding energy of
the system will be presented elsewhere (18).

In addition to the (3,-1) bond CP already discussed, the (3,+3) and (3,+1)
nonbonding CPs, which are present in the free Niy cluster, disappear at the two
distances (2) and (3) listed in Table I for both the face and edge approaches.
They are presented in the remaining five geometries listed in Table I.
Parameters of these additional CPs are given in Table II. We see that upon the
H, approach p increases by ~0.002 a.u. and V2p decreases at the (3,+3) and
(3,+1) CPs.

In all the H2Ni4 configurations investigated, with H-Ni distance < 6 a.u., we
found that the Ni magnetic moment totally disappeared due to the interaction
with the H atoms. This quenching of TM magnetism by chemisorbed atoms and
molecules has been found in many previous calculations.

2.3. Toward a Bond Energy

In order to gain a better and more quantitative understanding of the processes
of bond formation and disruption it is desirable to carry out a volume-partitioned
analysis of contributions to the cohesive energy. Within the TA formalism, the

expression
(2/4m) V2p(r) = 2G(r) + V(r) 2)

is used to link the Laplacian to a kinetic energy density G and a potential energy
density V. Using independently calculated G(r), for example, from HF orbitals,
the energy E(£2) associated with topological atoms has been determined (15-17).
Orbital-by-orbital analysis of binding energy contributions offers another
valuable technique, which has been exploited within HF and LD theory(20-21).
Within LSD theory it is straightforward to devise an energy density function
pg(r) whose integral yields the total energy. In turn, the cohesive energy can be
partitioned into arbitrary volumes {€;} satisfying

Ecoh = Z Ipcoh(r)d3r' 3

1 Ql



138 D. E. ELLIS, J. GUO, H.-P. CHENG, AND J. J. LOW

This approach has been used to describe defect structures in TM oxides (22), and
will be equally applicable in the present case. A major unanswered question is:
which volume partitioning will give the best insights? On one hand we have the
possibility of using the topological atoms to define {€2;}; on the other hand we
may prefer the idea of nearly spherical pseudo-atoms connected by bond-regions.
Some further numerical experiments on the Ni-H system have been undertaken
to explore different partitionings. It will clearly be necessary to examine a larger
portion of the interacting fragment potential surface before drawing conclusions
about the relative strength of TM-TM and TM-H bonds, the effective TM
valency versus cluster geometry, and related questions. Nevertheless, we believe
the LSD results obtained to date help to illuminate this problem area and point
the way for highly specific bonding studies by Generalized Valence Bond and
other more rigorous methods which are too time- consuming to be used for
surveys.

3. PLATINUM CLUSTERS

Since platinum in catalysts is typically in the form of small metal clusters on
a metal oxide support a better understanding of its electronic structure when in
contact with reactants and the support is vital to obtain improved performance
and to develop less costly alternatives. Therefore, we have embarked on a effort
to model Pt clusters supported on y-Al,O3. This effort has thus far involved
calculations on naked Pt clusters, H atoms on Pt4 and Pt atoms chemisorbed on
¥-Al;O3. These calculations have been used to model the relative energetics of
isomers of several Pt clusters and their X-ray Absorption Near Edge Spectra.

3.1. Naked Clusters and XANES

At first sight one would suppose that Pt, with its 5d%6s! ground
configuration, requires a full relativistic treatment. Indeed there are indications,
particularly for the dimer, that relativistic effects on the electronic structure are
of great importance in determining bond lengths and cohesive energies.
However, there are also many cases, including neighboring (5d106s1) Aug
complexes (23) and even actinide compounds(24) where relativistic effects are
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of a distinctly secondary nature relative to general features of the electronic
density and level structure.

We used the moment-polarized Dirac-Slater fully relativistic scheme (25) to
explore some aspects of the level structure and charge density of Pt n=2,3,4.
Aside from the expected contraction in Re and increase (>100%?!) in cohesive
energy for Pt,, we also observe a decrease in 5d occupancy with accompanying
increase in 6s occupation. Single particle properties of small Pt clusters and Pt-
ligand complexes have been discussed in the relativistic multiple-scattering LD
mode] by Yang(26). The indirect shielding effects which modify the s-d balance
in the valence shell in comparison with nonrelativistic theory can have
consequences for the interaction with ligands, which need to be explored in
detail.

Here we wish to discuss briefly nonrelativistic studies on Pt .n= 24 (Tg)s 9
(bee structure), 13 (fec structure), 24 (core of Pt24(CO)22 (uz-CO)SZ' dianion).
As in the isoelectronic Ni species, the small clusters are found to carry a
magnetic moment; e.g. 0.25 uB/atom for Pt4. The interaction with a ligand,
such as H, rapidly quenches the magnetic moment as we also found in HyNiy.
The SCC calculations give an effective atomic configuration which shows a
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Figure 5. Partial densities of states for central atom of Pt 5 cluster: solid

curve is 5d, and dashed curve is 6sp.
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declining 5d population and increasing 6sp "conduction electron” population
with increasing particle size: thus Pt2(d9'87) > Pt3(d9'53) > Pt4(d9'43).

The central atom partial densities of states (DOS) for Pt 13 shown in Fig. 5
reveal at a glance the s-d hybridization typical of the 5d metals. The 6sp states
have a tail extending across the Fermi energy into the occupied "d-band” region;
the 5d density has a corresponding tail extending above Eg. The t2gcg crystal
field splitting dominates the central atom DOS; admixture with other metal
states leads to a band width of ~10 eV.

X-ray near edge absorption spectra (XANES) provides a powerful probe of
unoccupied state structure which can be interpreted to learn much about the
atomic configuration and effects of the local environment. For example, the use
of synchrotron light sources and high resolution spectrometers reveal
considerable differences in the Pt LI, LII and LIII spectra of bulk metal, small
particles, and carbonyl compounds (27). If we consider the simplest single
particle picture, with dipole allowed transitions dominating, the absorption cross-
section appears as

S

@& ~0 Ll¥; 18 orl¥pRde; - e+Ho) )
f

Here ¥, is the Pt 2s (*Lp, 2p1/2 (Lyp) or 2p3/2(LIII) initial state, ¥y are all
possible final states satisfying energy conservation, and (®,€) are energy and
polarization of the photon respectively (28). With localized core levels as initial
states, selection rules allow one to determine various details; such as:

1. Pre-edge features result from bound — bound transitions to a subset of
available states. Such lines are typically narrow and sensitive to covalent
mixing with neighboring atoms.

2. The intense main peak near the continuum onset ("white line") can be
identified; e.g., Ly 2p3 2= 5d (partially empty). The area can be
correlated with the occupancy of the band, and the width depends upon
interaction with neighbors.

3. Modulation of cross-section above the edge is due to back scattering of
the outgoing photoelectrons from neighboring potentials. This structure
results from both single and multiple-scattering events which are very
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structure sensitive (29-41) merging eventually with the higher energy

EXAFS region.
We show synthesized data for Pt n = 2,4,9,13,24 using the Multiple Scattering
(MS-Xa) method to generate the continuum final states in Fig. 6. One can see
the structure sensitivity of XANES in this data. The free Pt atom cross-section,
as shown, consists of transitions into the 5d hole state, followed by a step and
nearly featureless structure. We show only bound — continuum transitions in
the cluster data presented. We used the same potential (from the central atom of
Pt;3) for every scattering site to ensure that only effects of geometrical structure
are seen. The XANES from only a single atom of each cluster are presented.
When the data are superimposed on the atomic absorption one really sees a

modulation of the cross-section which preserves the total area.
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Figure 6. Pt Lyjj-edge absorption cross-section for (a) atom, (b) Pt,, (c)
Pl4(Td), (d) P(g (Oh), (e) Pl13 (Oh)’ 43 P(24 (C2V) Bound-bound transitions
shown only for the atom. Identical scattering potentials used in (b-e) to
emphasize modulation due to geometrical structure. Curves are offset by 0.2
Mb for easy viewing.
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The metal-metal oxide interface contains several inequivalent metal sites
which contribute simultaneously to the experimental XANES. Resolving the
signatures of different sites involves subtracting of a reference background and
fitting theory and experiment by a common parametrization scheme. Details of
this approach and applications to metal oxide compounds have been presented
elsewhere(32). A model which can resolve and analyze XANES to the limits set
by experimental resolution requires the detailed analysis of Pt-based model
systems such as PtO, PtCl, and HPt to establish their characteristic XANES
features.

3.2. Interatomic Potentials

It is possible to prepare mass-separated Pt;, fluxes with modermn molecular
beam techniques and to examine their interactions with gas phase species or on
surfaces (42). However, it is difficult to determine the geometric configuration
of these particles, since the mass flux is presently too weak for diffraction
measurements. Investigation of significant portions of the interatomic potential
energy surface by purely quantum mechanical methods (including LSD)
becomes prohibitively slow and costly for clusters containing more than 5 atoms.
Semiempirical approaches and classical dynamical methods using potentials
consistent with both experiment and available quantum data offer attractive
possibilities for generating plausible geometries for metal clusters and cluster-
ligand systems.

We have been considering methods for generating approximate cohesive
energy expansions of the form(43)

- 1 2 3
Eon= ZEWM+  zg®+  zE 0O 4 )
i <) i<j<k

with 1-, 2-, 3-body contributions determined by fitting to LSD theoretical data.
A reasonable starting point is to generate a fit to a reference system such as Pty,
and to use the resulting two-body potential Eij(z) as a starting point for analysis
of Pt;, n>2. One can equally well start from the equilateral triangle Pt3 or the
tetrahedral Pt,, and in fact a survey of various geometries of Pt shows that the
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optimized 2-body potential from Pt is superior in the sense that

- 2
IAEI = B, - £ By P (6)

has reasonably small values for all clusters studied. By comparing Eij(z) forn=
2,3,4 one can see how "many-body" effects lead to an evolution in the effective
pair potential with increasing particle size. It would be very desirable to extend
this comparison to n = 6,9,13,19 to observe the approach to bulk values.

The most traditional approach to treating the "correction” energy AE would
be to ignore the 1-body terms Ei(l) and to attempt a fit to Eijk(3 ) and possibly
higher order interactions, in terms of interparticle co-ordinates.(44) This is quite
feasible for a small particle; for example in the isosceles triangle Pt3 with E(?
optimized to n = 3, AE is a simple repulsive curve for r < R, and essentially zero
forr>R,. Again, for the square geometry of Pt with E(ze) optimized to n = 4,
AE is a monotonic curve showing attraction for r < R, and weak repulsion at
larger distances. While any particular case can be rather easily parameterized,
there does not emerge any obvious generalization which can be carried forward
into more complex deformations and large cluster sizes(45).

The idea of an average molecular-field approach is exploited in the
semiempirical Embedded Atom Method (EAM)(46). Instead of contending with
the co-ordinate complexity of Eijk(3 ), etc. the EAM considers the single particle
energy terms Ei( 1) as a functional of the local charge density:

Econ~ LFpp+ ZE;2. Q)
i i<j

Here F(p;) is the embedding energy of the atom at position R; with host charge
density p; = p(R;). In conjunction with classical molecular dynamics (MD)
calculations, the EAM has been successfully used to study bulk metals, surfaces
and defect structures.

In general, the pair potential E(z)(r) and embedding function F(p) have been
determined (nonuniquely) by fits to experimental data. There are rarely sufficient
experimental data for systems of interest, so theoretical data are needed to
provide an alternative input. Jellium-model LSD theory provides a general
picture of the form of F(p), and LSD calculations on clusters can give
quantitative values (45,47). The EAM-MD calculations on bulk, surface,
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overlayer and defect Ni and Ni-Fe systems using similarly derived E@) and F
potentials give a reasonably good account of experimental properties including
cohesion and lattice constant (45). Similar calculations on relative energies and
conformation of free Pt particles are needed to determine whether the LSD-
EAM-MD scheme has sufficient predictive power to be used in interpreting
molecular beam data.

As a step in this direction we present in Fig.7 a binding energy curve for Pt,,
calculated in the relativistic Dirac-Slater model. As discussed at the beginning of
this section, the primary relativistic effect on the Pt atom and, as we shown in
Table 111, on the dimer is a transfer of electrons d—s due to the increased
binding of the 6s level. since the 6s electron is spatially more extended than 5d, .
the Pt-Pt interaction is enhanced relative to the nonrelativistic case. The resulting
increase in binding energy, from 0.8 to 5.8 eV, and decrease in equilibrium
length, from 5.4 to 4.4 a.u. is striking. A detailed analysis of important
contributions to the well-known relativistic bond contribution, involving for
example changes in orbital kinetic energy, has been given by Snijders et al. (48)
in the context of a self-consistent perturbative DV-Xa approach. Their results for
Auy, are consistent with our present findings for Pt,, which were made by direct
solution of the Dirac equation.
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Figure 7. Binding energy curve for Pt, calculated in the relativistic Dirac-
Slater model.



TRANSITION METAL CLUSTERS 145

Table I1I. Relativistic effect on Pt atomic orbital populations, at equilibrium
distance.

Nonrelativistic Relativistic
Re =54an. Re =44 au.
5d 9.79 5d3/2 3.85

5d5 2 476
6s 0.21 681/2 1.13

In previous work, we have noted that E__, (R) curves for nonrelativistic

models of Pt,, Pty and Pty become progrescs(i)\l?ely more consistent with bulk
properties. It seems likely that the Pt-Pt bonding interactions which drive the
depletion of 5d states and population of 6sp states produces an atomic
configuration more in harmony with the relativistic orbital structure. This
prediction needs to be verified by full scale calculations.

Another point of interest concems contributions of core orbitals to cohesion.
Snijders et al. have pointed out the importance of core orbital relaxation, as part
of the self-consistent iteration process — a contribution generally ignored in
discussions of relativistic bonding vs. nonrelativistic models. We have observed
that exclusion of Ss orbitals from the variational space results in an increase of
R, by 0.3 a.u. and a decrease in Ey by 0.8 eV. This does not indicate a 5s
bonding interaction; it indicates the importance of intra-atomic relaxation
mechanisms in determining molecular structure.
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4. Pt-SUPPORT AND Pt-H INTERACTIONS

4.1.  y-Alumina Support

¥-Al,03 has a poorly defined surface structure. Surface defects and the
presence of reactive groups such as OH" play a major role in mediating reactions
on a surface containing dispersed Pt particles. The oxidation state and valency
of Pt atoms constituting the particle may vary, depending upon the local
environment and upon the particle- support interaction. These and other more
detailed electronic structure properties have to be determined in order to
understand basic reaction steps. (49,50)

A model of the ¥-Al,O3 [1 10] surface was constructed using electrostatic
techniques to select minimum energy configurations. The interatomic potential
chosen was that of a simple electrostatic model with A13* and OF point ions.
The structure utilized for detailed LSD electronic structure calculations has an
open triangular network of oxygen anions in the top layer; Al cations form the
second layer, with every third lattice site vacant. There are 130 ions in the
periodic unit cell generated by the electrostatic energy minimization. A single Pt
atom was allowed to interact with this surface (51), forming a cluster PtA1507+.
The remainder of the host lattice was included by Ewald summation of ionic
potentials. There are at least three interesting sites for Pt occupancy on this
surface: '

1. Atop, directly above any oxygen.

2. Pocket, 3-fold coordination to O, with an Al directly below.

3. Empty pocket, as in (2), with empty site below.
We find in all cases studied that Pt is a charge donor, transferring a few tenths of
an electron to the lattice from the 6s shell as measured by Mulliken populations.
The partial densities of states (DOS) shown in Fig. 8 for the atop case reveal a 5d
structure broadened to ~6 eV by interaction, primarily with the nearest- neighbor
oxygen. A 6sp tail extending into the occupied states region is found, similar to
the hybridization seen in Pt clusters. Here as in other self-consistent
calculations on metal oxides, the anion is found with fewer electrons than
indicated by formal valency, with net charge ~-1.6 e. It is also clear from the Al
DOS that Al 3sp mixing into the "oxygen" valence band plays a significant role
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Figure 8. Partial densities of states for Pt atom on w(-A1203: (@) Pt 5d, (b)
Pt 6spd, (c) nearest neighbor O 2sp, (d) Al 3sp.

in stabilizing the lattice. Further, the presence of Al structure overlapping the Pt
5d band shows that although Pt and Al are somewhat spatially separated in this
case, conditions for resonant charge transfer are satisfied.

4.2. A Valency Model for Platinum

In this section we discuss the interaction of hydrogen with Pt4 particles, with
the intention of gaining a clearer physical idea of the fundamental metal-ligand
interaction. Calculations were made on the isolated Pty system by the ab initio
Generalized Valence Bond (GVB) method to develop a localized orbital picture
of the ground state of the "unperturbed’ metal. A survey of the low lying states of
Pt, revealed two different types of metal-metal bonds. The ground state forms a
square with a Pt-Pt distance of 2.58 A. The GVB orbitals in Fig. 9 show that the
Pt-Pt bonds are constructed from overlapping Pt sd hybrid orbitals. The four
two-electron two-center (2e-2¢) bonds tie up all the unpaired electrons in the
a9l ground state of four Pt atoms. This results in a closed shell singlet.
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ONE ONE

XY Plane XY Plane
Figure 9. GVB orbitals for Pty.

P’s dJs! ground state is isolobal to methylene when a d orbital other than
d,2 is singly occupied. Thus, the square planar ground state of Pty is isolobal to
cyclobutane. Hoffmann’s isolobal analogy between the bonding in organic
molecules and metal clusters has led us to label the bonding in Pty ground state
as covalent (52). Covalent metal-metal bonds form by overlapping sd hybrids
analogous to the overlapping sp hybrids in the carbon-carbon bonds of organic
molecules.

A manifold of excited states appear about 10 kcal/mol above the covalent
ground state. The optimum geometry of the lowest state in this manifold is a
planar rhombus with Pt-Pt distances of 2.78 A (30.2A) and Pt-Pt-Pt angles of
60°(£2). Fig. 10 shows the GVB orbitals for the metal-metal bonds in this state.
These bonds consist of electrons localized on edges between atoms. Four one-
electron two-center (le-2c) bonds tie up all the s electrons in Pty. The d electrons
remain nonbonding in these states. Various couplings of the d shells give rise to
the observed manifold of excited states. The lowest state in this manifold is a
singlet state with singly occupied d,2 orbitals on each Pt atom oriented
perpendicular to plane defined by the Pty rhombus. The bonds in these excited
states are similar to those observed by McAdon and Goddard in Li, Na and Ag
clusters (53) and by Goodgame and Goddard in Nigq (54). McAdon and Goddard
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have shown that this type of bonding is typical of metallic systems. Therefore we
will refer to these states as metallic.

The ground state of a metal cluster predicted by an ab initio method depends
on many factors including relativistic effects, electron correlation and the size of
basis set used. We believe that the bonding in metal clusters will be represented
by either covalent or metallic bonding. An example of metallic bonding can be
found in Pt4(CO)5,(PMe2Ph)5. Two X-ray crystal structures of the cluster
complex show a bent rhombus or butterfly structure with an average Pt-Pt
distances of 2.76 A (orthorhombic) (55) and 2.735 A (monoclinic) (56). The
differences between the theoretical and experimental structures are most likely
due to the influence of ligands on the cluster. An example of covalent bonding
can be found in Pty(O,CCH3)g. This complex is approximately square with
average Pt-Pt distances of (2.495 A) (57). The oxidation state of the Pt atoms in
this complex is different than in our theoretical model. However, it does
represent a case of Pt-Pt covalent bonds which have substantial amounts of d
character. Therefore, it represents a valid comparison to the Pt-Pt bonds in the
covalent state of Pty.

ONE

XY PLANE XY PLANE

Figure 10. GVB orbitals for metal-metal bonds in Pty.
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We have used the relativistic effective core potential and double-zeta basis of
Noel and Hay (58) which includes the contraction of the core electrons due to
mass-velocity and Darwin effects. The results obtained with CAS-SCF
calculations (59) in which there were 8 electrons in an active space spanned by 8
orbitals [CAS-SCF (8/8)] orbitals. This CAS-SCF (8/8) wave function will
dissociate to four 3D(sldg) Pt atoms. The inclusion of polarization functions
should improve the description of bonds involving d orbitals. Adding these
functions to our basis set should favor the covalent state of Pty. Therefore f
functions should not change our predicted ordering of states. The electrons in the
active space of the CAS-SCF correspond to the singly occupied orbitals of the
3D(sld9) state of four Pt atoms at the dissociated limit. The remaining valence
electrons of Pt are in doubly occupied d orbitals which are left at the Hartree-
Fock level. The splitting between the low lying >D(s!d%), 3F(s2d®), and 15(d!0)
states change as one increases electron correlation from the HF level, HF
correctly predicts a 3D(s1d9) ground state for Pt (60). The Pt atoms in all of the
low lying states of Pt have predominately 3D(s1d9) character. Thus the CAS-
SCF wave function should be a qualitatively correct description of Pt,.

On the basis of these results we have proposed a valence model for platinum,
which should be able to explain the metal:hydrogen ratios in molecular beam
data. In the case of Pty the four singly occupied d orbitals and four 1c-1e bonds
are predicted to be able to bind up to eight hydrogen atoms. At the same time Pt
is predicted to retain its %! configuration.

As described below, we have tested our proposed Pt cluster valency model
with Local Density Functional (LDF) calculations on various Pt‘,,l-lx
(x=1,2,4,6,8) complexes. The LDF method was chosen because of its relative
efficiency and rapidity of calculation, permitting a survey of a larger number of
clusters and geometries than would be possible with ab initio methods. We have
calculated equilibrium geometries for a hydrogen atom at the 4-fold bridge, 2-
fold bridge and on-top sites of the Pty cluster. The 4-fold bridge site is the
preferred site found for hydrogen atom chemisorption. We used geometric
parameters derived from the Pt4H studies to create geometries for isomers of
Pt4H2, Pt4H4, Pt4H6, Pt4H8, and Pt4H10. Hydrogen prefers the 2-fold and 4-
fold geometries over the on-top sites in these isomers. Although binding energies
are typically overestimated by the LDF, the calculated geometries and relative
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energetics appear to be qualitatively correct. An H to Pt ratio of higher than 2 to
1 is predicted as energetically unfavored. This ratio has been observed in
molecular beam experiments by Riley (61) and predicted by our cluster valency
model.

4.3. Local Density Functional Scheme

We used the discrete variational local density functional (DV-Xa) method
{7-12) in this study. The single particle LD orbitals were expanded in a near
minimal basis of numerical atomic orbitals (LCAOQO), and the potential was
treated in the Self-Consistent-Charge (SCC) approximation. The SCC scheme
approximates the true cluster charge density by overlapping spherical densities,
to achieve rapid solution of the Poisson equation. The limited expansion bases
for orbitals and potential place limits on the accuracy of the calculated binding
energies, which are appropriate for preliminary surveys. We have found this
approach efficient at evaluating the total energy of PtyH,, clusters, giving we
believe sufficient relative accuracy to test the valency model.

The LDF approach treats the ground state electron density as the
fundamental variable, and single particle orbitals are merely used as
"computational aids" in generating the kinetic energy. Thus, it is not possible to
make rigorous comparisons between ab initio orbitals such as those derived
from GVB theory. Therefore, the localized orbital model information about
bonding in metal clusters we have extracted from valence bond methods is not
directly available in LDF calculations. However, we have found that a Mulliken
population analysis of the DV electron densities for Pty is in qualitative
agreement with our valency model. The projection of the LDF density on an
LCAO set is obviously arbitrary, as are all population analyses. However, the
use of an LD Pt atom as the reference state here makes good physical sense.

4.4. Results For The Naked Pty Cluster

Table IV contains a comparison of the electron densities from the LDF and
GVB wave functions. This comparison highlights the biases of each of the
methods:
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1. The neglect of relativistic effects in the LDF calculations favors Pt atom
configurations with larger d orbital populations. This leads to larger d
orbital populations than the GVB wave function which does include core
relativistic potential effects.

2. The GVB wavefunction neglects some of the electron correlation in Pty,
and these neglected terms contain a large fraction of the cohesive energy.
Thus, the GVB wave function underestimates the cohesive energy by a
substantial amount.

3. Although the LDF method includes an averaged treatment of electron
correlation, the approximate form of the potential leads to an
overestimate of the cohesive energy.

In spite of these errors, it does appear that the geometries and relative

energetics of various isomers are accurate enough to predict trends in hydrogen
chemisorption on Pt clusters.

Table IV. Comparison of the GVB and LDF Wave Functions of Pty

Parameter Rpipt Optpipr  Mulliken Population Binding Energy
A degrees Sp 5d 6s ©6p (kcal/mol)

LDF 2772 90,90 6.0 930 0.63 007 46.6
Covalent GVBY  2.58 90,90 6.0 9.03 095 0.02 55.0

Metallic GVBPC 279 60.4,119.6 6.0 8.88 1.18 0.14 44.1
6.0 890 0.50 040

2 The Pt 4 fragment’s geometry was frozen at the nearest neighbor distance from
bulk Pt.

b The Pt-Pt bond distance and Pt-Pt-Pt angles were optimized.

¢ Six 5p electrons are included in the Pt relativistic effective potential,
Populations of two inequivalent Pt atoms are given.
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Our analysis of the LDF calculations focuses on the changes in the d orbital
occupation. Since the d orbital occupation decreases in the covalent to metallic
excitation, we will use this parameter to follow the conversion of Pt 4 from its
covalent ground state to an excited metallic state during the chemisorption of
hydrogen.

4.5. Hydrogen Atom Chemisorption

We have completed geometry optimizations for hydrogen atoms
chemisorbed at the 4- fold bridge, 2-fold bridge and on-top sites of a Pt cluster.
The geometry of each cluster is shown in Fig. 11. We froze the geometry of the
Pt fragment at a square planar geometry with Pt-Pt distances of 2.775 A. Table
V contains the optimized geometry parameters for these sites.

PtA1
A.
PtA4
PtA3
H
ptC1 PtC2 PtD1
Cc D.
PtD4 PtD2
PtC3 PtC4
PtD3

Figure 11. The geometry of the Pty and Pi4H clusters.
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Table V. Optimized Binding Energy Parameters for
Hydrogen Atom Chemisorbed on Pty

Parameter Re De w
(units) A (kcal/mol) (cm‘l)
on-top 1.72 80 1908
2-fold 1.02 101 1768
bridge
4-fold 0.72 114 1124
bridge

Re: the equilibrium distance of the H atom from each site;
D,: bond energy at equilibrium;
: the vibrational frequency derived from the curvature
of the potential well at equilibrium.

Mulliken populations for each isomer are shown in Table VI. The following
changes occur in the Pt populations as the coordination number of the hydrogen
atom increases:

1. The d orbital occupation for atoms bonded to hydrogen increases

2. The negative charge on the hydrogen atom remains constant

3. The Pt s and p orbital occupations decrease.
It appears from these trends that the excitation required to chemisorb H on Pty is
localized on Pt atoms adjacent to the H atom. The constant charge on the
hydrogen indicates that the cluster excitation is about the same for the whole Pty
fragment in each of H atom cluster complexes. However, the excitation is larger
for Pt atoms involved in lower coordination sites,
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Table VI. Local Density Mulliken Populations for Pt and PtyH
Complex Atom Pt Orbital Populations H Atom
(seeFig.11) Charge S5p 5d 6s 6p Charge
Pt4H(on top) PtD1 +0.08 599 9.11 070 0.13 -0.17
PtD2 +0.04 6.00 927 0.63 0.07
PtD3 +0.02 6.00 929 0.62 0.07
Pt4H(2-fold) PiCl1 +0.08 599 930 055 0.07 -0.16
PiC2 0.0 600 939 054 0.08
Pt4H(4-fold) PtB1 +0.04 599 940 050 0.07 -0.16
Pty PtAl 0.0 6.00 930 0.63 0.07

4.6. Hydrogen Saturation: Pt4H, (x=2,4,6,8,10)

In order to follow changes in electronic structure which occur when

additional H, is brought to a small Pt cluster we have examined several isomers
of PtyH,, PtyHy, Pt4H6, and PtyH (. The Pt-H distances were chosen to be the
same as those optimized in Pt4H. These geometries are shown in Figs. 12 and

13. Table VII contains the LDF binding energies of these structures along with

Mulliken populations.

Table VIII contains the relative energetics calculated by the LDF method for

Pt4H, isomers. We show here the energetics for each addition of H,. Addition
of H, to Pty, PtyH, and Pt4H, is downhill energetically, while addition of H, to
Pt4Hg is uphill. These energetics are both consistent with our valency model and

the results of Riley’s molecular beam experiments.
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3 &

Figure 12. The geometry of the PigH, (x=4.6,10) clusters.
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Figure 13. The geometry of the Pi4Hg clusters.
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Table VII. Mulliken Populations and Binding Energies in Pt4H, Complexes

Pt Pt Orbital Pop. H Atom Binding Energy
Complex Charge 5p S5d 6s 6p Charge Hartrees

PI4H2
2-fold site
see figure 12b 0.08 599 937 048 0.07 -0.17 1.0215
4-fold site
see figure 12¢ 0.07 599 944 043 0.07 -0.13 1.0300

Pt4H4
1-fold site
see figure 12a 0.11 599 913 0.64 0.12 -0.i1 1.1127
2-fold site
see figure 12b 023 598 924 045 0.07 -0.23 1.2832

PI4H6
four 2-fold and
two 4-fold sites 0.38 598 9.21 037 0.06 -0.322 1.5170
see figure 12¢ -0.12b

Pt4H8
1-fold site 022 598 9.02 061 0.17 -0.11 1.6052
see figure 13b
planar isomer 0.36 5.98 9.10 0.52 0.05 -0.302 1.6820

see figure 13a -0.07¢
2-fold site
see figure 13¢ 046 597 9.17 030 0.11 -0.23 1.7290
Pyt
eight 2-fold and
two 4-fold sites 0.52 5.96 9.15 0.24 0.12 0.052 1.9002
see figure 13e -0.28b

3) charge at 2-fold site; b) charge at 4-fold site; €) charge at 1 fold site.
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Table VIII. Relative Energetics of Pt 4H Complexes

Species Binding Energies Relative Energetics
(Hartrees) (kcal/mol)
Pty +5H2 1.6709 0.0
Pt4H, +4H, 1.7730 -64.0
Pt4yHy + 3H, 1.8404 -106.3
PtyH 1.9002 -143.9
9.5
0
© 94 3
g
3
ko
2
S 93 |
K
£ o
@]
7 92 4 o
&
o
9'1 L T T T L
0.0 2.0 4.0 6.0 8.0 10.0 12.0

Hydrogen Coordination
Figure 14. The average Mulliken Pt 5d orbital population versus H
coordination in PtyH,.
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We find that in the isomers studied thus far the 2-fold and 4-fold bridge sites
are favored over the on-top site. The valency model predicts that Pty will convert
from a covalent state to a metallic state with a lower d orbital population during
chemisorption of Hy. In Fig. 14 we show the average Mulliken d orbital
population versus H coordination. The d orbital occupations for the lowest
energy structures of PtyH, PtyHy, PtyHg and Pt4H8 (9.40,9.24,9.21 and 9.17
electrons, respectively) decrease with increasing numbers of chemisorbed
hydrogen. The valency model predicts that the Pt atoms are never promoted from
d%! to d8s2. The d occupations in these complexes, predicted by the LDF
method, never drop below 9 electrons. Thus a qualitative analysis of the electron
densities for LDF calculations on Pt4H,, is consistent with our Pt cluster valency
model. However the addition of a single hydrogen atom at the 4-fold site of the
Pty cluster actually increased the d orbital populations by 0.1 electrons.
Although this result is inconsistent with our valency model, Mulliken
populations depend upon basis set and cannot be used in any rigorous
quantitative sense. A more valid analysis would involve relaxing the geometry of
the Pty fragment in these complexes. Since the Pt-Pt bond distances in the
metallic state are predicted to be somewhat greater, verification of elongation of
Pt-Pt bonds in PtyH,, would tend to confirm our valency model. Such relaxation
calculations are beyond the scope of the present work, but should be undertaken
as a next step in modelling the chemisorption on Pt clusters.

5. CONCLUSION

The self-consistent local spin density theory has been used to explore several
aspects of transition metal clusters. The electronic structure and geometry of
Ni, and Pt free particles calculated by LSD methods provides at least a
reasonable starting point for more intensive and specifically correlated
wavefunction approaches. We have tried to emphasize that a continuum of
methods ranging from classical molecular dynamics to highly accurate quantum
studies of interelectronic correlation need to be applied to these particles in order
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to extract the geometries, single particle spectra and many- body cohesive
properties being measured presently.

The interaction of TM particles with supports and bonding interaction with
ligands as simple as hydrogen provides models restricted enough to be amenable
to computation by several methods, and close enough to reality, to be compared
with experiment. Observations about the magnitude of charge transfer and
delocalization of atomic orbitals by interaction with a model substrate may not
be quantitatively accurate, but instead form an orientation for thinking about the
dominant mechanisms and how they may be modified. Mass-selected gas phase
data on clusters like H Pt will play a crucial role in testing theoretical models
and guiding development of more powerful computational techniques. For
example, the saturation rule m < 2n demands a straightforward explanation,; it
appears that presently available techniques are capable of answering such a
question (61). Questions about distribution of particle size in a molecular beam
of given temperature and pressure appear to be much more difficult, involving
both dynamical (reaction rate) and bonding-energy information. We suggest that
classical simulation schemes using potentials derived from quantum cluster

calculations can be useful in this endeavor.
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1. INTRODUCTION

The concept of pair interactions has played a key role in molecular
electronic structure calculations, When it was reconciled that the independ-
ent particle methods had to be improved by consideration of electronic
correlation, the first methods considered were based on the notion that the
pair interaction gave the most important contributions to the electronic
correlation. Suffice it to mention the work of Sinanogiu /1,2/, Nesbet /3/,
and Cizek /4,5/. The computational successes in recent years of the coupled
electron pair approximations (CEPA) /6/ and the second order many body
perturbation theory (MBPT (2)) /7/ are manifestations of the same idea.

It was realized rather early during the development of accurate elec-
tronic structure methods that it was important to include the pair inter-
actions through high order in perturbation theory and the coupled cluster
(CC) methods, originating in nuclear physics /8,9,10/, were introduced in
quantum chemistry by Cizek /4/. These methods made it possible not just
to sum pair interactions to infinite order but also to incorporate general
N—body interactions to infinite order. Furthermore, CC methods are size
extensive /11/, i.e. they scale with the size of the system, a desirable prop-
erty that CC does not have in common with e.g. configuration interaction
(CI) methods.

Coupled cluster methods have mainly been applied to the calculation
of ground state properties such as total energies and electric and magnetic
multipole moments. Only lately has there been some progress towards the
calculation of excitation energies /12—16/ and very little is done for other
excited state properties. It was therefore a logical step to try to use the
coupled cluster wavefunction within the polarization propagator formalism
/17/ to obtain excitation energies, transition probabilities, and response
properties. This approach is the subject of the present review.

In propagator /18/ or response /19/ methods we determine excitation
energies and transition probabilities from the eigenvalues and eigenvectors,
respectively, of the inverse linear response function or polarization propaga-
tor. The propagator itself determines (frequency dependent) response pro-
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perties. Normally, the polarization propagator is expressed in the so-called
super operator formalism /20/ and approximate solutions to it are obtained
(1) by truncating the operator manifold that we use to expand the excita-
tion space and (2) by approximating the reference state. The reference state
is the state with respect to which the polarization propagator is defined,
that is, the state for which we are determining the response of the system to
external perturbations. In nearly all applications the reference state has
been chosen to be the ground state.

The approximate reference states that have been used so far in polari-
zation propagator theory include MBPT /21,22/, multiconfigurational
selfconsistent field (MCSCF) /23/, antisymmetrized geminal power (AGP)
/24/, and CC /17,25/ wavefunctions. Due to the infinite nature of CC
theory we have implemented the CC polarization propagator approximation
(CCPPA) within the framework of the perturbative propagator methods as
modifications of the second order polarization propagator approximation
(SOPPA) where the polarization propagator is evaluated through second
order in the fluctuation potential (the electron repulsion minus the Fock
potential). Since SOPPA is based on an MBPT expansion of the reference
state, the CCPPA method gives improved descriptions of spectral proper-
ties in cases where the MBPT expansion is slowly convergent. Examples
from calculations on CH* will be used to demonstrate this point in Sec. 6.
We analyze the extra diagram series that are introduced in the CCPPA
method and we show that the most important extra terms appear already
in third order in the fluctuation potential (Sec. 5.).

It is convenient to work in a spin-adapted formalism for the particle-
hole excitation operators, thus obtaining directly singlet, triplet etc. excita-
tion properties from the corresponding propagators. This implies that we
would like to have the CC cluster amplitudes in a spin-adapted form. The
next section describes how this is done.
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2. SPIN-ADAPTED COUPLED CLUSTER EQUATIONS

The coupled cluster expansion of the exact ground state wavefunction
uses the exponential ansatz /4,5,9-11,26/

| o> = eT|(00>

=(1+T+21-!-T2+....) | 90> (1)

where the cluster operator, T, may be separated into one-body, two-body,
etc. components

T=T +Tog+Tg+.... (2)

A general method for deriving the explicit form of the CC equations was
given by Cizek /4,5/. In the present work a spin-adapted version of the
coupled cluster singles and doubles (CCSD) model is considered (see also
ref. 27)

| %ecsp” = e"112) go> (3)
Ti=) 29°(0,0) o (4)
mo
1 2
To=g) ) t2A1115* (i) pang (5)
i=1 mn
of

The operator q*(0,0),,, generates singly excited singlet states when working
on the closed shell reference function, |8¢> (often the SCF solution)

1 +
T0:0) g0 = (85,20, * 3320 (6)
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and §*[i] ,onp are the two normalized and linearly independent two-particle,
two-hole (2p—2h) singlet excitation operators /28,29/.

+ 1 -3 +
S [mang =7 [(1+65) (1 +6,6)]7 {ag aq 25 35 + a8 85 3G,
- a;uau_a;_aﬁ* — a,;l_a%a;*a.ﬁ_} (7
+ 1
S [2] monf T ﬁ (1 - 5mn) (1- 6016) {23‘m+a‘m+a’n+a‘ﬁ+
+ap 8 8 8g + Ay 8 8, 8 + 8y 8y 8, g
+ag 8y 8, g + 28y, 8, 4, ag ) (8)

Indices @,8,.... (m,n,....) denote occupied (unoccupied) Hartree-Fock (HF)
spatial orbitals and the spin quantum numbers are given as the +/— sub-
scripts. The permutation symmetry of the two types of double excitation
cluster amplitudes is

top (1] = taf 1] = thall] = tiq[1] -9

tap[2] = —tag[2] = —t§a(2] = tia (2] (10)

The CCSD energy is obtained by projecting the Schrddinger equation on
the left by <@y |

<Po| (H-E 0 (11)

cosn) | Yoesp” =

or, since the hamiltonian has only one- and two-electron operators

<ol (BB g (1 + Ty + Ta + 512) [ > = 0

CCSD)

In the case of HF (SCF) orbitals we then have
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1

Eoosp = Byp * 22 (ma|ngB){tag[1] + V3 tg8[2] + 265t8 — thtg} (12)
mn
of

Similarly, the equation for determining the tj, and tg[i] amplitudes may be
obtained from

<HF|q(0,0) o (H-E_ . )e *T2[IF> = 0 (13a)

CCSD
. T1+T .
<HF|S[i] pang (B-Eyegp)e T 2[IE> =0 5 i=1,2 (13b)
These equations are solved for CCSD in appendix A. However, in order to

see the structure of the solution let us consider the resulting equations in
the simpler case of CCD where T is approximated by T»

[$oep> = € 2| HE> (14)

The corresponding expressions for the energy and the amplitudes are easily
obtained by simply putting Ty = 0 in the CCSD equations (see Eq. (12) and
appendix A)

By = By + 4 3 (nafnB){£28[1] + V3 £23[2]) (15)
aof
Dagmnt2B[i] = AZ[1]) + TRB[1] + QPA[i] 5 i=1,2 (16)

where D g, is the orbital energy difference

D

afmn = €at €~ € — €y (17)

and
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ATB[i] = (21 = 1)? {(na|np) — (-1)i(nB|na)} (18)
IA8(i] = (1= 6,,)"") (me|nd)tgd[i]
cd
+ (1= 6,)"Y (nalvB)trn[i]

M7

=) [(uamc)tgﬁ[il — (~1) (sal nc) tBe[i]

AT — (el
. <2i—1>%[L5L (e mB){t5[1] + V8 25 (2])
L}(uc:na J{8S[1] + VB tRe[2]}
7(uchm){t cl1] + ftgm}
5 (he|ng){e35[1] + ngm}]] (19)

Qasli] =%2 (ue|vd) [(21—1) ’tﬁ‘é[ 1]t [i]
wv
cd

+ {(=1) Pog — 1)emLET {153 11) + VB 6552}
3Dy, —1}[2tg§[1]{t [] ﬁtﬁﬂ[]}
+ R[] {(=1)1(2i — 1) PeRe[1] + (5 — 21) PeRS[2])

+tmd 5— 212nc i tnc

4[20{(5 - 20) e [ﬁ

— (2 = 1)Heme (1] + VB a5 (2] Hepd 1] + vB g 2]}
(20)

P\, is a permutation operator: Py,f(k,l) = f(1,k). The CCD and CCSD
equations are non-linear and may be solved iteratively. Setting initially all
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amplitudes on the right hand side of Eq. (16) equal to zero, yields the two
spin-adapted first order Rayleigh-Schrédinger (RS) correlation coefficients

mli], = UM Wm[] o i=1,2 (21)

and the second order correlation energy

Ey=5) (najng){xR3[1] +v3 x23[2]} (22)

of

The third order correlation energy, which has contributions only from
double substitutions, is obtained in the following iteration if the quadratic

term, Qq8i] is neglected. Using taf[i] = sgfli] in Rg4[i] gives the quadruple
contribution to the fourth order energy. The CCD result is given as the
converged result of this procedure.

If QQA[i] is neglected throughout the calculation, the method is equiv-
alent to the infinite order RS perturbation theory (RSPT) restricted to
biexcited configurations, D-MBPT (), also known as linearized CCD,
LCCD /30,31/. This method often overestimates the ground state correla-
tion energy.

In actual CCD calculations the individual terms contributing to Qgf[i]
may be evaluated most efficiently using intermediate arrays. We express

Qaali] as

z Suvaﬁ tmn l] t {(_l)i PaB - 1}2 Tuﬁtgﬂ[i]
+m.’. . ' (23)

Swosli] = 5(2i-1)* Y (ue|md)tg4[1] (24)
cd
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1
Tys=7 ) (uc|ud){tg3[1] + VB 653[2]) (25)
ved
where the "+ ...." terms in Eq. (23) are all but the two first terms in

Eq. (20). If we had expressed these terms in the same form as the two first
terms we would have seen that the S and T arrays are the least time con-

suming quantities to compute. Restricting Qgg[i] only to include these two
terms, which are often dominant, gives the approximate CCD method,
ACCD or ACP-D45 /32,33/.

In MBPT the lowest order effect on the ground state energy of inclu-
sion of single excitations appears in the fourth order. As the CCD model is
correct to fourth order in the DQ-space, the leading term of CCSD corre-
sponds to MBPT(4)-SDQ. Thus, CCSD may be viewed as the infinite order
generalization of that model /34/. From these considerations it follows that
if [@o> is a HF function, T, is not expected to be very important. However,
in the non-HF case Ty can provide the dominant contribution to ground
state the correlation energy /35/. Similar considerations hold for the
CCPPA schemes and we do not expect to see any substantial effects of T
provided we use a HF-based theory.

3. PERTURBATIVE POLARIZATION
PROPAGATOR METHODS

Due to the structural similarity between CCPPA /17/ and propagator
methods based on an MBPT expansion of the reference state /21/, we will
start by giving a brief review of the theory for perturbative polarization
propagator methods.

The double-time retarded Green's function or linear response function
/19,29/ is given as /36/

G(t,t') = —i8(t—t")<0| [a(t),b(t')]|0> (26)
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where a, b are both number conserving operators in the Heisenberg re-
presentation

a(t) = exp(ilit)a(0)exp(—ilit) (27)

|0> is the exact ground state and the Heaviside step function, 6(t) is
defined as

t20: 0(t) =1
t<0: 8(t)=0 (28)

An energy dependent Green's function is obtained by taking the Fourier
transform of G(t,t') /37/

c<ash>>, =J°_° d(6=t")G(t, 5" )exp[iE(t-t')] (29)

where we have used the fact that G(t,t') only depends on the time differ-
ence t—t'. After integration the so-called spectral representation of the
polarization propagator is obtained

Re<<asb>> = 2 {<01aﬁ|}2§§3}%l;]0> _ <0|b]!32E<E]!;a|O>} (30)

n o]
n

where the summation extends over all excited states of the system. It is
seen that the poles for the propagator are the excitation energies of the
system. If we choose a, b both to be the electric dipole moment operator, r,
the residues give the electric dipole transition moments.

An alternative expression for the polarization propagator (the equa-
tion of motion) is /38/

<<asb>> = (alR) (h|ET — H|K) (b|b) (31)
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where h is a complete operator manifold /39/ consisting of excitation,

+ Lt

{q*,9*q",....}, and deexcitation, {q,qq,....}, components

h={hy,h,,h,....}
hy = {q*,q} = {agaq.azan}

hy={q'q*,qq} = {aja,a5848,a88,852,) 5 w0, >f
(32)

The round parentheses label a superoperator /20/ binary product

(A|B) =<0| [A*,B] |0>, (33)
i and H are the superoperator identity and hamiltonian, respectively

A=A

HA = [H,A]

and 1 is the transposed (row) vector. Equation (31) is exact provided that h
is the complete manifold and |0> is the exact reference state.

In perturbative polarization propagator approaches Eq. (31) is ex-
panded to a given order in the fluctuation potential, U, that is, the total
hamiltonian minus the Fock operator. To be more specific, in an n—th order

approach (a|h), (h|Ei - fI[ﬁ) and (h|b) are all computed through order n
in U. Taking |0> = |HF> and h = h, gives the consistent first order
method /38/, also known as the random phase approximation (RPA) or
time-dependent Hartree-Fock (TDHF). In a consistent second order theory,
the second order polarization propagator approximation (SOPPA) /22,29/,
it may be shown that it is only necessary to include h,, h, and take |0> as
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|0> = |HF> + |DE(1)> + |SE(2)>
=(1+3) Y AMB01S* (] panp + ) #20%(0,0)p0} [HF>  (34)

i=1,2 EB mo

Here gf[i] and «g, are the first order double excitation and second order
single excitation RS correlation coefficients, respectively. sg[i], S*[i]nangs

and q*(0,0),,, are given by Egs. (21), (7), (8), and (6), respectively, and

] =2 (=) ] (ralub) {s2301] + V3 EB[2])
ab
-} (sl 60 {s23[1] + V3 2321} (35)

25

By inserting |0> and h in the equation of motion, Eq. (31), it may be
shown /22/ that the SOPPA propagator can be expressed as

<<&;b)>E = {t(a,E), # t(a,sE)}P(E) Eé?flm}

+ (aq'q") [(E1-D) " # (-EI-D) ] (q’q*|b) (36)

In the first term the minus signs in front of t, T, and E hold for symmetric
operators a/b, whereas the plus signs are used for antisymmetric operators.
The minus sign in the square bracket of the last term only applies when a
and b are not both symmetric or antisymmetric /40/.

The matrices t, P are defined as

t(a,E) = (alg’) + (a]4'q") (BI-D)C (37)

-1

p . -B

—ES—A~C(=EI-D)'C
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where
A= (q'[H|T) (39)
B=(qU|3") (40)
€= (q'¢'| UIq") (41)
D = (q’¢*| F|q*q") (42)
$= (a3 (43)

Explicit expressions for these matrix elements in the spin-adapted represen-
tation are given in Appendix C of ref. 29.

The particle-hole (p—h) dominated excitation energies are thus ob-
tained as the eigenvalues of P(E)1 and the corresponding eigenvectors
together with Eq. (37) determine the transition amplitudes.

In many cases SOPPA-based calculations are of satisfactory quality
when compared with experiments and other calculations (see e.g. Table III
of ref. 18 for a summary of SOPPA calculations). However, in some systems
with low-lying excited states (for example CH*, Be, and BH) the perturba-
tion series is slowly convergent, which means that third and higher order
contributions could become important. The third order polarization propa-
gator approximation has been described in the work of Oddershede and
Jorgensen /21/ but so far this method has not been applied in direct calcu-
lations. In the present work we will study the effect of including the third
order A-matrix in SOPPA since — as will be discussed in Sec. 5. — this term
is expected to provide the dominant part of the third order corrections. The
only terms contributing to the third order A-matrix are

A(3) = A'(3) + A"(3) + A"(3) (44)
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where
A'(3) = <DE(1)][q, [U,q']] |DE(1)> (45)
A"(3) = <SE(2) | [q, [U,q']] IHF> + <IIF| [q, [U,q*]] |SE(2)> (46)

A"'(3) = <HF| [q, [U,q"]] {DE(2)> (47)

Explicit expressions for the A(3) matrices in the spin-adapted basis are
given in Appendix B.

Another way of improving the convergence of the SOPP A method
would be to include certain extra diagram series summed to infinite order
(in addition to the ones inherent in RP A-like methods; see Sec. 5.). The
coupled cluster method, which provides an infinite order extension of RS
based methods, would provide a convenient way of doing so and the next
chapter shows how we propose to do that.

4. THE COUPLED CLUSTER POLARIZATION
PROPAGATOR APPROXIMATION (CCPPA)

In the coupled cluster polarization propagator method we use a
coupled cluster rather than a Rayleigh—Schrédinger reference state, i.e.

|0> = e [HF> (48)

In perturbative methods both the projection manifold and the reference
state are uniquely determined once the order is specified; see Table 1.
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TABLE 1. Reference state and projection manifold in perturbative propa-
gator schemes.

Order Method |0> h
1 RPA2 TDHFb CHF¢ |HF> hy
HRPAd |HF>+ |DE(1)> hy
2 SOPPAe |HF>+ |DE(1)>+|SE(2)> {ha,hs}

aRandom phase approximation.

bTime-dependent Hartree-Fock.

cCoupled Hartree-Fock.

dHigher random phase approximation.

eSecond order polarization propagator approximation.

However, because of the infinite nature of the reference state, Eq. (48), in
the present scheme, it is not possible to truncate h using the order concept,
but we may be guided by experience with perturbative approaches. It is
well known that it is essential to keep a balance between the correlation
incorporated by expanding |0> and h, respectively. For instance, the higher
random phase approximation (HRPA), which includes some second terms
but not all, often gives excitation energies which are too large and in many
cases also inferior to the consistent first order approximation (RPA).
Augmenting this method with the two-particle, two-hole (2p—2h) correc-
tions (hs) and {SE(2)> gives the consistent second order approach
(SOPPA), which gives a much more balanced description of the spectrum
and spectral properties. In the following we therefore consider a similar
truncation of h, i.e.

h={ha,h4} (49)

which implies that the CC polarization propagator is determined by the
same equations as in the SOPPA method, i.e. by Eqgs. (36)—(43). The only
difference is that when evaluating explicit expressions for the matrices

(a|q*), (2|q'q*), A, .... appearing in Eqs. (36)—(43), we must use

|0> = T |HF>. As an example let us consider the S matrix in the CCD
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case

Sm/nﬁ = <HF|exp(Ty*) [qm,fi’nﬁ] exp(T,) |HF>

= 2 (k11 HF | (T5")* [ Q' op) Tt | HF> (50)
k1

/

Clearly, the expansion in T3 does not terminate and a truncation at a
certain power of the T cluster amplitudes must be applied. A similar
conclusion holds for the remaining matrices. However, a reasonable way to
truncate the individual matrices would be to require that we must obtain
the SOPPA method when we use the first iteration of the cluster equations
(see Sec. 2.) in CCPPA.

As discussed in Sec. 2., the initial amplitudes tgf1])s, tgp[2]: are the
two spin-adapted RSPT correlation coefficients. Thus, keeping terms up to
and including second order in the fluctuation potential, U for the first
iteration gives the following expressions for the propagator matrices at all
levels of iterations of the CC method

A = <HF| [q, [H,q*]] (14T,) |HF> (51)
B = <HF| (1+T,") [q*, [U,q*]] |HF> (52)
C = <HF|[qq, [U,§"]] [HF> (53)
D = <HF| [qq, [F,q*G*]] |HF> (54)
S = <HF| (1+T,") [q,q"] (1+T,) | UF> (55)

(alq") = <HF| (1+T,") [a*,q*] (1+T,) |1IF> (56)
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(alq'q") = <HF|T,'[a*,4'q"] [HF> (57)

A computational scheme which uses these truncations with respect to the
fully iterated amplitudes is referred to /17/ as the coupled cluster doubles
polarization propagator approximation (CCDPPA) or, if the quadratic

part, Qgf[i] in Eq. (16) is neglected, the linearized coupled cluster doubles
polarization propagator approximation (LCCDPPA). This relation between
SOPPA and the CC polarization propagator method means that we can
express the CCPPA and the SOPPA matrix elements in the same form.
The only change is that the RS correlation coefficients are replaced by the
corresponding CC amplitudes. For example, the S matrix can then be
written

Smo 06 = fnnlas =3 fnn, (6] 70) {£22[1] + v £22[2]} /D,y
b

a
n

— 5 8p) (Balm) {22 [1] + V3 173(2]} Dgpan  (58)

25

The same similarity holds for the A, B, (a|q*), and (a|q*q*) matrices.
As long as only double substitutions are included in the CC method,

the elements of (a|q*) are given as

(a]q'm) = 2ae — 2) (fa|7b) {ans[t20[1] + V3 132[2]]
28
+apo[02[1] + V3 t22[2]]}  (59)

where {a,} are one electron integrals in the molecular orbital representa-
tion
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ay = <k|a|1> (60)

Let us now consider in a little more detail the structural relationship
between the present coupled cluster approximation and the second order
polarization propagator method. In the latter case the reference function
includes effects of double excitations (first order) and single excitations
(second order); see Table 1. These single excitation effects are not ac-
counted for in the present CCD scheme which uses

|0> = exp(T,) |HE> (61)

However, as |SE(2)> makes no contribution to P(E), the SOPPA and
CCDPPA (LCCDPPA) excitation energies are the same in the initial
cluster iteration.

The effect of the single excitation subspace only shows up in the

transition matrix (a|q*)

(81§ goppy = (@18 g + (2lT) g (62)

where the double excitation part is equal to the expression given by
Eq. (59) after having replaced the cluster amplitudes by the corresponding
RS correlation coefficients.

(alq*)gy, is given as /22/

(18" na) gg = ) K28nn — ), KBagq (63)
n 8

To make a structural analogue to the second order method also for transi-
tion probabilities and response properties, we consider an extended coupled
cluster doubles polarization propagator approximation (E-CCDPPA), or
the alternative linearized version (E-LCCDPPA), which includes the

perturbation correction, (a| a‘)SE calculated as in Eq. (63), i.e. using RS
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single excitation correlation coefficients.

Inclusion of T, in the reference state gives the CCSDPPA approach
/25/ where the expressions for the matrix elements are analogous to those
of E-CCDPPA. The only difference being that the second order RS correla-

tion coefficients g entering in Eq. (63) are replaced by tJ. Thus, the singles
directly affect the transition matrix and modify the double excitation CC
amplitudes.

Since correlation energies obtained from ACCD (Sec. 2.) are often
very close to those of the full CCD method and since the ACCD iteration
process is far less time-consuming than CCD, it was a logical step also to
investigate the performance of the ACCD wavefunction as a reference state
for the propagator /41/.

In Sec. 6. we give numerical comparisons between the perturbative
and the CC polarization propagator methods presented in See. 3. and 4.,
but prior to this a diagrammatic order analysis of the method will be
discussed.

5. ANALYSIS OF THE COUPLED CLUSTER
POLARIZATION PROPAGATOR METHOD

Q
series of diagrams summed to infinite orders. The first "new" diagrams,

relative to SOPPA, appear in third order of perturbation theory. Exactly
which diagrams we include can be seen by partitioning the principal propa-
gator P(E) (see Eqgs. (36) and (38)). The particle-hole, particle-hole part is
thus given as

By replacing g, xg with tgf, tg we effectively include additional

P(E);k on = ES — A —C(EI-D)"C

B (—ES — A — C(—ET—D)"1C) B (64)
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We can now identify the particle-hole self-energy diagrams by comparing
with the complete diagrammatic analysis of the particle-hole self-energy
M(E),, of Paldus and Cizek /42/. This tells us to which order the particle-
hole dominated excitation energies (but not transition moments and re-
sponse properties) are determined. In fact, we need to consider

4
-2

spol S5 =E—MN(E),, (65)

ph,p

to get the correct form of the self-energy, the definition of which follows
from a comparison of Eqgs. (64) and (65). Oddershede and Jorgensen /21/
have previously identified all contributions to M(E)ph through third order
as obtained from the polarization propagator.

Since all four blocks of P(E)-1in Eq. (38) are computed through
second order in the fluctuation potential at the SOPPA level, it follows that
A, B, and S include terms up to second order and C and D are of order one
and zero, respectively. We see from Eq. (64) that the second order B

matrix, B(2), contributes to P‘;,’l/ph in third and higher order, while A(2),

C(1), and D(0) also give second order contributions to M(E)py. Proceeding
to third order we may thus argue that, based on a diagrammatic analysis,
the A(3) terms are more important than the B(3) terms as the latter matrix
enters in fourth or higher orders in M(E)ph. We have computed the three
(see Egs. (44)—(47)) A(3) terms for two cases where we know that we need
to go beyond SOPPA in order to get a good description of the lowest excita-
tion energies /17,25/. The results are given in Tables II and III. For Be
(Table IT) we used the [9s9p5d] basis set of Graham et al. /43/ for which
the same authors also reported full CI calculations of several excitation
energies. The quality of the basis set is so good that the full CI results
(listed in Table II) differ by less than 0.04 eV from experiment for all the
quoted excitations. For CH* the calculations were performed using the 46
CGTO basis set of Larsson and Siegbahn /44/.
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TABLE II. Excitation energies (in eV) from the ground state of Be atom.

SOPPA augmented by

Final SOPPA CCDPPA Full
state A'(3)  A"3) A'™M(3) A(3) CIb
252p;1P 4.90 5.08 4.87 5.24 5.39 5.28 5.32
253s;1S 6.47 6.56 6.40 6.73 6.75 6.87 6.77
2s3p;!P 7.10 7.20 7.06 7.37 7.42 7.51 7.46
2s3d;!D 7.39 7.47 7.33 7.64 7.66 7.79 8.03
2s4s;!S 7.72 7.77 7.66 7.8 7.97 8.16 8.08
2s4p;'P 7.95 8.00 7.89 8.20 8.20 8.38 8.30
2s4d;'D 8.08 8.12 8.02 8.34 8.32 8.53 8.54
252p;3P 1.82 2.14 1.80 2.23 2.52 2.46 2.73
253s;3S 6.01 6.14 5.98 6.27 6.37 6.40 6.44
253p;3P 6.90 7.00 6.84 7.16 7.20 7.30 7.30
253d;3D 7.35 7.44 7.30 7.61 7.64 7.76 7.74
2s4s;3S 7.60 7.66 7.54 7.85 7.86 8.03 7.99
2s4p;3P 7.89 7.94 7.83 8.14 8.14 8.32 8.27
254d;°D 8.07 8.11 8.01 8.33 8.31 8.52 8.45

aA(3) = A'(3) + A"(3) + A"'(3).
bGraham et al. /43/ using the same basis set as the present study except
for the exclusion of the s-component of the Cartesian d-functions in the

full CI calculation.

The results in Tables II and III demonstrate that: (1) it is important
to go beyond the SOPPA method for the two systems, (2) the A(3) matrix
gives a large fraction of the difference between SOPPA and experiment /full
CI, (3) the A''(3) matrix is only of minor importance (~ % 0.02 eV), and (4)
the A'(3) matrix gives a positive contribution to the excitation energy, the
magnitude of which is about 1/2 to 1/3 of the dominant A'''(3) matrix. We

see from Eq. (47) that A"''(3) is the lowest order new term added to

SOPPA when performing a CCPPA calculation. Diagrammatically this is

illustrated in Fig. 1 where we give a representation of the A(2) matrix

included in SOPPA (Fig. 1a), the "renormalized" A(2)°FP* matrix
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n B
SOPPA
@ AQ s = N
m o
n p
CCPPA 4 SOPPA
® A = | N = A2) o
m o
n B n B
+ L 3 N + L 3
m o m a
n B n B
+ 1 FZJ +1 +
m [+3 m o

Fig. 1
The Hugenholtz representation of half of the A(2) matrix
elements in (a) SOPPA and (b) in CCPPA. The coupled cluster

double excitation amplitudes are represented by . The
full A(2) matrices are obtained by adding the particle-hole
transformed counterparts of all the diagrams in the Figure.
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TABLE III. Vertical excitation energies (in V) from the ground state of
the CH* iona.

SOPPA augmented by

Excita— SOPPA CCDPPA Exp.©
tion A'(3) A"@3)  AM(3) A3
XTS5 AT 2.54 2.81 2.56 2.97 3.25 3.05 3.07

X!2+31(1)  instd  instd  instde  instd®  0.82  1.01 -

aAt the ground state equilibrium.

bA(3) = A'(3) + A"(3) + A"'(3).

cBotterud et al. /45/.

dInstability of the method for triplet excitations.

‘EAdditi\(;;l of both A"'(3) and A"'(3) to SOPPA removes the instability
0.80 eV).

where kg is replaced by tgg (Fig. 1b), and finally an iterated representa-
tion of the latter matrix element which shows that the first non-SOPPA
parts of it are the A'"'(3) matrix elements (sce e.g. Fig. 7 in Oddershede
and Jergensen /21/). Thus, the examples in Tables II and III indicate that
A(3) is the most important correction to the SOPPA method and that of
the three different terms contributing to A(3), the term which is included in
the CCPPA, i.e. A'"'(3), is the largest.

From the similarities of the CCDPPA and the SOPPA augmented by
A""(3) excitation energies in Tables II and III we can see that A'''(3)
makes up a large fraction of the difference between SOPPA and CCDPPA.
This is further illustrated in Table IV where we have considered a serial
inclusion of the various matrices that form the difference between SOPPA
and CCSDPPA. Including all CC corrections to the pure A(2) matrix
increases the excitation energies by approximately 0.5 eV, that is, an extra
~ 0.2 eV relative to what was obtained when the lowest order term alone,
A''(3), was added. However, these extra positive contributions to the
excitation energies are offset by small negative CC effects from the other

matrices, primarily S(2)CC, so that the overall effect is that CCSDPPA does
not deviate much from just SOPPA augmented with A'"'(3). In agreement
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TABLE IV. Excitation energies (in V) from the ground state of the Be
atom at various levels of approximations of coupled cluster singles and
doubles polarization propagator theory.

SOPPA augmented by
Final state

A@2)% A2 A@%%s(2%%B(2)%
2s2p;!P 5.54 5.40 5.30°
253s;1S 6.94 6.88 6.89P
233p;!P 7.60 7.54 7.53P
2s3d;'D 7.86 7.81 7.81b
284s;1S 8.20 8.17 8.18b
2s4p;'P 8.43 8.40 8.40b
2s4d;'D 8.56 8.54 8.55P
232p;3P 2.58 2.28 2.48b
283s;3S 6.49 6.41 6.41P
2s3p;3P 7.38 7.32 7.32b
253d;%D 7.83 7.78 7.78%
2s4s;%S 8.07 8.04 8.05
92s4p;3P 8.36 8.34 8.34b
254d;3D 8.55 8.53 8.55P

aThe A(2)CC, S(2)CC, and B(2)CC matrices are obtained from the corre-
sponding SOPP A second order matrices by replacing the first order

Rayleigh-Schrodinger coefficients with the CC tgj coefficients from a

CCSD calculation.
bldentical to the CCSD polarization propagator approximation
(CCSDPPA).

with our expectations based on diagrammatic arguments we note that the
extra correlation added to the B(2) matrix by the CC approach has little
effect on the excitation energies. However, it should be pointed out that
this conclusion does not hold for the lowest excitation energies, in particular
in the triplet case (cf. Tables IIT and IV).

As a last point we observe that it does not matter much for the exci-
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Q

(CCSDPPA in Table IV) or CCD tg} correlation coefficients (CCDPPA in
Table II) in the coupled cluster polarization propagator approximations.

tation energies whether we use CCSD tg§ correlation coefficients

6. NUMERICAL ILLUSTRATIONS

Instead of giving a complete survey of all the properties that may
advantageously be calculated using CCPPA we will illustrate the per-
formance of the method for a range of properties for the molecule, the CH*
ion, that was also the first example treated by the method /17/. The lowest
singlet and triplet excitation energies have already been presented in
Table III where it is seen that: (1) the SOPPA triplet instability is removed
in CCPPA and (2) the CCPPA singlet result is in good agreement with
experiment. Table V displays the convergency behavior of Aes and AeT for
CH* in the LCCD case. It is interesting to note that the triplet instability

TABLE V. Convergence of the lowest singlet, Acs and triplet, AeT excita-
tion energies in CH* (eV)a.

Iteration LCCD correlation Ace Ace

S T
no. energy

1b —0.09673 2.623 inst.
2 —0.11570 2.924 0.423
3 —0.12236 3.045 0.777
4 —0.12554 3.108 0.911
7 —0.12904 3.185 1.045
10 —0.12998 3.210 1.079
13 —0.13031 3.219 1.091
16 —0.13044 3.224 1.095
19 —0.13050 3.226 1.097
22 —0.13053 3.227 1.098
25 —0.13055 3.227 1.099
® —0.13056 3.228 1.099

aLCCDPPA results using a [5s4p1d/3slp] basis set /17/.
bSecond order MBPT correlation energy and SOPPA singlet excitation
energy (triplet instability).
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is removed already in the second iteration. Clearly, it is not necessary to
make the correlation energy converge to five decimal places to get accept-
able converged excitation energies. This is essential since the CC iterative
procedure is computationally the most expensive part of the calculation.
In Table VI the electronic transition moment and oscillator strengths

for the X'%* - A!II transition are reported. Compared with the effects seen
on excitation energies only minor changes are observed for these properties
when going from RPA, SOPPA to the more correlated CC approximations.

For the radiative lifetime of the A'II state, however, which depends on both
excitation energies (to the third power) and the square of the transition
moment, the CCPPA results are in much better agreement with experiment
than those of the perturbative methods; see Table VII.

TABLE VI. The X!E* - A transition moment (a.u.) and oscillator
strength in CH*. Dipole length formalisma.

Transition momentb  Oscillator strength

RPA 0.2982 0.0115
SOPPA 0.2879 0.0103
LCCDPPA 0.2773 0.0120
E-LCCDPPA 0.2788 0.0121
CCDPPA 0.2798 0.0117
E—~CCDPPA 0.2813 0.0119
Other work

CI® 0.0147
CASSCFd 0.2691 0.0115

aSame basis set as in Table III.
bThe <X'E*|x| A'Il,> component.

cRef. 46.
dRef. 44.
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TABLE VII. Radiative lifetime (in ns) for the ground vibrational level of
the A'I state in CH".

RPA 696
SOPPA 755
LCCDPPA 814
E-LCCDPPA 805
CCDPPA 799
E-CCDPPA 791
Experimenta 815+25
Other work
CASSCFb 900
CASSCF, renormalizedb 850
aRef. 47.
bRef. 58.

The improvements obtained for CH”* in the CC approaches mainly
stem from the fact that excitations into the low-lying 17 orbital are much
better described by the CC propagator methods. From Table VIII, which
compares some of the most important correlation coefficients with the
corresponding cluster amplitudes, it is seen that primarily the coefficients
describing double excitations from 3¢ into 17 are markedly different.

TABLE VIII. MBPT correlation coefficients and cluster amplitudes for
some of the lowest double excitations in CH".

Hole and particle indices Kapll]2 tapll]®
loic I AL —0.0014 —0.6609
1020 Iz lm —0.0028 -0.0026
lo30 Imlxw —0.0016 —0.0010
20,20 1mlx —0.0894 —-0.1362
20,30 lml7 —0.0438 —0.0865
3o,30 Imlxw —0.0755 —0.2068

aUUsed in SOPPA.
bUsed in CCPPA.
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TABLE IX. List of CCPPA calculations.

System GTO's Reference  Property2 Reference
state
CH* 29,42 LCCD,CCD AeM,f,7 Geertsen and
Oddershede
17/
CH* 42 LCCD,CCD I, Geertsen /49/
CHy 24 CCD Jin Geertsen /49/
Be 66 CCD,CCSD  Aef ;}ee/rtsen et al.
25
HF 72 CCD,CCSD AB Geertsen et al.
/25/
CH* 46 ACCD Ae,T Geertsen /41/
Be 66 ACCD Ae Geertsen [41/
HD 50-94 CCSD J, (R} aplvT),Ad Oddershede et
al. /50/
Li- 28—76  CCD,CCSD, o(0) Canuto et al.
CCSDT-1 /51/
Li- 46 CCSDT—-1  f,photodetachment Canuto et al.
cross section /52/
BH 65 CCD,CCSD A.c(R),I\((R),T,JAB Scuseria et al.
[53/
AlH 89 CCD,CCSD Ae,M(R),r,JAB Scuseria et al.
/53/
H,0 44-101 CCSD @ ;}ee/rtsen et al.
54
ArH* 7193 CCSD I8 Geertsen and
Scuseria /55/
CH,4 51-109 CCSD J,5(R)J (v, T),AJ Geertsen et al.

AB

/56/
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TABLE IX (continued)

aNotation for various properties

Ae  vertical excitation energy
M transition moment

f oscillator strength
T radiative lifetime
J AB nuclear spin-8pin coupling constant

AJ  isotope shift of coupling constant
a(0) static polarizability

I dipole moment

g rotational g factor

Symbols used in parentheses

R: the property is calculated as a function of internuclear coordinates
v: vibrational averaging
T: temperature averaging

This observation suggests that it should be possible to 'freeze' some of the
orbitals in the CC iteration process with only minor loss in accuracy on the
computed excitation energies and response properties; and this has in fact
been found to hold in direct calculations /48/.

In Table IX we give a complete compilation of papers in which we
have applied the CCPPA method. Of particular computational importance
is the work of Geertsen /41/ where it was shown that even with an ACCD
reference state (where the most time-consuming terms in the CCD equa-
tions are neglected; see Sec. 2.), nearly all the CC effect is retained. This
tells us that the so-called ACCDPPA should be an effective method for
larger systmes for which full CCSD calculations might not be possible.

Let us furthermore mention the work of Geertsen et al. /54/ where it
was shown that also ground state average values like the electric dipole
moment can be determined within the framework of propagators. In a test
calculation for HoO /54/ it was demonstrated that CCPPA works better
than finite field MBPT (4)-SDQ and the analytic CCSD gradient method.
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7.  CONCLUSIONS

We have described a spin-adapted formulation of the CCSD method
which is apt for subsequent use in the coupled cluster polarization propaga-
tor approximation (CCPPA). After a brief review of the perturbative
polarization propagator methods (see e.g. Table I) we introduce the
CCPPA method by requiring that when using the first iteration of the CC
coefficients in the CCPPA method we obtain the second order polarization
propagator approximation (SOPPA). We have thus maintained the same
kind of relation between CCPPA and SOPPA as there exists between, for
instance, MBPT (2) and CCD calculations of ground state correlation
energies: in the first iteration of the coupled cluster method we get the
MBPT-based solution.

We then continue to analyze the extra terms that the iterated
CCPPA method introduces relative to SOPPA. Based on a diagrammatic
representation (Fig. 1) we argue that the most important correlation contri-
butions are expected to show up in the A matrix. A calculation of all the
three third order contributions to A shows that the most important of these
three terms, the A'''(3) term, is in fact the one that is included in CCPPA.
Furthermore, A'"'(3) gives most of the difference between SOPPA and
CCPPA, thus demonstrating that terms beyond third order in A as well as
corrections to the other propagator matrices (B and S) are not so impor-
tant.

A few examples of CCPPA calculations, together with a complete
summary of all applications of the method (Table IX), ends the review.
These examples show that excitation energies are more affected by the
extra correlation introduced by the CC method than are transition
moments. We also demonstrate that the difference between CCPPA and
SOPPA is due to an enhancement of the cluster amplitudes, c;';g, relative to
RS correlation coefficients, xgj, for low-lying double excited states. This
means that the perturbation expansion based on tg§ (CCPPA) is much

faster convergent than the one based on xg§ (SOPPA). We would hence
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expect a considerable improvement of CCPPA over SOPPA for systems
with low-lying excited states. Table IX contains several such cases (CH*,
Be, Li-, BH and AlH). However, even in some of the other cases (HD and
CH,, for example) do we find a significant, but small effect of introducing a
CC reference state.

Computationally, there is no difference in the propagator part of the
calculation whether we do a SOPPA or a CCPPA calculation. In fact, it is
very simple to change a SOPPA program into a CCPPA program. One only

needs to replace xgj with t3§ (and perhaps £g with tg)- The rate determin-
ing step is the CC calculation. Here it is useful to note that the outcome of
a CCPPA calculation is nearly the same whether we use cluster amplitudes
from a full CCSD calculation or from the much simpler ACCD method

/41/.
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APPENDIX A. SPIN-ADAPTED COUPLED CLUSTER
SINGLES AND DOUBLES EQUATIONS

The CCSD equations satisfied by single excitation amplitudes t§ can
be obtained from Eq. (13a)

CHF|q(0,0) o (H-Eg) (14T T T 24T Tyl ) [HE> = 0 (A1)

CCSD
Using Egs. (4), (5), and (12) we get

(Eg—E)th = z {2(ma|ma) — (ma| re)}t2

a

ki
+) (ma|ub)A2b— Y (7alsa)A2]
ab

28
=] (arlbo) {225 + 7022
ab
+ t5CaR [1] - 260321} (42)
where
AZb = /2 (C3b[1] + £2¢P) (A3)
1

BEE = (832 [1] + VB w22[2]) ()
O[] = VOET (BE — uznd) 5 11,2 (hs)

Eq. (13b) gives the equations satisfied by tg3]i]
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. 1
CHF|S (1] panp (F—B ooy 1+T1+T2+%Tl2+T1T2+%T22+7T,2T2+31TT13

1 .
T |IF> =0 5 i=1,2 (46)
or
Dopmatapli] = Agpli] + @G5 (1] + Iagli]
+IGR[E] + QR[] 5 i=1,2 (A7)
where Dgp,, AB[i] are given by Egs. (17) and (18), respectively, and

m2[i] = [1+P(mn)P(af)] ZEnBtC ZEBM (48)

m8[i] = (1=fp) 1Y (me|nd)FEG[i]
cd

+ (1=b5g) ™Y (na|vB)FRS[4]

(MY

— [14(=1) P (af)+P(mn) }+P(aB)P(mn)]
Y {(uBlnc)Gueli]—(uc|np)Cre[i]} (A9)

ne

ma[i] = [1+(=1) P (un)]) (ax|nb)H2mB[i]
ab

— [1+(=1)*P(aB)]) (ar|Bo)1228[i] (A10)

a
ng
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QEB(1] = —[(1—84g) (1=8ps) 1 ™1Y (sic|d)
kY
{[1+(=1) P (aB) IMEREA[1]
— LM (3] + [1+(=1) 1P (mn)] [M2SRI[i]

afpv aBpv
— Nedneli] — (2i~1)fore[i] 4[]} (A1)

The following definitions have been used

E2b[i] = /i- ?l {ab|rs) — (=1)i(ar|bs)} (A12)
F2b(i] = t2B[i] + (JVEI=T {t2tb — (~1)icbe2 (A13)
620[4] = £28[1] — () (~1) VT t2eb (A14)

HE2R(i] = mos(i] — t2R5[A] + [1+ (-1)'P(su)]pRa[1]  (A15)

IR0 [3] = OS] — 2926 [1] + [1+ (1) ™'P(be)]BB2E[1]  (A16)

1

7be[i] =5[2—P<ac>1t%t23[i] (A17)
be[i] = é[z — P(ru)] 62620 [i] (A18)

7s[i] =${2t?2[i] FVET [T+ (DR} (A1)
preali] = I [i] —KEE (i (A20)

Prouli] = IR0 (4] — Kabe(i] (A21)
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_1y)i+
seberi] = (CLLmiet eafebe 1] — B eho[2] —Stbee]  (A22)

22
K2be[i] = $ t2[2658 4] + 52T tbe¢) (A23)
L20ed[i] =%[—-i_—1 62 [i]eS8[i] + {e2B[i]eged

+ 1260684])] (A24)
Mebed[i] = % £20 1] Agd (A25)

NeBed[i] = [ (~1)eeR (1] {yZT-T td[i] + (~1)1321 2cd[2])
__ ¢+ab 2 3(2-i)/2 cd 17 + i i-14 ¢d 9
tes (214 tov(1] (ﬁ) tiv(2]}

+2{ti2 (1] 6580 + e [i1 6560} (426)
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APPENDIX B. SPIN-ADAPTED
MATRIX ELEMENT OF A(3)

The third order A matrix elements are defined in Egs. (45)—(47).
Introducing the spin-adapted double excitation operators of Egs. (7) and (8)
in the singlet case and the corresponding three operators /29/ for singlet to
triplet 2p—2h excitations we find that

A'(3)ma,n6=

~bunlx 3 {(BrI7e) —2(Ba| 7} {s22[1]2R[1]* + K28 (2] K2B[2]) %)

“a’\l‘J 1)

+ 1) {2(Balqa) — (falqo) H{s2B[1] AR [1]* + 2B[2] x3B[2]*}
P

+ 1Y (861 ym) {k28[1)R2B[1]% + A20[2] K2R (2] ¥}
2,

5 ) (881aq) {sSB[1]REP[1]* + KSB[2] 2 [2]*)
e

+ 1) (Balam){sER(1] + VBRGR[2] }*{2B (1] + vBu2R[2]}*]
3

—b,s[+ Y {(an|ma) — 2(mn|qa) H{2B[1]*K9R[1] + K2R [2]*A2k[2]}
28,

i ) {2(mm]77) = (m|my) 2R [11*w2R11] + k2R [2]*A58(2]}
8y
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+ 17 (bnjaq) {s32[1)*s2R[1] + A9E[2] *s2E[2])
aa

— 1Y (bn]ym) {s22[1]*k2B[1] + s22[2]*x28[2])
X3!

+ 1Y (mlan) {s29[1] + /3mR[2] *{s2B[1] + /3x2R(2]}]
Y

+ 17 [(Belab) + (Bb]qa)]amb[1]sag[1]*
b
78

+ 1Y [(Baldb) — (Bblaa)}snp[2] aig[2]*
bg

35 [(Ablae) (KY[1]K291]* — Lnb (2] sng 2] %)
b

—2Y (Balmy) (KZR[11REB[1]* + K2R (2] K22 (2] %}

Ry

+ 1Y 87170y (k29 [1] + 2ckmb 2] Hab[1] + Lacmnt2]}*

]

— 3 {45380 Ima) — J(Balnb) {21 a0 [1]* + 2R (2] s20[2]%)

-2 (53l n) — Lo | ) (20 (11820 [1]* + s2R (2] K20[2] %}
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zb (Brlub) (kz2[1] + Bgnab[2]) (s22 (1] + Launna[2]}*
2

1Y (BoImy) {s2B[1]Am2[1]* + s2b[2] K12 [2]%)

ab
Y

=3 ) (Boln){s23[1] —Lab[2) st (1] — —sma2])*
2 o

1Y [(nn]67) + (én[n)]s25[1]*k32[1]

38

Y [(mn]67) — (6n[my)]s2B[2]*x35[2]
2
2

2(6n|m7){aab *sgo[1] — g2k [2)*430[2])

—3 Y (nnjqa) {xBR[11*RGR[1] + A2R[2)*A33 (2]}

3

+ 1Y (anima) {xaB[1] + Scnab (2] (xR 1] + 1L3ckat(2])

&

—2 153 (e ) + H(m| 8a) }RER[1T*A2501] + a2R(2]*A25(2]}

~Y 555 @l th) — J(salan) Hstp 1] 6B 11] + e I2]*wER 121}
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LY (anf6e) (n28[1] + (ran (2] V(R 11] + gnge [2])

a8

+ 5 ) (6nlaa) (k2R [1]*s§2[1] + K2R [2]*xE2 [2])
%8

—%azg (én]qa) {x22[1] —%nﬁ’g (2] Pk 1] —%ng:m} (B1)

where S = 0,1 for singlet-to-singlet and singlet-to-triplet excitations, respec-

tively. The RS correlation coefficients xgfj[i] are defined in Eq. (21).
The A''(3) matrix involves the second order, singly excited states and
can be expressed as

AH (3)

mo, ng =

- b [2000127) - (Brlac)] " + [2(fal ma) ~ (fa] ra)] A3}
s b L(mmlan) —2(mn o))+ [(sal ) =2(on| 0]

—ﬁ(l—S){Z[(ﬂwlma)nﬁ* + (mal fn)s2]

~ Y[ (ne|an)sg” + (ma|Bn)x3]}

a
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— 42 (V[(nn)ac)sy" + (mn]fa)s2) - Y[(Balnm)ad” + (Balm)]nn])
a T (B2)

where &, is defined in Eq. (35).

The last third order matrix is given by the same expression as the

A(2) matrix (ref. 29, Eq. (C13)) except that whenever the k3] appears in
the expression, it should be replaced by the second order doubly excited
correlation coefficient

K28[i] =
[146) (1+809) 172 [ (1=808) (1=Bp) ) (0 €g=€qmen)

() [(2i-1)? [3(ra|ng){sn2[1] + yxn2[2]}

~ O (rajna) (B2 [1] + Bug2[2])

~ 5 (ralmg) (a2 1] + /Bna2 (21}

+ g(ralma) {s§2[1] + /K32 (2]}]

~ (nB|na) kB2 1] — (ralna) 32 3]

¢ ()F ((xBlma) 22 (1] + (valna)kE2[i])]

+Y (ma|nb)k2B[i] + Y (7a|60)ATg[i]} (B3)
ab L)
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1. INTRODUCTION

The advent of computers has accelerated the progress in
quantum chemical computations of atomic and molecular wave
functions and properties (see, for example, Szabo and Ostlund /1/
for a lucid and comprehensive introduction) at the Hartree-Fock
(HF) and more sophisticated levels such as CI, MC-SCF, MBPT,
Coupled-cluster, etc./2/. Vectorization and parallel-processing
have indeed revolutionized the entire computational chemistry and
physics scenario (see, for example Ostlund /3/; Clementi /4/).

A quantum chemist is now able to perform highly accurate
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calculations on reasonably large molecules. Less accurate
SCF-level ab initio computations can easily be carried out even
with the ubiquitous personal computer (see Colwell, Marshall,

Amos and Handy/S/ for a description of their "MICROMOL" package).
However, the inherently complex nature of the many-body problem
demands a large CPU time as well as enormous secondary storage
/6-8/. In particular, the Herculean task of evaluation of
numerous electron repulsion integrals (ERI‘s) has aptly been
described as "a long bottleneck" of quantum chemistry /8/. For
example, with the use of N real basis functions at the primitive

level, the number of ERI‘s denoted, in general, by
<ijlkl> = [ &r d® u(r)u (r)u (e du (r)/ (1)
ij = I rl r,u(r uj r uk r2 u tr, rlz

turns out to be (N4+2N3+3N2+2N)/8, for a simple Roothaan-HF-SCF
calculation. Typically, N~10° for a moderately large molecule,
necessitates computation of a staggering number (~1011) of ERI’s,
barring molecular symmetries. Several works that have appeared in
the literature (cf. Section 4 for further references) aim at the
estimation of the magnitude of an ERI in a certain prescribed
manner. A decision then is made whether the integral be
completely ignored, or, computed with a “differential accuracy
criterion’ /8/. However, strict boundedness (from above or from
below) of a given ERI is not rigorously ensured, except as in a
notable result due to Ahlrichs /8, 10/, valid strictly only for
integrals involving s-type Gaussians. The estimation of the
magnitude of the general ERI‘s carried out by Clementi /11/ in a
rather heuristic spirit, though reasonable, is not based on a
completely rigorous footing.

An attractive alternative to wavefunction-based calculations
is proferred by the density-functional theory (DFT) which has
hitherto been applied to a wide variety of atomic, molecular and
solid-state problems. The crux of DFT is manifest in the elegant
Hohenberg-Kohn/12/ theorem which proves that all ground-state

properties of a many electron bound state problem are unique
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functionals of its ground state electron density, p(r), which is

defined as p(r) = N [ d3r2 d3r3...d3rn|¢(r, r, ...rN)|2, Y being

2
the ground state wave function. In particular, the total
electronic energy E, as a functional of p, within the Born-

Oppenheimer approximation, emerges as
Elp] = j &’r plr)v(r) + Flpl. (2)

Here, v(r) is a one-body, multiplicative external potential, and
Flpl, is the universal HK functional, which comprises of two

parts : Tlp] and Ulp], the kinetic- and electron-repulsion energy
functionals, respectively. The functional U has, for its
ingredients, the ‘direct’, or the classical Coulomb part, Jlpl,
given by Jlpl = J d3r1d3r2 p(rl)p(rz)/(Zrlz) and the indirect, or
the exchange-correlation part Exc[p] = Ulpl - Jlp). The exchange-
correlation energy, Exc thus exclusively contains the quantal
piece of U. A practical, orbital-based procedure for implementing
density-functional calculations was realized with the inception of
the Kohn and Sham (KS) /13/ method. Thus, all the ground state
properties of an N-electron system are, in principle, derivable
exclusively from its ground state electron-density p(r), a far

more tractable entity than w(rl,r ,..,rN), the many-particle wave

function. In spite of this very sesirable attribute, DFT has a
major problem that the exact form of the universal functional Flp]
is as yet unknown and may never be realized in the future. In
fact, a serious drawback of DFT is that, while the exact forms of
the kinetic energy and electron-repulsion energy functionals are
all known within the wavefunction-based approach, their explicit
forms as electron-density functionals are unknown as yet. In
particular, the exact exchange-correlation energy density
functional, in spite of several attempts towards its accurate
representation, has thus far eluded an exact treatment.

Keeping in mind the above limitations, one may adopt the
following strategy towards an affirmative end. If a physical

quantity Q is explicitly unknown or is difficult to evaluate, a
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rigorous estimate of the quantity may be provided by upper and
lower bounds, say, U and L respectively, such that L = Q = U.
These rigorous bounds are useful in practice only if they (1)
closely bracket Q and (ii) can be readily computed. For certain
situations, only the upper (or, lower) bounds may be derivable.
The forms of known or unknown functionals may be imported from
those of the corresponding bounds, if necessary, by suitably
adjusting numerical constants in a semi-empirical manner. The
quantity of interest may then be replaced by its bound (in the
appropriate direction) within the variational machinery. Thus,
the quest for unknown functionals is facilitated through the
medium of inequalities. Such cases are indeed not rare in the
literature on the quantum theory of atoms and molecules. In
recent years, a variety of bounds to these functionals have become
available (for prototype results see Lieb /14/, Hoffmann-Ostenhof
and Hoffmann-Ostenhof/15/, Gadre et al./16/, Lieb and Oxford /17/;
Sahni and Levy /18/ and Arteca and Mezey /19/). The purpose of
this article is not only to provide a compendium of rigorous
bounds to the energy functionals and their ingredients within the
wavefunction- as well as density-based approaches; but also to
reveal their salient physical and mathematical underpinnings. The
present review-article is aimed at emphasizing significant
density-based inequalities for atomic and molecular energy
functionals. For the sake of completeness, a comparison will be
made with the corresponding wavefunction-based results, wherever
possible. Evidently, this will exclude studies on the standard
variation /20/ and perturbation approaches. A general study of
inequalities incorporating these as well as other related aspects
is currently being undertaken in our laboratory. Here, we work
within the time-independent, non-relativistic, extra-field-free
domain. Hartree atomic units (|e| =m_ = h=1) are employed
throughout this article (unless otherwise stated, where it would
be solely for the purpose of consistency with the elaborate

treatments in the literature).
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The organization of the present work is as follows. In
Section 2, the relevant developments of DFT are briefly outlined.
An overview of this formalism is imminent keeping in mind our aim

of reviewing rigorous inequalities for different electronic energy

functionals. It should be noted here that the contents of this
Section do not purport to be an exhaustive treatment of this
topic : we discuss only significant results of broad general
interest and those necessary for further development of rigorous
inequalities. For a more complete treatment of DFT, one may
consult excellent reviews and monographs such as those by
Parr/21/, March and Lundqvist/22/, Dreizler and da Providencia/23/
and Parr and Yang /24/. In Section 3, we present density-based
bounds to the kinetic energy functional and in Sections 4.1 and
4.2, those to the electron-electron repulsion energy functionals
along with their classical and quantal ingredients. Section 4.3
expounds on the bounds to ERI's and electrostatic potentials
evaluated by using Gaussian basis-sets. We connect these results
to the density-based bounds given earlier in Section 4.1 and

4.2. Section 5 presents certain other significant and rigorous
works on the total energy of atoms and molecules, including the
remarkable study on the stability of matter by Lieb /14/ and that
of Lieb and others on atomic and molecular negative ions /25-27/.
A review of Lieb’s /28/ rigorous results on DFT for Coulomb
systems and the nonbinding theorems of Teller /29/ and Balazs/30/,
is also presented. We now embark upon a review of the themes
presented in this article with an introduction to DFT in the

following Section.

2. SURVEY OF THE DENSITY FUNCTIONAL THEORY

The term "electron density” has been a part of the vocabulary
of chemists for the description of molecular properties,

reactivities, etc. for a long time. The seed of the concept of
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employing the electron density as a basic variable for the
description of an atomic or molecular system, existed in the
literature since 1927 in the Thomas-Fermi (TF) statistical model
for atoms /31-37/. However, only in 1964 did the Hohenberg-Kohn
argument formally rank the electron-density as a fundamental

entity.

2.1. The Hohenberg-Kohn Theorem

The Hohenberg-Kohn /12/ theorem, which is seminal to DFT,
may be stated in its original form as follows : For the
(nondegenerate) ground state (g.s.) of an arbitrary collection of
electrons moving under the influence of a local external (binding)
one-body potential Q Bv= 121 v(ri) and their mutual repulsion,
the electron density, p, is a unique functional of v and
conversely. The proof of this epoch-making theorem now follows.

In the Hamiltonian H = T+U+V for an N-electron system, the
kinetic-energy operator % and the electron-electron repulsion
operator G have universal operator structures. Hence, the
external potential alone fixes the nondegenerate g.s. wave
function whereby the density, p(r) evidently becomes a functional
of v(r). The proof of what is intuitively a rather non-obvious

converse follows by reductio ad absurdum.

Let, if possible, there exist two potentials, V and V',
differing by more than an additive constant and yielding the same

g.s. p(r). The ground state eigenfunctions of the respective

Hamiltonians H = %+U+V and ﬁ’= %+U+V’ are denoted by ¢ and y’.
Clearly, ¢ and ¢y’ are linearly independent, for if they were
identical (or, proportional), ﬁw = Ey and é’w = E’¢ would have
led to (ﬁ—ﬁ’)w = (E-E’)y¥. Thus, except for the nodes of Y (a set
of zero measure), V = V'+ const., which is contrary to the
hypothesis. The variational principle, in conjunction with the

nondegeneracy of the g.s., leads to the strict inequalities
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E= <plHly> < <« lijy> = E'+ [ a®r pr) (v(r)-v (r))

een (3)
and

E'= <¢'|ﬁ'|w'> < <¢|ﬁ’|¢> =E + I a’r plr) (v (r)-v(r)).
e (4)

Addition of (3) and (4) leads clearly to a contradiction viz.
E + E’ < E + E’; thereby establishing the mapping v(r) ¢ p(r).
The converse, by virtue of which the ground state electron
density can unequivocally be looked upon as a signature of the
system, forms an important part of the HK theorem. For example,
to an X-ray crystallographer interested in the determination of
electron densities, the following argument may be appealing :
Given a full three-dimensional p(r) map, locate the "cusps" at the
respective nuclei to obtain the corresponding nuclear charges.
These, along with their respective positions, fix the external
potential. This argument was first given by Professor E.B.
Wilson.

All the g.s. properties (and, in particular, the energy, E)
become functionals of the corresponding p(r) by the HK theorem.
It was further established by HK that the functional Ev[p] in
fact attains a minimum w.r.t. arbitrary variations in the density,

for the g.s. pg S(r), viz. one can establish the bounds

Ev[p] = J a’r p v + Flp]
z E [p ]=fd3rp v+Flp 1T, vee (5)
v  g.s. q.s. q.s.
Here, Flp] = <y|T+U|¢> (for normalized y's leading to a given V-

representable (cf. Sec. 2.2.2) p) is termed the universal HK
functional since it does not involve the external potential V
whereas the operators % and G bear universal structures.

An extension of the HK theorem to degenerate g.s. has also

been worked out. Parr et al. /38/ pointed out that only a minor
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addition is necessary to generalize the HK theorem to cover
degenerate g.s. as well. A proof to this effect has been
explicitly presented by Katriel et al. /338/ and also by Englisch
and Englisch/40/, which is outlined as follows: Let the manifolds
of g.s. wave functions corresponding to V and V’ be denoted by
{Y} and {Y’} respectively. Clearly, these two sets are disjoint.
Now, assume that for some y € {y} and ¢’'e {Y’} one has the same
plr). Following HK, one obtains E = <w]ﬁlw> < <w’|ﬁlw’> =
E'+ [ dr (v-v’)p. Likewise, E‘'< E + [ dar (v’ -v)p; leading at
once to a contradiction, thus establishing the HK theorem for the
degenerate case as well.

As an initial orientation, HK applied their method to an
ideal electron gas of almost constant, as well as slowly varying
densities, leading to a functional- perturbation expansion of the
total energy functional El[p]} (termed the "gradient expansion",
representing, in a series, the deviations from the homogeneous
density-case) that involves functionals incorporating gradients of
the density to various orders. Adopting the form of the kinetic
energy functional from the homogeneous electron gas case and
dropping out the exchange-correlation part yields the well-known
Thomas-Fermi energy functional as a limit. Consequently, the

quasiclassical TF energy functional for an atom is given by

2,2/3 /3

ETF[p] = (3(3n") - Z f d’r p/r + Jlpl.

cee (8)

/10) Idgr 0>

Here, Jlp] denotes the classical Coulomb repulsion energy defined
earlier. The minimization of ETF[p] in Eq. (6) w.r.t. the
appropriately normalized electron density, p, ylelds the
celebrated TF equation/31-35/. Simplicity and universality of the
neutral-atomic properties are the forte of the TF theory.

Several refinements of this model may be found in the
literature /34, 35, 41-43/, the most well-known being the Thomas-
Fermi-Dirac(TFD) and Thomas-Fermi-Dirac-Weizs#icker (TFDW) models.

The TFD functional incorporates an additional term (free electron
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exchange) = -~ (3(3/n)1/3/4) J d’r p4/3; a further addition of the

inhomogeneity term Tw = J a’r (Vp)z/(8p) leads to the TFDW model.

Thomas-Fermi and related theories are very interesting from
a mathematical point of view, especially for a study /44-46/ of
inequalities. That the TF theory becomes asymptotically ( i.e.
as Z > o ) exact, in the nonrelativistic limit, has been shown
explicitly by Lieb and Simon /45/.

It may thus be seen in retrospect that the above statistical
models employ rather simple yet explicit approximations to the
ingredients of F[p]. For real atomic and molecular systems,
however, it is difficult to represent Flpl rigorously and
universally. Several attempts have been made /23, 24/ to seek
good approximations to F[p)] and this search still continues. A
fair amount of success has been achieved in approximating Fip]l
for atoms and molecules /47, 24/. For treatment of solids and
surfaces, decent density-based approximations to the exchange-
correlation functional are indeed indispensable (see Lang /48/
and references therein). Despite these practical successes, the
exact explicit form of Flp] has escaped the search. To sum up the
scenario, we quote here Epstein and Rosenthal /43/ verbatim :
"Since its discovery, the HK theorem has been a continued source
of inspiration and interest. Nevertheless, it is probably fair to
say that the theorem itself remains somewhat mysterious primarily
because it remains an existence theorem only : one does not know
how to write down explicit formulas for the various functionals of
the density whose existence is guaranteed by the theorem". This
fact, reflecting on unattainability of equalities, makes DFT a
natural stage upon which inequalities play their role.

It may be noted that the original HK derivation tacitly
assumes the existence of an antisymmetric N-particle wave function
corresponding to a g.s. p(r) for a given v(r). Thus, the HK
theorem naturally entails N- and V-representability conditions,

with which we shall deal in the following subsection.
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2.2. N- AND V- Representability Concepts
2.2.1. N-representability (NR)

A given (trial) density p(r) is said to be N-representable
if there exlists at least one N-particle antisymmetric wave
function leading to p(r). The NR of electron density in fact
forms a special case of the problem of NR of fermion density-
matrices /50/. Only the necessary conditions for NR of density
matrices are hitherto known : not the sufficient ones. Conse-
quently, the general NR-problem remains unresolved. However, the
constructions by Gilbert /51/and Harriman /52/ show that all
normalizable non-negative densities are indeed N-representable.

Gilbert /51/ devised an explicit geometrical construction to

i)
=% g (r) where 0 = n_ =1 and the f ‘s are real, non-negative
FS j j

decompose a given p(r) =2 0 into a sum : p(r) =25 n_f (r)
j

functions normalized to unity. A set of functions ¢k(r), given
by ¢k(r) = exp[iwk(r)] fhe(r), with phase factors (wk} was then
introduced. Subsequently, exploiting the flexibility offered by
the problem, it was conjectured that these phase factors can
always be selected so as to make the corresponding {¢k} an
orthonormal set.

Harriman /52/ concretely demonstrated Gilbert’s
construction for a one-dimensional density p(x) normalized over
[a,b] by setting f(x) = 2n {x plyl)dy, so that the equidensity
orbitals defined by ¢k(x) = (p(x))l/2 exp(ik f(x)) [ for k = O,

+ 1, £+ 2, ... ) form an orthonormal set. Further, a three -
dimensional generalization of this construction was also proposed
by Harriman. This synthesis of corbitals from a given density is
of course, carried out a posteriori. Moreover, these orbitals are
not eigenfunctions of a Fock-type operator, since energy
minimization has not been alluded to, in this scheme. On the
other hand, the atomic/molecular orbitals as visualized by quantum
chenists are far from equidensity ones! However, an important

application of the Harriman construction lies in the orbitals
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being harnessed for obtaining rigorous bounds to the kinetic

energy (cf. Sec. 3).

2.2.2. V-representability

A given trial density p(r) is V-representable (VR) if there
exists some multiplicative external potential VL = § vL(Pj),
which has p(r) for its g.s. density. General conditions for the
V-representability of a given p(r) are yet unknown. However,
Levy /537 circumvented this problem by an ingenious construction
outlined below : Define a functional Q[p] which searches over the
set of antisymmetric wave fu?cti?ns {wp), all leading to p, and

then delivers a minimum of <T + U> as
[p] = Min {< % + G > > . (7)
ale) = 1 {wpl w21 v, p}

This construction which closely resembles that used by Percus /54/
for non-interacting systems. For a vivid pictorial representation
of the constrained search procedure see p. 59 of Parr and Yang
/24/ :Note, however, that the problem of search over a non-
denumerably infinite set of wave functions cannot be overcome in
practice ! Levy further proved a rigorous bound, viz. fdsr v p t+
Qlpl =z E . where the equality is attained only when p = p .
This progf AOes not allude to V at all and thus makes redun&lné
the VR of p; and, is further not restricted to the non-degenerate
ground states. Additionally, if p is VR, then the functional Q
coincides with the Hohenberg-Kohn functional Flp]. An inequality
for Flp] is further obtained /24/ by restricting the choice of
wave functions (leading to p) to a particular subspace S of the
N-electron Hilbert-space, viz. Flpl = Min{<¢|%+6|w> | ¥ = p, ve
S}. Levy /55/ subsequently used this construction to obtain the
following theorem regarding the "marriage", i.e. an exclusively
bijective map, of ground state densities to the respective
external potentials. Suppose that we are given g.s. densities

P Py s P corresponding to different inequivalent external
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potentials ViV Ve Suppose further that we do not know their

exact correspondence. The matching is achieved by minimization of

o, B, ..., B _ 3
G1,2,..., = I d’r [vlpa + VaPg + ..+ vmp“] . (8a)
The minimum is reached only when a =1, =2, .., g =m

Otherwise, one has a strict inequality

m
Q,B,...,“ >-[ 3
G1,2,..., - d’r [j§1 v, pj] . (8b)

Thus, vide the Levy construction, the proof of HK-like theorem
is no longer vitiated by non-VR of the trial densities.

Levy’'s elegant formulation of Q[pl], of course, has no more
direct practical applications than those offered by the original
HK functional, Fl[p]. However, this work has engendered several
important formal studies such as the momentum-space DFT /56/;
excited states /40,57/; scaling properties of the functionals
involved /142/ as well as detailed investigations of the
mathematical structure of functionals for Coulomb systems /28/.

Henderson /56/ transcribed the Levy construction to
momentum space and established the inequality Gly] + [ d3p y(p) x
p2/2 f AEg.S'(equality iff ¥ = yg_s.) . Here, G[y] =
Min <¢|U + V|¢> searches over all antisymmetric functions ¢ of the
momentum variables leading to a given trial momentum density ¥(p).
Note that unlike the Levy functional Q[p], the functional Gly] is
not universal since it inherently involves the external potential
V, rendering direct p-space calculations rather difficult. Smith
et al./58-60/ independently put forth the p-space extension of the
Levy construction. Only one direct, momentum-density-based model
for atoms has so far been developed, by Pathak et al. /61/.

Levy /55/ further classified the general VR problem into
four different types. The VR of HK is termed interacting wave
function- or pure state (PS) VR. If p belongs to a g.s. wave

function of some noninteracting H =T + V (with V =
= eff eff
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v
1 eff

said to be noninteracting-PSVR. A density p could also be

(ri)), where v is not restricted to a Coulomb case, it is

ensemble-VR of either interacting or noninteracting type. The
Kohn-Sham (KS) theory /13/ assumes that reasonable densities are
simultaneously interacting- as well as noninteracting-PSVR, as
will be seen in Section 2.3. Levy /55/, with the help of a simple
and convincing construction, clearly demonstrated that this need
not always be the case. His argument may be outlined thus :
Consider an ensemble (wk} of (degenerate) many-particle g.s. wave
functions of a Hamiltonian H, and introduce the density matrices
p'M =Tdy (17,2, ., W) (1,2, ..., N) ; 0=d =1 and
Sd =1;p(r)=3dp (r); p (r) =<y |p(r)]y> with p(r) =
ga(r-ri). An elementary HK-like theoreT dictates that p canTot
belong to a g.s. wave function of any H’ which differs from H by
more than an additive constant. Thus, to rule ocut PSVR in this
case, it only remains to be shown that there exist no constants
such that p(r) = ? % <a1¢i|£(r)|ajwj>. This implies by the above
expression for p(r), the pointwise (i.e. for all r) requirement
that, | X (5 d - a:aj) p,,(r) = 0 which will not, in general,
lead to a solution (except for q = 2) for the a barring some
pathological linear dependencies. Thus, for example, the electron
density for a noninteracting Ne ion written in terms of the core
orbitals and the 3s, 3p and 3d orbitals (that are totally nine-
fold degenerate) is far from pathological but is still not
noninteract ing PSVR.

Englisch and Englisch /40/ discussed the problem of non-VR
densities in detail. Hohenberg and Kohn (1964) had believed that
the complementary set of non-negative integrable densities
contains, but only "pathological"” examples. Englisch and
Englisch, on the other hand, constructed several examples of
non-VR densities some of which are (to quote them verbatim)
‘trivial’ but had not been pointed out earlier in the DF
literature, e.g. (i) If p(r) has zeros, it cannot be g.s. density

of a one particle-system with a nodeless ground state. This
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argument is also valid for more than one boson (but is not
strictly valid for fermions). (ii) If p(r) does not fall off at
least exponentially, y = pl/2 is an eigenvector of ﬁ=—V2/2 +
(VZW/¢) with the eigenvalue zeroc, leading to an unstable ground
state.

Englisch and Englisch also presented some "nontrivial"
examples of one-dimensional densities which are non-PSVR

(£+1/2)}2, for instance, for small |x|, with a, b

plx) ={a + b |x]|
>0 and 0 < € < 1/2. Their argument proceeds as follows : for an
arbitrary ¢, the function V - E = (Vzw /(2¢)) can be singular at
certain countable number of locations viz, the nodes of ¥ .
However, if there exists a test function ¢ € LZ(RG) such that
<¢|V|¢> is infinite, then the discontinuities in V occur over a
set with a nonzero measure. The choice Y = p1/2(x) 2> Y = dy/dx =
(e + 1/2)b|x|8_1/2 e L%(~1,1) leads to finite kinetic
energy. Take a test function ¢ = 1 over (-1,1); then setting

E = 0, gives rise to the inequality

I:dx $> v = I:dx 2P /y) = (c/(a+b)) Iidx |57

[Here, note that ¢ = b (€2—1/4)_1< 0]. This unphysical result
clearly indicates that pl/z(x) cannot be a ground state density
corresponding to any V, thereby illustrating the existence of
non-V-representable densities.

Katriel, Appelloff and Davidson /39/ carried out numerical
tests on V-representability of ‘smooth’ densities in one dimension
and they found no indication of non-VR. More recently, Kohn /62/
showed that if p(r) is a discrete density on a lattice (enclosed
in a finite box) associated with a nondegenerate g.s. of an
external potential, v(r), then the density p’(r) = p(r) + p E(r)
is also VR. Here, E(P) is an arbitrary density obeying [ a’r pl(r)
= 0 such that 5(?) = 0 at the boundary of the lattice, u being a
small constant. This study implies that the non-VR may not pose a

serious problem for a class of well-behaved electron densities.
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It may be reiterated that the problem of V-representability
is an artefact of the density being used as a basic variable : the
wave function - based treatments are free of this obstacle. In
practical applications, however, V-representability is always

tacitly assumed.

2.3. The Kohn-Sham (KS) Method

An important development was made by Kohn and Sham /13/
rendering the density-functional-theory, amenable to practical
applications, describing actual, interacting many-particle
systems. Kohn and Sham (KS) established that the density-based
variational principle is operationally equivalent to sclving
Hartree- or Hartree-Fock like single-particle equations, viz. the
KS equations. It is here that DFT makes its contact with a
Schrodinger-like description. The KS theory thus makes it
possible to establish a much warranted direct link with the
orbital picture.

To accomplish the variational minimization, KS broke up the

HK energy functional into the following ingredients

— 3 KS
Elpl = T [p] + Jlp] + j & v_ () plr) + E [p]
+o+ (10)

The first term on the r.h.s. is the noninteracting, "single-
particle" kinetic energy functional, the second being the
classical part of the interelectron repulsion. The third term
represents the coupling with the external binding potential, while
in the last one are buried the terms : the guantal part of
electron repulsion, (U-J), (the usual exchange and correlation
effects) and the ‘missing’ kinetic energy piece (T-TS). The sum
total of these two parts is termed the KS exchange-correlation
energy functional, Eij[p]. The philosophy underlying the KS
theory is as follows: The interacting many - electron system at

hand is simulated by an equal number of noninteracting electrons
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immersed in a field of a common effective one-body potential,
vs(r); a theme analogous to the familiar concept of a
self-consistent-field. The KS-theory leads to the following set

of one-electron equations :

{-\72/2 + vs(r)} 9 (r) =€ ¢(r) (=12 ...N
eee (11)
with T =_§1<¢,|—V2/2| ¢ >. The subscript "i" running from 1 to N
s 1= 1 1
lables the lowest lying energy levels € The orbitals ¢ (r) are
1

called the KS-orbitals and the effective potential vs(r) is

given by

ve) = v (0) « [ p(er)/] port| + SELTp1/B0(r)
s ext Xc
o (12)

The first two terms occur Jjust like they do in the Hartree theory
while the last one, the functional derivative of the KS exchange-
correlation functional, represents purely quantal effects.

Popular approximations to this term are indeed replete in the
literature. Implicit in the derivation of KS equations is the
assumption that an interacting, V-representable density is also
noninteracting V-representable /63/. It must be noted that the
Kohn-Sham orbitals, by themselves do not carry any physical
meaning : but the sum of their squares does, as it simply yields
the ground state density of the system. After solving the KS-
equations self consistently, they yield, in principle, the highest
occupied orbital energy €y (that has connections with the electro-
negativity) as well as the ionization potential, besides the
density and the ground-state energy.

Hadjisavvas and Theophilou /64/ formulated a "rigorous"
Kohn-Sham (KS) theory, in that, the V-representability was
bypassed and the variables of the theory were N-particle single
Slater-determinants, ws, with finite kinetic energy, i.e.

<Y |T|¢ > < » (For a discussion on the finiteness of the kinetic
S 5
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energy, refer to Section 3). Defining appropriate functionals,
this study formally enabled Hadjisavvas and Theophilou to
construct the Kohn-Sham orbitals a priori through a variational
principle. Even though the Hadjisavvas-Theophilou functional
does not necessarily equal <w|ﬁ|w> for an arbitrary Hilbert space

Y, the minima of these two functionals exactly coincide, thereby

establishing a variational principle over the space of single
Slater-determinants.

The Xa—scheme represents a method for a speedy implementation
of atomic and molecular-structure calculations. The essence of
this method is the approximation of the nonlocal HF exchange term
by a local functional, viz. —a(3(3/n)1/3/4) fdar pq/g(r). It was
identified only in hindsight that the Xa— method is a realization
of the KS-scheme employing a local exchange (-only) potential/g65/.
One of the early methods for a practical computation of o was
proposed by Schwarz /66/. Slater /87/ observed that the Koopmans
theorem is not obeyed within the Xa—approximation, and
subsequently devised an ingenious method for computing ionization

potentials, viz. the transition state method, which was put on a

more formal footing by Janak /68/. Janak proved that BE/ani =€
within the KS-scheme in general, where the subscript "i" lables

an occupied KS-orbital with occupancy ni and orbital energy ei,
irrespective of the choice of the KS-exchange-correlation
potential. Using this theorem, one can readily derive an
approximation to the ionization potential, I, which is given by
the integral gldni(aE/anl) = Ei(O.S), by the mid-point rule of
numerical quadrature. Here, €(0.5) denotes the energy of a half-
occupied orbital. This procedure can be identified with the
Slater transition-state scheme. Janak’s theorem is applicable to
any choice of the exchange-correlation functional. A multitude of
exchange—-correlation potentials have been used in the literature
/23,89/. Gopinathan et al. /69/ formulated a scheme for computing
the spin- dependent a-values for atoms. More recently, Gopinathan

and co-workers /70-71/ have developed highly accurate KS-based
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atomic models incorporating the Fermi- and Coulomb-hole
considerations. It may be noted here that a formal treatment of
spin-polarized DFT was proposed earlier by several researchers
/72-74/. Perdew and Zunger /75/ for the first time, formally
established that a fully occupied KS-spin-orbital, in general,

does not satisfy the strict requirement

J [piG] * Exc[pia,O] =0, (13)

where i refers to the orbital-index and o, to the spin-index, P
being the orbital spin-density. This prompted them to propose a
self-interaction-correction [SIC] leading to the exact orbitalwise
cancellation of the Coulomb- and exchange-correlation terms in

Eq. (13). The modification does not conform to the KS-scheme in
the strict sense, in that, the effective KS-potential now becomes
orbital-dependent. Incidentally, an earlier study by Gopinathan
et al. /69/ within the Xa~scheme, had also alluded to the self-
interaction correction.

A notable contribution of DFT is towards consolidation and
quantification of the often-used chemical terms such as electro-
negativity /38,76/ and hardness/77/. Electronegativities of atoms
within the Xa—theory were computed by Bartolotti, Gadre and Parr
/76/. These authors employed the definition of electronegativity
¥ within DFT, proposed earlier by Parr et al. /38/ viz. x = - u =
- (5E/6p)v, where i, the chemical potential, stems from the

stationary property

5 {Ev[p] - pf a°r p} -0 . (14)

For a further comprehensive review on electronegativity and
hardness consult Sen and Jorgensen/78/and Parr and Yang/24/. In
the works cited above, it has been implicitly assumed that the
plot of electronic energy against the number of electrons for
atomic systems is continuous. However, as argued by Perdew et al.
/797, it turns out that the E vs. N curve is continuous but

piecewise linear, giving rise to derivative-discontinuities
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precisely at integral number of electrons. The convexity of the E
vs N curve for atoms was also postulated by Lieb /28/ from which

emerges the inequality

EV(N+1) + EV(N—l) z 2 EV(N) (18)

Even though all known electronic systems seem to conform to
inequality (15), no rigorous proof to this effect exists as yet.
Incidentally, within the KS framework, the negative of the
highest-occupied orbital-energy turns out to be the exact

ionization potential /38,80/.

2.4. Some Further Noteworthy Aspects of DFT

From the above discussion, it is evident that the HK-type
arguments are valid strictly only for the ground-state of a
many-electron system. Formal extensions to excited states have
also been developed /81,82,83,57/. It is noteworthy, however,

that the much warranted practical applications to the theory

of excited states of atoms and molecules are extremely scarce
to date. The scaling properties of various energy-density-
functionals were systematically studied for the first time by
Szasz, Berrois-Pagan and McGinn /84/. It is well-known within
the wave function domain /85-87/ that TA =A% T and VA = AV (for
Coulombic systems). Here, A denotes the uniform scaling factor
of the electron co-ordinates; TA = <¢A|%|wl> and VA = <¢A|Q|wh>.
Here, the original wave function w(rl, Lo oo rN) has for its
scaled version, wA = ABN/ZW(Arl, Arz, e, APN). Of course,
scaling arguments alone do not lead to unique forms of energy
functionals but enable one to eliminate the functionals that do
not satisfy the correct scaling requirements.

Inclusion of temperature in DFT /88/ leads to an HK-type
theorem : The thermodynamic grand potential attains a minimum
for the exact density matrix which is determined uniquely by the

external potential /88/. More recently, Léwdin /83/ has discussed
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some further thermodynamical inequalities. Unlike its
thermodynamic counterpart, the extension of the HK theorem to a
general class of time-dependent external potentials is not
possible. However, minimal principles applicable to harmonically
varying external potentials v(r,t) were established by Peuckert
/80/, Bartolotti /81/, and Deb and Ghosh /92/. A somewhat
restricted extremal principle encompassing a far more wider domain
of general external potentials, v(r,t) has recently been presented
by Runge and Gross /83/. Time- and temperature-dependent
frameworks, however, fall outside the scope of the present review
article.

In this Section, an attempt has been made to summarize
important contributions to the density-functional-theory : we make
no claim for its completeness. An account of only fundamentally
significant contributions to DFT, along with those that have a
direct bearing on further inequality-related developments has been
given. In this light, we now focus our attention on the
ingredients of the universal HK functional, Flpl. In particular,
we discuss the kinetic energy and the electron-repulsion pieces
incorporated in F[p]. In the following Section, we present an
exhaustive discussion of rigorous bounds to kinetic energy treated
as a functional of the wave function and separately, that of the

one-electron density.

3. BOUNDS TO KINETIC ENERGY FUNCTIONALS

Within the conventional wavefunction-based approach, the
kinetic energy T of a system bears an exact, known universal form:
T = <WI§—V?/2|¢>. On the contrary, the kinetic energy-density-
functional does not enjoy such a privilege. This calls for a more
detailed treatment of the kinetic-energy-density functional with

which we begin this Section.
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3.1. Density Matrix based Bounds to Kinetic Energy :
The March-Young /94/ Result

March and Young /94/ (MY) appear to be the first ones to have
systematically studied the general variational methods based on
the first-order reduced density matrix. For some earlier related
works, consult Macke /95,96/. It may be further worth noting that
the March-Young paper precedes the formal birth of the DFT, viz.
the Hohenberg-Kohn work. We reproduce here the MY argument for
the one-dimensional case. The basic idea in their treatment is to
approximate the first-order density matrix, F(X’Ix) which obeys
the normalization condition, viz. I: dx F(x|x) = N, the number of

particles, and also the idempotency condition, viz. Im dx"  x

[(x’|x") T{x"|x) = I'(x’|x) . For example, consider the expression
172
T(x’|x) = {(dy/dx)x,(dy/dx)x} Fo(y(x’)|y(x))
_ , 1/2 , .
= (y; ]y )77 Ty {y) (16)
where, yi denotes diy/dxi for 1 =1, 2, 3; FO refers to a density

matrix for a known problem and I' is the trial one to be used for
energy minimization :

o0 o0
E = -(1/2) J dx [BZF(X'IX)/BXZ] ,F J dx T'(x|x)v(x),
do x'= x 4
cee (17)
v(x) being a local potential. It can be readily verified that
F(x’|x) in Eq. (16) satisfies the normalization and idempotency

requirements if FO does so. The final expression for E in terms

of FO turns out to be, with the use of Eq. (16) and Eq. (17),

o0
o .2
E=-(1/2) Imdx [(y3/2 yz/(4y1)) Fo+ 2yly2 BFO/ay

(++]
+ yf azro/ayzlx,:x + J‘ dx T_(x|x)v(x) <o+ (18a)

-0

By employing Fo(x’|x) generated by plane waves of the type
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exp(2mivx) for integral v-values running from - m through + m, for
N=2mor N=2m + 1 (m being an integer z 0) viz. F(x’lx) =
sin(Nr(x’-x))/sin(n(x’~x)); one obtains, in terms of the electron
density p(x) = I'(x|x),

o o0
E = [n° (N>-1)/(6N%)] J dx p° + (1/8) -[ dx (dp/dx)/p

-0 o

+ I dx p{x) v{x). +«+ (18b)

Now, consider the exact solution to the eigenvalue problem (with
the potential v(x)) to be ¥ and the corresponding density, p.
Since the potential energy ingredient is identical, the ground
state has a minimum kinetic energy, Tly] leading to a rigorous
bound
[v1] 0
2 2 2 3 2
Tlyl = (22/8) ((N*-1)/N?) Idx p°+(1/8) f dx (dp/dx)?/p.
i 4] =
<o+ (19)
The second term in the above inequality represents the full
Weizsdcker/97/ correction, in one dimension.
March and Young subsequently carried out a straightforward
extension of this logic to three-dimensional problems with
r(r’|r) = [J(r") J(r)1Y7?

co-ordinate transformation from r to R(r). However, as has been

FO(R’|R) and J denoting the Jacobian of

aptly pointed out by Lieb /98/ and Miiller /99/ (as quoted by
Siedentop 7100/, the existence of transformation R(r) is not
always guaranteed. A general conformal transformation from the
three-N to three dimensional space is not always guaranteed. FO

was chosen by MY to bear the form
3

r(r'|r) = T sin(Kn (x.- x ))/sin(m(x’ - x)) , (20)
i=1 i 1 1 1 1

suggested by their one-dimensional progressive wave case. Here,
Kl's are positive integers subject to K1K2K3 = N. With this case,

one obtains a bound
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Thyl = (1/8) K + Ko + K. - 3](n2/N2/3)J & o2

+ (1/8)J. Cr(vp)%/p cee (21)

Considering a set of plane waves given by wk =
exp[2ni(ki—g)~r] where k has integer-valued compoﬁents and g, a
constant vector, MY obtained, in their special "conformal" case,

an upper bound to T[y] as

3

Tly) = 27° € J &Cr 252 + (1/8) Id% ve)?/p (22)

where constants CN were determined by them numerically. The
coefficient CN varies rather slowly with N, e.g. C10 = 0.21869,
C27 = 0.2222 and C89 = D0.2314.

The MY work indeed 1is a pioneering attempt resulting in
density~-based upper bounds to T{y]. As it precedes the HK work,
it is not surprising that the V-representability problem of
F(r(r’) was not even raised. It may be noted that both
Miller /99/ and Lieb /28/ have pointed out that the result (22)
needs restriction in the proof, and that the inequality (19} is
valid for an arbitrary number of N particles only in one

dimension.

3.2 Density-Based Upper and Lower Bounds to Kinetic Energy

Lieb /287, in a general study of Coulomb systems (to be
further detailed out in Section 5) summarized rigorous upper

bounds for bosonic and fermionic kinetic energies, viz.

Tlyl = Tw[pwl {bosons) (23)
and
Tly] = 16n° N° T te,] (fermions) . (24)
N
B 172 1/2
For bosons, set w(rl, Pooeenns rN) = 121 p (ri)/N

{a Hartree-like product); each term contributing Tw/N’ leading

directly to the inequality (23). Further, with the help of a
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general inequality due to the Hoffmann-Ostenhofs /15/, viz.

Tyl = Tw[Pw] ) (25)

one may notice that the inequality (23), in fact, turns out to be
an equality for all bosonic systems, in that there exists a
(Hartree-type) product wave function yielding T[y) = Tw[pw]. of
course, an arbitrary ¢ leading to a given p is not guaranteed to
satisfy this equality.

For fermions, an orthonormal set
¢ (r) = (p(r)/N) 2 explik £(x)) (26)

is generated with the prescription (cf. Harriman’s /52/ work

outlined in Section 2)

X [+4] 00
f(x) = (2n/N) i ds(J dtd[ du p(s,t,u) . (27)

One then obtains

o0
veye (znk/N)zj &f(s) ds

-c0

N T’ |ug |® = [ & (v
e (28)

where gz(s) stands for_gm_£m dt du p(s,t,u) = Zﬂgs gly)
[dg(y) s/dyldy. The desired result is obtained by noting that

0 o
dg/ds = 2 l I 0 2(arsas) Up'? dt du (29)

(2]
which, in conjunction with the Cauchy-Schwarz inequality gives

«Q
J}' ds (dg/ds)® = jdar (vp!?)? . (30)

A subsequent use of the Cauchy-Schwarz inequality followed by some
algebraic simplifications, together yield the desired result, viz.
the inequality (24). This bound (24), due to Lieb is, however,

rather weak in general. In particular, for a one-electron system,
Tly¢] must equal Tlpl, but (24) grossly overestimates the kinetic

energy.
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Zumbach/101/ obtained a stricter upper bound for the kinetic

energy of fermions, viz.

T(y] = { 1+ 45 (am)? (N/q)?3/5%° } T,lp,] ) (31)

q here being the number of spin states. Zumbach’s construction is
basically the same as that employed by Lieb, and the filling of
orbitals is akin to the MY arguments, but the spin of the
particles is taken into consideration explicitly. The constant
accompanying unity in the numerical factor of the inequality (31)
is obtained by inspection of the trend of the energy levels for a
three-dimensional rigid box, with increasing N. However, it
becomes tighter in comparison with (24) with progressively
increasing N.

The subtle difference between the philosophies of MY on the
one hand and that of Lieb and Zumbach on the other, may be noted
here. In the MY approach the kinetic energy obtained from the
energy-minimizing first-order density matrix F(rlr‘) obeys the
bounds (19) and (21), wherein p(r) on the right equals I'(r|r).

The Lieb and Zumbach approaches ensure Jjust the existence of an

antisymmetric ¢ (leading to a given, fixed density p), such that
the inequalities (24) and (31) hold good. In the MY treatment,
the N-representability of the density matrix is assumed, and the
result is limited only to ground states, owing to the use of the
variational principle. The Lieb and Zumbach results, however, are
valid in a wider domain, i.e. for any (not necessarily the ground
state) given well-behaved density. It may be reiterated, however,
that in general, arbitrary wave functions leading to a given p do
not conform to the bounds (24) and (31).

We have reviewed above some upper bounds to the kinetic
energy functional. Lower bounds to the kinetic energy (fermions
or bosons) were derived by the Hoffmann-Ostenhofs /15/ and later

also by Lieb /28/. gtarting with the definition of the one -

particle density
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_ 3 3 3 2
pw(rl) =N I dr, dr, ... d Ty | w(rl,rz, . rN)| ,
«+e (32)
one obtains V p(r ) = N [ a’r & d’r (w*V U o+ v *)
LAY 2 3 N 1 v 1w
Use of the Cauchy~Schwarz inequality leads to the bound
Tlyl] = Tw[pw] , (33)

which means that the kinetic energy is bounded from below by the
corresponding full Weizs#cker term.

The equidensity orbitals /52/ (cf. Eq. (26)) which differ
only in their phases ensuring orthonormality, have further been
put to use in the literature for obtaining the kinetic energy
density. For example, Ghosh and Parr /102/ systematically
constructed such a set of orthonormal orbitals, for the case
involving exclusively spherically symmetric s-type atomic
orbitals. With the choice y (r) = (p(r)/N)? exp [2mikA(r)],
they noted that kx can, in addition to integral values, take half
odd-integral values as well. Here, A(r) is the fractional charge
= érdr'p(r’) 4nr’2/N, contained in a sphere of radius r. Thus,
they obtained an approximation to the (nonlocal) kinetic
energy density t(r,p) = (dp/dr)z/(8p) r2nt(1 - 4/N2)r4p3/3, This
result holds when N, the number of electrons equals 4n + 2 for
nonnegative integral values of n. They also obtained a similar
result for other arbitrary integral N-values, and further
generalized their result to three dimensions. Ghosh and Parr also
proved the molecular virial theorem in a form particularly suited
to DFT. Note that Harriman /52/ and Ghosh and Parr /102/ have
exploited the equidensity orbitals for obtaining bounds to the
kinetic energy. For a critical appraisal of these orbitals, refer
to Ludefla /103/ and Capitani et al. /104/.

Yet another lower bound to T[y] for spin-1/2 fermions, was
derived by Lieb /14/ in his celebrated work on the stability of

matter. This bound reads
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Tly] = To[pwl/(4n)2’3. (34)

For a general fermion-system with q spin-states, an additional
factor of q2/3 appears in the denominator of the right side of the
inequality (34). Implicit in the derivation of the above result
is the assumption that the wave function i1s normalized to unity.
The proof of (34) is based on the following theorem (Theorem 2 of
Lieb /14/ ; see Section 5 for a discussion of related works).

Let V(r) be a nonpositive, local, multiplicative one-body
potential. Let NE(V) denote the number of eigenvalues {counting
the appropriate multiplicity whenever degenerate) of the operator
-2 4 V(ir), that are all less than or equal to a prescribed
negative energy value E (for this derivation we deviate from using

Hartree units), is bounded from above as

N(V) = (am) Tt (2|E)) T I & | vir) - B2 |2, (35)

where |[f(r)|_ = |[f(r)| 8(-f(r)), @ being the Heaviside unit-step
function. The proof of the kinetic energy inequality (34) then

proceeds as follows : construct an N-particle Hamiltonian

HN = ? (—V? + V(ri)), with the choice V(r) = - « p2/3(r)

(with o > 0). Evidently, ﬁu describes a noninteracting model
Hamiltonian. Note that the fermion ground state energy E =

q o?ceiz q Eek, where the latter k-sum sweeps through all the
bound (ei < 0) eigenvalues of HN. On the other hand, the

5/3

variational principle dictates that Eo = T[pw] -a [ d’r pw

Setting o = (31:/(2(1))2/3 and with the use of a result due to
Lieb /14/, namely,

S/3

< 5/3 3
5 le,| = (art1sm) o7 [ or oy (36)

the desired inequality (34) is obtained. The bound (34) forms a
crucial step in Lieb’s work on stability of matter. For earlier
related works, consult Lieb and Thirring /105, 108/. The
inequality (34) has subsequently been made tighter by a factor of
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1.496 by Lieb /107/. Unlike the inequalities (24) and (31) due to
Lieb /28/ and Zumbach /101/ respectively, the lower bounds (33)
and (34) are applicable to all antisymmetric wave functions
yielding a given density p. We now turn to the density based

bounds to the kinetic energy and its ingredients.

3.3. Lower Bounds to the Weizsacker Correction

Since the explicit form of kinetic energy functional T[p] is
unknown, several attempts, starting with HK, have been made to
approximate it. Usually, for a slowly varying density, Tl[p] is

expanded as /108, 109/
Tlpl = To[p] + Tw[p]/g + T4[p] + L. . (37)

In this "gradient expansion", the second term Tw /9 = T2 appears
as the first-order correction to the leading TF kinetic energy To'
Thus, it is also pertinent to obtain bounds to Tw' Different
lower bounds to Tw have been reported in the literature /110/.

By use of the three-dimensional Sobolev inequality /111, 112/ viz.

1/3
Jd% (Vp1° = 3(ns2)*° {fd3r l¢18} : (38a)

one obtains/110,113/

T lpl = 30" (J' & pH13R77 (38b)

A more restricted result valid for spherically symmetric densities

reads

o

Tw[p] = <58 =1 J dr p(r)/2. (39)
o

This bound is obtained by using a standard theorem in the
monograph by Hardy, Littlewood and Pélya /114/ , viz.

gm dr [4(dy/dr)2 - (y/r)z] = 0; for all y(r) such that y(0) = 0.
Here, the prescription employed is y(r) =r pl/z. The result (39)
was generalized by Gadre and Chakravorty /115, 116/ to include

general non-spherically-symmetric densities as well. Their
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derivation was founded on an inequality due to Redheffer /150/.
In fact, it turns out /117/ that Tw[p] can be connected to the

leading term To[p] itself, via

-2/3
]

T, el = 8 (12N) T.le (40)

showing that the "correction" T2 is not necessarily insignificant.
Similar relationships between the first two terms of the gradient
expansion for the exchange-correlation energy were also shown to
exist /117/.

A successive application of Sobolev and HSlder inequalities

yields some further connections such as /118/ :

T = 4 (3v2)*7 175 (1)
which is seen to be tighter, for N = 12, than the Lieb-Thirring
/105/ bound (i.e. the inequality (34)); whereas the Lieb-Thirring
bound becomes tighter with increasing N, beyond N = 12.

Dehesa and Galvez /119/ and Galvez and Dehesa /120/ have
recently obtained bounds to To[p] and also those to the Dirac-
Slater exchange energy. A further connection of the kinetic
energy with the direct Coulomb energy functional J[p] was
established 7121/ :

Jlpl = n%<r 3/ (144 T {p]) = a<r >3/(144 TIp)), (42)

once again, linking J to one-electron functionals such as Tw and
<r_1>. In deriving this result, some earlier inequalities due to
Galvez and Dehesa /119, 120/ were employed.

Apart freom the density-based inequalities discussed above,
the atomic and molecular kinetic energy functional has links with
many other diverse entities. One such remarkable connection is
offered in the realm of information theory, as may be seen in the

following Section.
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3.4. Information Theory and Kinetic Energy

During the last decade, there has been an increasing interest
in the application of information theory to a variety of quantum -
mechanical problems /122-132/. Shannon /133/ axiomatically
obtained the "uncertainty" or "entropy" associated with a
probability distribution p = (pl, Py oo pn} with ? p, = 1
and p=0, as S(P] = - § P, 1n p,. He immediately proposed a
generalization of this definition for the continuous case as
Slpl = - J dx p(x) In p(x). The entropy for the continuous case
is not invariant to the co-ordinate frame chosen and could also
assume negative values (in contrast to the discrete case). From a
physical point of view, the N-particle probability densities in
conjugate spaces, viz. I¢(P1’r2""’ rN)]2 and ]¢(pl,p2, ...,pN)l2
may be utilized for computation of "entropies" for general
quantum mechanical systems. In particular, an inequality due to
Bialynicki-Birula and Mycielski /130/ provides an interesting,
general uncertainty-type relation in the position and momentum -
spaces (and for complementary spaces, in general) in terms of an

inequality
- <Infy|®> - <In|¢|®> = N (1 + 1nm) , (43)

The transcription of (43) in terms of the respective ocne-particle

densities p(r) and y{(p) reads /128/ :

Slpl + Sly] =z 3N (1 + lnm) - 2N In N (44)
where, the information "entropy" Slpl] is given by Slpl = - d’r x
p(r) 1n p(r), with a similar definition for S[y]. Maximization of

S[y] subject to a given value of the kinetic energy and the number

of electrons, N, leads to /134/
Sly] <= 3N (1 + Iln n)/2 - N InN - 3N In(3N/(4T))/2 ; (45)

whence, it follows, on use of (44), that
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S[p]l =z 3N (1 + In n)/2 - N 1InN - 3N 1In(3N/(4T))/2 . (46;

Similar bounds to Sl[p] and S[y¥] were obtained by constraining the
<r®>-value. The most interesting result given in terms of an

inequality involving the entropy-sum, is that

S[p] + S[y] = 3N (1 + 1n ) + 3N 1n(4<r2><p2>/9)/2—5 N 1n N.
cee (47)

Here, we have a novel lower bound to the kinetic energy of a
system in terms of the uncertainty sum in conjugate spaces.
Exploiting (44) in conjunction with (47) yields /134/ for atomic

systems :
<r?><p?®> = g N?/4 (48)

which matches the earlier bound derived by Gadre and Chakravorty
/1167 and that by Tsapline /135/ and is essentially a three -
dimensional generalization of the Heisenberg uncertainty

principle.

3.5. Kinetic Energy Anisotropies

A straightforward generalization of the lower bound to the
kinetic energy, viz. T < T /15/ was carried out by Gadre, Koga
and Chakravorty /1367 ;or obtaining bounds to "“directional"
kinetic energies. They obtained a bound :

<T >
z

<pl>/2 = f &’ 2(p) p2

v

(1/8) f d®r (8p(r)/az)%p(r). cee (49)

This result is of special importance in the context of
directional Compton profile measurements of solids whereby
directional kinetic energies can be readily computed /137/. For
example, <pj>/2 =3 gm J(pi) P, dp_, where J(pz) is the

directional Compton profile. For measurements in gas phase,
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however, the experimental results of the Compton profile data and
the momentum density are intrinsically spherically symmetric,
with no anisotropies. In that case, the Hoffmann-Ostenhofs’/15/
bound is the best possible result so far. Incidentally, a
relation, reciprocal to the inequality (33) connecting the
diamagnetic susceptibility to the electron momentum density has
also been derived recently /138/.

Incidentally, the r-space local-kinetic energy density t(r)
is defined only up to an additive term of the form V<A where A is
an arbitrary vector function that has all the required derivatives
existing and further, vanishes at infinity. A particular
definition of t(r) often used in the literature is : t(r) =
(1/2) % n1V¢:(P)'V¢1(P), wi being the appropriate orbitals in a
single-particle description and n, being their occupancies. With
this definition, it follows that t(r) =z 0 : a strong and useful
requirement indeed (Parr and Yang /24/). Further inequalities
involving the kinetic energy are derivable via the constrained

search procedure, as described in what follows.

3.6. Applications of the Constained Search Procedure

Levy and Perdew /139, 140/ formulated the constrained search
procedure to investigate the behavior of various energy density
functionals within the density functional framework. The basic
idea here is that by constraining the domain of search, the
minimum value of a given functional is necessarily greater than or
equal to the actual (unconstrained) minimum.

For example, by employing the Harriman /52/ construction for
two doubly occupied orthonormal spin-orbitals, an upper bound to
the Levy functional, Qf{p] elaborated in Section 2 may be obtained

/139-141/

alpl = (1/8) [ & (Vp)%p + 3] &r p(r)|u|?

+ (1/2)(4—1/4)fa3r d’r’p(r) ple’)/|r-r’|, cer (50)
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where the function f(r) is defined by Eq. (27).
Levy and Perdew /139, 140/ for the first time in DF

literature, explicitly demonstrated, via the constrained search

procedure, the non-negativity of the quantity (T—TS), which is the

kinetic piece incorporated in the Kohn-Sham (KS) exchange-

Ile >,

the ground state wave function ), and Ts[p] m‘n[Tl ¢

where, it is assumed that p is a ground state den51ty for some

min min min

being

m1n

correlation energy. Here, T[p] = <w

noninteracting H =T + igIV(Pl)' The function ¢gin is that
normalized antisymmetric function which yields p and

simultaneously minimizes <T>. Thus, the inequality
T{pl = Ts[p] (51)

readily follows. Further, if one introduces Ts[p] = Min {<w|%|¢>
lw = p>} where Y is an N-particle, antisymmetric normalized wave
function, it readily follows that Ts[p] = Ts el =T [pl. The
former inequality is obtained noting that the domain of ¢¥‘'s in the
definition of Ts[p] is a superset of those in the definition of
Ts[p] (cf. Parr and Yang /24/, pp.152). Moreover, the use of the
Coulombic virial theorem for the equilibrium nuclear configuration
leads to E .. 5. = -T [p] p here being the ground-state density. It
is noteworthy that w1th1n the X -theory (cf. Section 2.3), the
functional Exc[p] is approx1mated by an "exchange-only" term.
The latter scales purely as potential energy, thus leading to no
kinetic energy piece incorporated in Exc[p], leading to T = TS.
Levy and Perdew /140/ applied the Hellmann-Feynman

theorem, viz.
dEA/dA = <wh|6HA/8A| wh> (52)

where the Hamiltonlan H includes a parameter A and HAwA = EAwA’
to obtain certain rigorous vector relations involving p and Vv,
under the integral sign. By expanding vy (r) = vir + Au) = vir) +

Au Vv(r) + e¢«++ee in a Taylor series, w1th u, an arbitrary unit
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vector, one obtains, invoking homogeneity and isotropy of space,

respectively :

J &r plr) Wir) = 0 (53)
and
j a°r p(r) [r x Uv(r)]l = 0 . (54)

These two relationships, respectively imply invariance of the
total energy under arbitrary translations and infinitesimal
rotations of the entire system. In deriving equation (54),
smallness of A has been implicity assumed in the expansion of

vir + A r x ;), leading to an invariance w.r.t. infinitesimal
rotations. Levy and Perdew further studied the scaling properties

of various density functionals with the scaled density ph(r)

A3 p(Ar). By defining wzin(rl,rz, e rN) as that antisymmetric
function which yields the scaled density p(r) and simultaneously
minimizes <T+U>, they showed that A°"’? wzin()\rl,Arz, o Ar) s

that antisymmetric function which yields pA(r) and simultaneously
minimizes the entity A_E <% + A G>A Here, and in what follows,
the operators % and 6 involve the unscaled co-ordinates, viz.
rl,rz, Cey PN unless otherwise specified explicitly. Following
the constrained search approach, one readily obtains the strict

inequalities

A% Tlp) + A Ulp] > Tlp,] + Ulp, ] (55)
and

AZ Tlp] + AZU[p] < T[p)\] + U[pA] , (56)

for A # 1 . Note that relations (55) and (56) involve equalities

in the usual wavefunction theory. Recently, Levy /142/ has

pointed out that the above results are rather counterintuitive.
However, it must be borne in mind that the definitions used in
this treatment are slightly different than those employed in the
wavefunction theory, resulting in the above inequalities.

The inequalities (55) and (58) could be written separately as
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ule,1 < A Ulpl

Tlp,1 > A2 Tlpl (A < 1) (57a)
and

U[pA] > A Ulpl

Tlp,) < A2 Tl (A > 1) . (57b)

In the same spirit, Levy /142/ further pointed out that Ts[pA]
exactly equals A% Ts[p], i.e. the single-particle KS kinetic
energy scales properly, as is intuitively required by the wave

function theory.

3.7. Kinetic Energy and Pointwise Electron Densities

King recently /143, 144/ derived rigorous bounds to the
atomic, spherically averaged, exact as well as Hartree-Fock
atomic densities p(r), in terms of the kinetic T, by means of
several inequalities. He employed a one-dimensional inequality

due to Block /145/, viz.

b
ly(t)]|? = M(t) f dx {f(x) [y (1% + g(x) y2(x)} , (58)

where M(t) is independent of the function y and is given by

b
f dx {f(x) [w (x,t)1% + g(x) wz(x,t)}

a

wit,t) + £(b) w (b) wib) - f(a) w (a) wla) ; (59)

M(t)

with the prime denoting differentiation, w.r.t. x.

In the above two results, a < t < b and w(x,t) satisfies

a < x <t
(i) (fw')’ - gw =20

1A
o

t < x

(ii) w(x,t) is continuous for a =t = b

(1iii) Lim [w/ (t-g,t) - w {t+e,t)} £t} =1
es0”
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(iv) f(a) w' (a)yla) = f(b) w (b)y(b).

With these rather stringent conditions and with the
prescription y(r}) =r pl/z(r) and various choices for f and g
compatible with the above requirements, King /143/ obtained the
desired upper bound estimates for p(r) locally, i.e.

point-by-point. Especially noteworthy is the bound

plr) = T/(2mr) . (60)

Even though this bound becomes singular only at the nucleus

(i.e. at r = 0) and as the numerical studies evince, grossly
overestimates the density, it must, however, be noted that
nontrivial upper bounds to the density are hard to derive. 1In
this sense, it is gratifying that King’s bounds give a direct
connection between the electron density of an atomic system and
its kinetic energy (which also is the magnitude of the total
energy) vide the Coulombic virial theorem for optimal densities.
King and Dykema /1467 proved the result (60) also at the
Hartree-Fock level. Even if these bounds may not have any impact
on the enhancement of the level of accuracy in atomic structure
calculations, they provide rigorous constraints on the density p
in terms of the kinetic energy T of an atomic system. It may also
be remarked that p and T are measurable from two geparate
experiments (e.g. coherent, elastic X-ray scattering leading to
atomic form factors and Compton profile measurements,
respectively), in the conjugate spaces of r and p. King /144/

also obtained another bound, viz.,

p(0) < 4 [T + {2IN[(N - 1)° + 4 Z°1}?)

(T + {1 + (1 - 2T/(NZ*N)2 1Y %/m cee (B1)

which connects, for Coulombic systems, the electron density
at the nucleus to the system kinetic energy, through an

inequality.
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3.8 Interconnections Between Kinetic and Potential Energies

A fundamental relationship between the kinetic and potential
energies of a given system is offered by the virial theorem (See,
for example, Lowdin /147/). For instance, 2<%> = —<Q>, is
satisfied by Coulombic systems in their equilibrium nuclear
geometries. Some further relationships between T and V were
established by Kinoshita /148, 149/ via a novel approach.

Consider, for a two-electron system, a well-behaved but otherwise
arbitrary function f(rl,rz) where r, and r, are the coordinates
of electrons. Transforming to the center-of-mass frame :
usr-r, ; R = (r-1 + rz)/g ; and setti?g i = - (VT+ Vi)/Z
and with the identitles U, (uef?) = £5(9 u) + 2 uef V. = 2f%
+ 2u-Vuf [u = w/ul; Vlf =V, f/2 + Vu f sz =V, f/2 - Vuf ;

R R
so that (“71“2 + (sz)z)/z = (20 vy 2% (v, £)%)/2, in the

relative- and center of mass co-ordinates. A use of the Cauchy-

Schwarz inequality gives

<tlir|e> = -[a%u °R (ur)e(90)
12 u
1/2

3 1/2
< {Jd u d&°R f2} {Id3u a°r (Vuf)z} <o (B2)

whence it turns out that
<Elire |6 s <f|K|£>2 (63)

Thus, with the identification f = W(rl, ra) for a two-electron
system, a relationship between the kinetic energy and the
electron-electron repulsion may be established. Kinoshita‘s
result, i.e. the inequality (63), can be easily generalized to
vield

/2

u = N2 (n-1) TVRR! (64)

for an N-electron system.
Kinoshita derived some further inequalities among the kinetic

energy, the electron-electron repulsion energy as well as the
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electron-nuclear attraction energy. Generalizations of
Kinoshita’s results, though admittedly rigorous, cannot be
expected to be tight for large values of N, still, they provide
conditions on the values of the energy ingredients through
inequalities. Some other interconnections for two-electron atoms

derived by Kinoshita, are the following :

V. f |V f> = 8<f K| > (65)
1 2
<VE | VE> = 44 <f [K| £> (86)
<V of |V £> = 16 <f |K| £ (67)
where V =2/r ; V=-(V+V)+V withvVv = 1/r .
i 1 1 2 12 12 12

Incidentally, it may be pointed out that using the results
derived by Kinoshita, Redei/150/ obtained pointwise limits of
error for atomic (spherically symmetric) p(r) as well as on
atomic form factors in terms of expectation values of the
kinetic energy operator.

Yue and Janmin /151/ transcribed King’s /143, 144/ results
to momentum-space. Further, they noticed that starting with the
operator identity il(p/p)er - r-(p/p)] = 2/p (caps on the
operators are omitted here), with the Cauchy-Schwarz inequality,

the following inequality is obtained.

2172

<1/p> = <(p/p).(p/p)> <r™> 172

= <% (68)

With the identification i(p p 2.r - r.p p °) = p 2, one is led to
-2 2

<p > s 4 <r°> . (69)

A transcription of the above results to the momentum-space yields

the following bounds to the kinetic energy :

% o< T (70)

ar'®m o= T . (71)
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It is worth noting that Blau, Rau and Spruch /152, 153/ in their
clagsic papers, had already employed a commutator identity
i(p*(r/r) - (r/r)+p) = 2/r, exactly reciprocal to the one noted
above {due to Yue and Janmin /151/). This identity, with a use of
Cauchy-Schwarz inequality gives, as expected, a relation
reciprocal to (68). In addition to these inequalities, the classic
works of Blau, Rau and Spruch /152, 153/ contain a host of upper
and lower bounds to matrix elements of a general hermitian
operator. The above inequalities not only emerge as rigorous
results but they also furnish certain bridging relationships
between the conjugate spaces viz. r and p, which are not obvious
at the outset, and materialize only as inequalities.

Having discussed inequalities for the {(one-body) kinetic
energy operator, we now embark upon an exposition of the bounds
to the ubiquitous (two-body) electron-electron repulsion energy

ingredient for atomic and molecular systems.
4. Bounds to Electron Repulsion Energies

It has been noted in Section 2 that the Hohenberg-Kohn energy
functional, E[pl, in addition to the interaction term with the
external potential, viz. [ d’r p v, is comprised of the direct
Coulomb repulsion piece J[p] and the yet unknown functionals T[p]
and Exc[p]. The respective wavefunction-based functionals,
however, bear a completely known universal form. At the
operational level, actual computation of the electron-repulsion
energy within the wavefunction-based approach calls for an
evaluation of a mammoth number of electron repulsion integrals
(ERI‘s), consuming a good deal of computer time /4, 154, 155/ (see
also Section 1 for further references). On the other hand, purely
density-based approximations such as the Xa—method, yield decent
estimates for various physical quantities of interest, even though
they do not represent the functional Exc[p] exactly. It is

gratifying to note that the connections of J and Exc(cf.Section 1)
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with simple, one-electron integrals that are local-density-
functionals, are brought out only by the bounds to these
quantities, and will never be realized, in the sense of a strict
equality. This Section will be devoted to elaborate on the themes
of bounds to direct (Section 4.1) and indirect (Section 4.2)
Coulomb energies and also to various types of ERI‘s (Coulomb,

exchange etc.) as well as those to electrostatic potentials.
4.1. Bounds to Direct Coulomb Energies

Schrader and Prager /156/ made a pioneering attempt towards
employing electrostatic variational principles in the context of
quantum-chemical molecular energy calculations. They showed that
the Thomson principle of classical electrostatics can be utilized
to obtain upper bounds to Jipl = [ d°r d°r’ p(r) p{r')/(2]r-r'}|),
by invoking the minimization of J[p] = [ a’r Ez/(8n), where
E = - VV is an arbitrary electrostatic field, subject to the
constraint V+.E = -4np (Note that the electron charge density is

-p). Since the second variation of [ dar E2 is always positive,

one has
J = I &r E%/(8n) (72)
for all E satisfying E = -V V and V*E = - 4np .

A lower bound to J was obtained by Schrader and Prager via

the minimization of the functional
WIv] = J ar (- 2p V- (W3/4m)] (73)

where V is an arbitrarily chosen scalar function subject to the
Dirichlet boundary condition of existence of a surface S
(including the case where it extends to infinity) on which VvV = 0.
If this condition is not satisfied, extra surface terms will
contribute to the right hand side of Eg. (73). Of course, this
condition is satisfied automatically by atoms and molecules as

they are intrinsically infinite in extent and have an
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asymptotically decaying electron charge density. The minimizing
condition is provided by the Poisson equation, vV = 4np, for the
electron density. Noting that the second variation of W is always

nonpositive, leads to a lower bound to J, viz.

J = Idar [-p V -(V V)?1/(8n) . (74}

This, essentially, is the Dirichlet condition which has been
fruitfully exploited in electrostatics for variational
calculations of capacitances. It may also be worth noting here
that such lower bounds to J are rather rare in the literature.
The equality in relation (74) is attained only if V is precisely
the electrostatic potential arising from the charge density -p.
(Caution : Schrader and Prager use exactly the opposite sign
convention for V to that normally employed in the literature).

A combination of (73) and (74) leads to a bound

3 3
f (1/2) ¢’ d°r_p (r)) p (r)/r

v

(1/8)[ & [2(-p,- p )V - (¥ VI%/(am)]

1

Id% £%/(8n) cee (75)
Here, V*E = 4n (—p1+ p2)

Okninski /157-159/ derived inequalities for electron
repulsion integrals, in general. He pointed out that the
two-electron integrals defined by (a|b) = [ d3r1d3r2 a*(rl,rz) X
b(r ,r )/r  and (pla) = [ a’r a®r ;)"(1»1)c;(z~2)/1~12 could
be treated as inner products /160-162/ in the appropriately
defined spaces. Non-negativity of [plp] was proven directly by
the use of Fourier convolution theorem /163/.

Use of the Gram-determinantal inequality gives the
nonnegativity of ij and I(lJ

J, = <iifyp = 0 and K o= <ijlit> = 0, (76)
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while the Cauchy-Schwarz inequality yields the results

K, = <ij|Jp> = <ii|gpt? <gjlint? = i, (77)

showing that an exchange type integral can never exceed the direct
Coulomb one, when both are formed out of the same orbitals i and
J; and also that the inequality

s s 2
[<ij]kl>|" = Iy I (78)

holds rigorously. The results (768) through (78) were also
obtained earlier by Power and Pitzer /164/. The square
integrability of the orbitals does not, in general, guarantee the
boundedness of a general electron repulsion integral. Such an
existence condition for an electron-repulsion-type integral

1 =17 dfr er p'(rl) q(r‘z)/r12 is given by the use of the Sobolev
inequality /185/, viz.

I = Cpg Ipl, lalg (79)

where Coc is a constant; o«,8 > 1 and 1/« + 1/B8 = 5/3; whence the

B

existence of the norms in the inequality (79) ensures finiteness

of I. Based on these considerations, Okninski derived a bound

|<ij|k1>] = 3 (n/z)l/a(jd3r|1j|)2/3(jd3p|k1|)2/3
(Idarlij|2)1/6(Jd3P|k1|2)1/6 .ee (80)
The derivation of this bound hinges upon the remarkable theorem

due to Simon /165/, which is stated as follows.

let VelL'nL?, then

2/3 1/3
vl

_ 3 3 2 1/2
Vi, = [ dr,a™r, (v e |e?, = 3720 |V X

+o+ (81)

Here, ||V||R stands for the Rollnik/166/ norm.
The inequality (80) connects the absolute magnitude of a

general ERI to simple, one-electron integrals similar to the
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overlap-type ones : a rigorous relation, possible only in the form
of an inequality. For further comments, refer to Section 4.2.
Thulstrup and Linderberg /167/ derived bounds to direct
Coulomb energies and further developed and applied the integral
approximation method by Harris and Rein /168/. Thulstrup and
Linderberg started with the three dimensional Sobolev inequality,

giving, directly

n

anJ = 2 j &r plr) ¢lr) = j &r |vg)?

6,1/3
)

v

3w2)*® ([ & o] (82)

where p is the electron density and ¢, the electronic part of the
classical electrostatic potential, ¢(r) = [ d°r’ p(r’}/|e-r'|. A

further application of the Holder inequality to (82), leads to

Jpl = (43) (2/m'® (j ar p55)1° (83a)
which can be cast into a more flexible form by a subsequent
application of the Hlder inequality, giving an upper bound to
the right-hand-side integral in (82), viz.

[ 6™ = pep, 107° £7') (83b)

n

where the function f is an arbitrary function such that the

norms on the right in (83b) are finite, m,n > 1 and 1/m + 1/n = 1.
A host of further bounds to J were generated by these authors
from the inequality (83b). Calculus of variations gives the ‘best’
constant sought for, by minimizing the ratio of a given upper
bound, to the corresponding quantity under examination. For

example, a result that one thus arrives at is
Jpl = (3/2) I VERNE (J & p2)1/3 ' (84)

The result (83b) of the Thulstrup-Linderberg work was exploited by
Gadre, Bartolotti, and Handy /16/ who obtained an upper bound in a

desirable ‘local’ form, viz.
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4/3

Jlpl = 1.0918 N° I &Er p (85)

The optimal constant in (85) was computed by calculus of
variations /17/. Using the results due to Schrader and Prager
/156/, Gadre et al./16/ also computed lower bounds to J.

By substituting V = p'”> in (74) one is led to

Jipl = (I &Er % /(v T [p1) (86)

The upper and lower bounds (85) and (8B) respectively, to Jlpl,
obtained by Gadre et al. were tested for densities derived from
the near Hartree-Fock atomic data due to Clementi and Roetti/169/,
revealing that both these bounds are fairly tight. Incidentally,
the results (83a,b) and (84) subscribe to the more general form

(8k=3)3 4% p'"*3)% as observed by Pathak

J = (const.) {N
et al. /170/.
The most attractive feature of the inequality (85) is that
it connects the Coulomb repulsion energy to the most popular
approximation for the exchange energy, viz. the Dirac-Slater ex-
change /43, 171, 172, 67/. An immediate interesting application
of (85) was reported by Perdew and Zunger /75/ for the estimation

of the self-interaction correction within the Xa—theory. By use

of the bound (85) in the sense of an equality, the correction
was estimated by them to be approximately /75/ 0.16 %5 J d’r p?;s
where the subscripts i and o respectively stand for orbital
(occupied) and spin indices. Along these lines, Gadre and Bendale
/173/ further suggested that the Coulomb and total electron
repulsion energies could be modelled as simple, gradient-free
functionals of the one-particle density. Some forms explored by
them were : NZ/SI dar p4/3, r d3r p6/5)5/3' r d3r p2)1/3N4/3
and NS d’r pa)l/s. They observed that all these forms lead
to remarkably linear fits to J and U when near Hartree-Fock (NHF)
data /169/ for density were utilized.

In the spirit of Schrader and Prager’s /156/ work, Gadre and

Pathak /174/ implemented variational calculations on the He atom
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and H2 molecule by replacing J [p] by its upper bound given by the
inequality (85). Such a replacement, in the case of the helium
atom, leads to a total energy higher by about a mere one per cent
as compared to its NHF counterpart, while the Hzmolecule exhibits
binding around the true equilibrium internuclear distance for a
simple James-Coolidge type model and here too, the sacrifice in
energy turned out to be just 0.2 per cent. Further, Pathak
et al. /61/ modelled the atomic total electron-repulsion energy U
as a local functional viz. (ANz/S-B) T a’r p4/3, (A and B are
empirical constants) towards the construction of an atomic model
in momentum-space. Semiclassical phase-space considerations
/175, 176/ had earlier revealed that [ dsr p4/3 is approximately
proportional to the expectation value of the magnitude of the
linear momentum. By a prescription of the nuclear-electron
attraction energy in the quasiclassical spirit, these authors
developed the above simple atomic local density functional model
in momentum space, analogous to an earlier co-ordinate-space one,
due to Parr et al. /177/. This first-ever concrete density-based
model in momentum space yields a remarkably simple form for the
momentum space properties and further, gives quick yet decent
estimates of several quantities of physical interest.

Golden /178/ applied the bound (83) due to Linderberg and
Thulstrup 7167/ to obtain

Na
3 3 2 2
B[, ) e P,
= (213 ?)) B (87a)

Here, Ny denotes the number of spin-up electrons and

N
2
palr) = T |y (r)]" (87b)

n=1
employing his earlier result, Golden /179/ derived a bound to the
exchange part of the electron-repulsion energy. These results are

valid within the independent electron models such as the



BOUNDS TO ATOMIC AND MOLECULAR ENERGY FUNCTIONALS 257

Hartree-Fock theory. On the other hand, general bounds to the
indirect part of electron repulsion, viz. Exc[p] were derived by
Lieb /180/ and Lieb and Oxford /17/. These works, well-deserving
a detailed exposition, will be treated in Section 5.2.
Chakravorty and Gadre /121/ were able to demonstrate
interesting interconnections among apparently unrelated physical
quantities such as Coulomb energy, X-ray scattering intensities
and the average electron density <p> = [ d3r p2 and the <r’>
expectation-values. For example, they showed that for atomic

densities,
Jlpl = (1/2) N <r'> =N v /(22) (88)

and further obtained a lower bound to J[pl, viz.

1

Jipl z 2% <r™ 5% / (18 <«¢™3) (89)

For the sake of completeness, it may be pointed out that besides
the rigorous treatments reviewed herein, there also exist some
approximate upper bounds to ERI‘s reported in the literature (the
reader may consult Pipek /181/ and references therein). However,
these works fall outside the scope of this review, which limits
itself exclusively to the discussion of rigorous inequalities.

In a study due to Weinstein et al. /182/, numerical tests
on a number of atoms (see /183/, /184/ and /185/ for further
extensions) within the HF approximation indicate that the
spherically averaged atomic density p(r) is, without exception,
indeed a monotone decreasing function, i.e. dp/dr = 0 . No
general rigorous proof for this observation yet exists. It is,
however, possible to establish rigorously the monotone decrement
of the resulting spherically symmetric atomic (neutral atoms as
well positive ions) total electrostatic potential, viz. ¢(r) =
z/r - § dr p(r’)/|r-r’|. Use of the Poisson equation, for this

spherically symmetric situation leads to

" + 2 ¢’ /T =4 mpz0 (90)
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Now, assume that there exists a local maximum at r = R. This means
that ¢‘(R) = 0, implying from (90) above, that ¢"(R) cannot be
negative. Thus, ¢(r) cannot have local maxima and hence must be a
monotone decreasing function of r.

More recently, Sen and Politzer /186/ have shown that an
atomic negative ion, however, exhibits a minimum in ¢(r) at some
r=r_ < o , such that the charge enclosed inside a sphere of
radius r exactly equals, in magnitude, the nuclear charge. The
proof to this effect readily follows from the definition of ¢(r)
and Eq. (90) above. Sen and Politzer further identified r. with
the ionic radius. The nonexistence of strict local maxima for the
much wider domain viz. molecular electrostatic potential has been
recently established by Gadre and Pathak /187/. They also proved
/188/ that the total molecular electrostatic potential for any
negative molecular ion must exhibit a negative-valued
(directional) minimum at a finite distance in any arbitrary
direction. The validity of these theorems has been numerically
tested out for several molecular anions such as OH, CN, NH;,

NO3 etc.

Incidentally, the monotonicity of atomic y(p), the
spherically averaged electron momentum density, has also been
explored in several recent studies /189-193/. Here, however, it
turns out that a given ground state atomic y(p) is generally
nonmonotonjc if there are more than two valence p- or d- electrons
in an atom/ion. Even though no rigorous explanation of this fact
exists except (heuristically speaking) for the preponderance of p-
or d- occupancy resulting into nonmonotonicity, it appears that
this behavior is intrinsic and not an artefact of a particular
basis-set.

We now conclude this Section on the studies of bounds to
direct, i.e. classical, electronic Coulomb-repulsion energies.
Rigorous inequalities involving the indirect (viz. quantal) part

are discussed in the following Subsection.
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4.2. Bounds to Indirect Coulomb Energies

A derivation akin to that by Gadre et al. /16/ leads to an
upper bound to the exchange integral (the ul’s are the canonical

Hartree-Fock orbitals)
= 3 3., * * ’ ’ )1
K = I dr 4’ u (r)u (r’)u (rJu (r) |r-r' |, {91)
1] 1 j 1 3

as demonstrated by Pathak /194/. Defining the “"differential
overlap" as Fu(r) = u:(r)u (r), the exchange integral can be cast
into the form K by = J d3r|¢1j(r)|2/(4n), (clearly implying the
non-negativity of it, as seen earlier vide Section 4.1.) with the
complex “"potential” ¢ij(r) identified with [ dar"|r*--x~’|_1 F:j(r’).
Application of the three-dimensional Sobolev inequality and that

of the Cauchy-Schwarz inequality in succession, yields

K, = (83) @m ([ & [F mI*°

[J dr |F () %) sdeP [F () |*° se (92a)
1] i]
The inequality on the extreme right follows from the fact that

oo |17 = 0 (92b)

3 3 2.1/2
=
Id r |uiuj| (fd’r |u1| ] [Jd'r
Multiplication by (-1/2) and summing over i and j (i#j) in (92a},
leads to a lower bound to the HF-exchange energy for closed-shell
systems in terms of simpler one-electron integrals.
, the

nd
‘indirect’ or purely guantal part of the electron-electron

An extremely important versatile lower bound to El

repulsion energy U, (viz. E = U - J, for electrons, E =E )
ind ind Xc

for a system of like charges e €y s > 0 (or all < 0)

obeying arbitrary dynamics and statistics, was derived by
Lieb /180/. In his elegant work, Lieb derived a lower bound to
the electron-electron repulsion gperator U (= U} itself, namely,
N
U= igj elej/rij = - Dlp,p] + 1§1 (ZD[p’“z]_D[“z' “x])
v+ (93)
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where, D [f,g] = J d°r a®r’ £(r) g(r’)/(2|r-r’ |}, and the
functions ui(r) are arbitrary but for the constraints (i) ui(r)
=z 0; {ii) ui(r) = pi(lr-ril), they are spherically symmetric
around r; (ii1) J a’r “1 = e The picture of the ui’s is that
of a number of spherical "scoops" taken out of a given density
distribution p. Notice that the dependence of the right hand side
of the inequality (893) on the position vectors Fl(l =1, 2, .., N)
comes implicitly through that of the functions M- The functions

Hoas prescribed by Lieb were :

ul(r,rl) = pw(r) c] (Ri(rx) - |r-r1|) (94a)
where

= (am)' 1 de (p-r ), (94b)

Py (er )/ |e-r | Py
is the spherical average of pw around r and R‘(ri) are the
radii of spheres centered at r that encompass a total charge
exactly equal to e for each label 1. Setting I[y] =
<w|i§1eie1/rxj]w>, the total Coulomb repulsion for the state y,

Lieb proved that

3 4/3 e
E, 0] = 14 - Dlpyp ] = <C {jd ry }

3 N 273 i 4/3 a4
{J.dr‘[[igl e py(r)] } ver(95)

e 1 i
The contribution pyto the total density is given by P;(Pi) =

3 .3 3 3
e 5 Jd rld Foee d ro, d T
denoting the degrees of freedom apart from the spatial ones (e. g.

3 2
d Ty IW(rI,rz,...,rN)l ;oA

spin). Evidently, pw(r) = 1glelp;(r). For electrons |ei| =1 in

Hartree units and the constant C, occurring in the inequality

3 4/3
E =-C I ar p*3(r) (86)

/12 11712
n

turns out to be C = 3 2%% +8.52. It is gratifying
that this rigorous lower bound to the indirect Coulomb energy is

a simple local functional of the density and is qualitatively
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similar in form to its major ingredient, viz. E =-C

I & p*® (with the constant c, - 3(31)%/a =e3?3388),e:hich is
the celebrated Dirac-Slater approximation to the exchange energy.
Also of interest is the connection of J{p] to the above local
exchange energy, via an inequality (cf. inequality (85)).

The choice of the auxiliary functions M in (83) is not the
best one in the sense that the flexibility offered in the choice
of H, is not fully exploited, as Lieb and Oxford /17/ demonstrated
by making the inequality (896) tighter. Furthermore, the use of
the "maximal function" /180/ was bypassed. Lieb and Oxford
started from the operator inequality (93) and proposed the

following choice for u :

1/3

o (r) =27 py(r) 1m0 o, |r-r’ |) (97)

with the positive scaling constant A suitably determined. The

inequality (93) is then rewritten as

N N
1<§=1 eiej/r'lj = -D[pw,pw] + 2 i§1D[pw,ei 6P1]
N N
h 2(151 D[pw'ex 6r T8 M I+ i§1 D[ex Hpo» € By 1

i i i i
«ee (98)
with 5r (r) B 6(r-r1), the usual three-dimensional Dirac
a—distribution, representing a unit point charge located at r.
The introduction of the 8-distribution, by virtue of its being the
single-particle density operator, leads naturally to pw/N for its
expectation value in the state . The inequality thus

engendered reads
N
3 i
I[yl = D[p$,pr {i§1 f d r 2 D[p‘{rJ , Sri— pri] pw(ri)

N
3 |
+ 1§1 J d r‘i D[“Pl’ Nri] ei pw(r‘i)} . eee  (99)

Next, Lieb and Oxford prescribed a choice for u, with the

introduction of a parameter A in the definition of p = ur(r’) =
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-1 13
Y

otherwise. The difference with Lieb’s /180/ earlier treatment is

Aspw(r)u(ApL/3(r)(r—r’)) for |r-r’| =2 (r) and up(r’) = 0,
that, here, Idar’ ur(r’) equals unity. Such a construction also
provides a handle (through the flexibility of A > 0) for
optimizing the bound, which eventually yields
a N i 4/3,1/2 3 4/3 172
E_[y] = -1.68 [Jﬁ rEe e, (] [Jﬁ r e,/ 2112
“o e (100)

4/3(p). This

For a many electron system, E‘nd[w] z -1.68 [ a°r p
lower bound is a marked improvement over Lieb’s earlier inequality
(96), but the coefficient of 1.68 is still numerically far larger
than Cex= 0.7388 occurring in the Dirac-Slater exchange energy

estimate. However, the result (100) is a rigorous general result

for Coulombic interactions; independent of spin and statistics, a
fact that endows elegance to it. It must be pointed out here that
strict negative semidefiniteness of Eind has not yet been
established for an arbitrary many-electron system. However, for
Coulombic interactions Eind is intuitively expected to conform to
this property.

Hertel, Lieb and Thirring /185/ had earlier considered the
problem of seeking a lower bound (in terms of a single-electron

operator) for the operator U B 1§j 1/r = 1§j 1/(2r1j), of the

ij
form

u =
i

¢(ri) - A, (101)

Lz

where ¢ is an arbitrary real integrable function, A being a
constant. The derivation of the inequality (101) rests on

finding a subsidiary potential v(r) with the properties

1/r

v

vir) = J &k *T Sy sen)® (102)

with v(k) = 0, denoting the Fourier transformation of v(r). The
inequality (102) physically means that the potential v{(r) decays

faster than the Coulombic one, yielding a lower bound to the
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operator U, viz.

U = 1zJ v(ri- ’J) - N v(0)2 (103)

Defining p(s) to be a measure, the Cauchy-Schwarz inequality may

be used to give
2
[[ants) Je)| 2 [jdp(s) £(s) | ] [ auts) (104)

Here, s is a generic symbol for a space with arbitrary dimensions.
With the substitutions du = d°k $3(k)/ {(2m)° V(k)} ; f =

1glelk'ri v(k)/¢(k) (Here, ‘tilde’ denotes the Fourier-transformed

quantity) along with the assumption of reality and non-negativity
of $(k) and v(k). One then obtains
N 3 ~2 ~ ~ 3
U=z er) - a% { F(K)/V(k) - N V(k) }/ (2(2m?).
+++ (105)

This interesting result gives a lower bound to U in terms of two
arbitrary, local one-body functions, ¢ and a function v {both
leading to real and non-negative Fourier transforms).

Hertel et al. also demonstrated the usefulness of their bound
(105) for some model potentials. For the actual Coulomb problem,
the choice v(|r|[)=1/r obviously leads to divergences, but the
modified screened Coulomb choice v(|r|) = [1 - exp(-a r)l/r (with
a > 0) for the subsidiary potential leads to non-trivial lower
bounds for the electron-electron repulsion energy. This work
gives yet another instance where bounds to a two-body interaction
energy occur in terms of simpler, one-body integrals.

Incidentally, it may be remarked that Lowdin /196, 197/ has
obtained lower bounds to electronic Coulomb integrals by the
method of inner projections, simplifying the actual evaluation of

electron repulsion integrals.



264 SHRIDHAR R. GADRE AND RAJEEV K. PATHAK

4.3. Bounds to Electron Repulsion Integrals (ERI) over

Gaussian Basis-Sets

We now turn our attention to the extremely practical problem
of obtaining rigorous bounds to ERI’s over Gaussian basis-sets.

As noted earlier (cf. Section 1), the number of ERI‘s is ~ N8
for basis-sets comprising of N primitive Gaussians. However, it
is known that a large fraction of the electron-repulsion integrals
(ERI’s) are negligibly small in magnitude. Clementi and
co-workers carried out a systematic study of the computer time
needed for the evaluation of various types of ERI’s such as
<ii]jj>, <ij|Jji>, <ii]ij>, <ii|ii> etc. over Gaussian basis-sets.
These studies reveal that even for a relatively small molecule
such as ethane, a significant fraction of three or four center
integrals are "negligible”, i.e. smaller in magnitude than a
pre-chosen cutoff value (which usually is set to be ~10_8, ~10—10
etc.). Clementi /198/ put forth the strategy of ‘differential
accuracy’ for the computation of ERI’s. Habitz and Clementi /199/
further analyzed the statistical distribution of various types of
ERI’s for large molecules such as Sugar-Phosphate-Guanine complex,
benzopyrene, etc. Dupuis et al./200/ discussed certain storage
and evaluation strategies for the ERI‘’s based on the estimation of
their numerical values. Schlegel /201/, Obara and Saika /202/ as
well as Head-Gordon and Pople /203/ have given certain recursion
relations facilitating the evaluation as well as storage of ERI’s
for Gaussian basis-sets. More recently, Clementi and Corongiu /4/
have given a detailed treatment of molecular ERI’s, used by them
in their versatile molecular package, KGNMOL.

Despite the above mentioned studies, very few rigorous upper
and lower bounds to the absolute value of the general electron
repulsion integral, viz. |<ij|kl>| appear in the literature.

These bounds may be obtained in terms of upper and lower bounds to
the special functions Fm(t) = gldu uzmexp(-tuz), introduced by

Boys /204/ and later used by Shavitt /205/. We enlist in the
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Appendix some of these upper and lower bounds as summarized by
Gadre et al. /206, 207/. The work due to Ahlrichs /9/ had earlier
utilized the simplest of these results, viz. Fo[t) = 1 for
extracting an upper bound to the integrals involving exclusively
s-type Gaussians. Later, Gadre and Pathak /206/ presented a
general set of upper as well as lower bounds to ERI’s involving
s—, p- as well as d-type primitive Gaussian functions. These
authors also established detailed connections of these results
with the density-based works mentioned in Section 4.3. Recently
Gadre, Kulkarni and Pathak /207/ have further obtained rigorous
bounds to molecular electrostatic potentials (MESP). These bounds
have been gainfully exploited for the development of an efficient
algorithm for the computation of MESP maps. The use of these
bounds to ERI’s and MESP’s need not be overemphasized. Here, one
has upper and/or lower bound criteria which may lead to
substantial savings in CPU time as well as disk-space. On the
other hand, as these bounds are rigorous, their use is

theoretically completely Jjustifiable.

5. BOUNDS TO TOTAL ELECTRONIC ENERGIES FOR COULOMB SYSTEMS

The themes of bounds to kinetic- and electron-electron-
repulsion energy functionals emcompassing a vast amount of
literature have been presented in Section 3 and 4 respectively.
In addition, there are several inequality-related significant
works which form a class by themselves and thus require a detailed
exposition. Section 5.1 reviews works on the stability of atomic
and molecular negative ions pioneered by Lieb. In Section 5.2,
non-binding theorems within the Thomas-Fermi and related domains
will be discussed. Bounds to the number of eigenvalues for a
discrete spectrum of Hamiltonians for bound systems will be
presented in Section 5.3. These studies form the background for

the study on stability of matter (Section 5.4). A constrained
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search approach to energy functionals will be presented in
Section 5.5 followed by yet another remarkable study, of Coulomb
systems, by Lieb (cf. Section 5.6). Inequalities in connection

with molecular electronic energies form the theme of Section 5.7.

5.1. Stability of Negative Ions

Empirically, it is well-known that the maximum degree of
negative ionization of any neutral atom is just two; e.g. o,
s, etc. Benguria and Lieb /208/ explored the general problem of
stability of negative ions vig-a-vis the roles played by the Paulil
exclusion~ and uncertainty principles. It was found that only
limited instability of negative-ions is accounted for, by the
former.

Lieb /26/ derived a rigorous upper bound to the maximum
number of negative particles (fermions or bosons or a mixture
of both) of charges -qj|e| (qJ) 0, j=1,2,..., N) that can be
stably bound to an atomic nucleus of charge + Z|e| (we take
[e] = 1). Lieb’s classic proof now follows : Consider a system
of N particles with the Hamiltonian

H
N

z (T - \' z / - , 06
; ( ;7 (rj)) + 1%, 9,9, |ri rj] (108)

A 2
with Tj - Vj/(ZmJ) and V(rj) the external (nuclear-electron)

potential. Isolate some jth particle rendering the decomposition

H = H + h withh =T - zZ/r + /lr - r f the
Non N 3 i y T4yt E 99, ey -] for
3 particle. Denote the entire configuration space, viz.

(rl,rz,...,ru) by R, and by RJ, the set of coordinates of all but

the jth particle. The variational principle then yields

<{r H > =z E’ <|r >, 107
ol = £ <l lule (107)
for a fixed rj. Now, with the assumption that EN s E’ for the
respective ground states, and noting that S d3NR|r ¢ Hy =

E, J d3NR|r |¥y for real ¥, one has
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3N-3 3 oy 3N-3 3 -
f R &’ |r wH v f d™ R d’r |r v by
= EN<|r'J ll/llw> =< ENl,j <|Pj |x/}| > «es (108)
whence it follows that
<rjlv Iﬂjl ¥ = 0 . (109)

Now, setting g(r)=|r|f(r), and t=[ d3r|r| £(r) V?f(r) =-J d°r g(r)
Vz(g(r)/r), one has

t = j & (Vg(r))%/r + 21 g%0) > 0 . (110)

Thus the positivity of <|r|y|T|¢> is established. Now, using the

triangle inequality lrjl + |rk| = |rj—rk|, Lieb established that
3N, 2
(1/2) I aR %3 aq (|| + |r /], |
- 2 - 2 LN
ES k§j qjqk/Z = Q°/2 § q; /2, (111)
with the identification
q, <|rj|w | V(rj)lw > = ZTq = ZQ (112)

for atoms, with V(r) = -Z/r, the inequalities (110)-(112) together
yield a condition that the relation (109) is valid only if the

inequality

Q° - = q? < 220Q (113)
strictly holds. For atoms, this readily gives
N < 22+1 (114)

An immediate appealing consequence of (114) is that H>” is not
stable, since N = 3 and Z = 1 would violate the bound (114).
Incidentally, Hz— ion has recently been reported as a metastable

species in CaO and MgO crystals /209,210/. However, this does not
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violate the validity of the above result, since this experimental
finding applies to a crystaline environment and not to free
species. For larger atomic systems, the result (114) is not
tight, since the derivation of the above inequality is mitigated
by the total neglect of the kinetic-like contribution.

Lieb further generalized his results to molecules:
N < 2Z+K-1 (115)

where K is the number of atoms in a given molecule and Z is the
sum of all the corresponding nuclear charges. Lieb, Sigal, Simon
and Thirring /27/ arrived at a result that the ratio N(Z2)/Z2 — 1
as Z » w, for atomic systems. Here, N(Z) denotes the number of
electrons that a nucleus of charge Z binds (within the non-
relativistic quantum theory). Incidentally, it may be noted

that Hill /211/ rigorously demonstrated that the (nonrelativistic)
H (hydride) ion has only one bound state. A noteworthy study of
Drake /212/ showed that the 3P state arising from 2p2
configuration is a bound one. However, the work of Hill does not
apply to 3P states. In a more general context, rigorous upper
bounds to the number of bound eigenvalues have also been
formulated in the literature. For a further discussion of these

bounds, refer to Section 5.3.

5.2. Nonbinding Theorems within Statistical Theories

A rigorous general proof of molecular nonbinding within the
Thomas-Fermi (TF) theory and its variants was given by Teller/29/.
This confirmed the earlier conjecture by Sheldon /213/ which was
based purely on numerical computations for the case of the
nitrogen molecule. Teller’s /29/ proof begins with the TF
description of the atomic electrostatic potential V(r), leading to

the TF equation

3/2

vV(r) = V%) - P, (118)
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p, being the nuclear (positive) charge density. Eq. (116) is
obtained by introducing proper distance-scaling factors so as to
yield a unit coefficient for the first term. Teller’s molecule-
building process goes as follows : add a localized, infinitesimal
positive charge density £(r) at a fixed point R (R # 0) and an
equal (but opposite in sign) diffuse negative charge distribution
rendering the composite system electrically neutral. Further,
this new two-center system is assumed to conform to the TF theory.
This process is repeated bit by bit, adding the localized positive
and distributed negative charges to eventually build a

TF-"molecule". After the very first addition of charges, one has

vV(r) + vPe(r) = [V(r) + e(r))¥? - {m(r) + &(r) }
eer (117)

where €(r) is the resultant infinitesimal change in the electro-
static potential as a consequence of the above addition of charge
distributions. Linearization of Eq. (117) with a use of Eq. (118)

leads to

Idsr V% = f ds.Ve = (3/2) jd3r vi/2%e (118)
s

Q Q
the surface S encloses the volume @ containing neither the nucleus

nor the additional positive charge. Egq. (118) implies that e(r)
has the same sign throughout the entire space, which in fact
turns out to be positive (otherwise a contradiction results :
Assuming that € > O outside S and € < 0 inside, the surface
integral becomes positive, the volume integral still remaining
negative, violating Eq. (118)). Further, the net change in the

total energy, viz. S8E for the process is

3E anlec +8Q J a’r p+(r)/|r ~-R|

J'dar {a Ev"‘“/ap(r)} Sp(r) + J d’r (8 Eve“"’/sv(n)) x

{—e(r)} + 8Q J a’r p+(r)/|r -R| <o (119)
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where 8Q = [ a’r € and v is the external potential (i.e. of the
positive species). Further, e€(r) = 6Q/|r-R| = 0 and SE/8p(r) =
i = 0, since, the chemical potential for a neutral TF system
b= 80 d7r (p (R) - p(R))/|r-R| =
3Q V(R), where V(R) denotes the electrostatic potential at R.
Teller further proved that V(R), > V(R),

always vanishes. Thus, 6Eto

molecule" ‘'separated atoms"’
We give a rather different proof : Assuming spherical symmetry to

start with, one observes, with P= Z 8(r) that V(R) = 2/R -

{ ngr plr) 4n r2/ R+ {mdr p(r) 4m r }. For the very last term,
r 2 R so that 1/r = 1/R, making the quantity in the curly brackets
smaller than gmdr p(r) 4n r2/R = Z/R, implying the non-negativity
of V(R). Thus, the first order-change SELOtal > 0, which thereby
rules out any stable molecule within the TF domain.

Balazs/30/ extended the domain of validity of Teller’s
theorem. He proved that : No theory, within which p(r) is a
function exclusively of the electrostatic potential V(r) at the
same location r, can describe stable molecules. Unlike Teller’s
arguments which are based on energetics, Balazs’ proof employs

electrostatic~field considerations : If the combined electrostatic

force produced by the electrons and the other nucleus in a diatom

is repulsive, there is no binding. In a homonuclear diatomic

molecule AB, the force on the nucleus A, viz. FA, is given by
F = str £ (120)
A Py

with E denoting the electrostatic field. Enclosing one of the
nuclei, say A, by two surfaces, S (curved) and S’ (flat) (see

Fig. 1 ) one forms the region of interest, Q. The surface S’ for
this homonuclear diatom is evidently perpendicular to the electro-
static equipotential surfaces. The surface S, upon which the
electric field identically vanishes may even have to be located at
infinity. The Poisson equation pA(r) = -v3V(r)/(am) + p(r)

in conjunction with F = -VV gives the force on the nucleus A which

has the (positive) nuclear charge distribution P,
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Figure 1. Balazs’ construction of surfaces S (curved) and S’
(flat), for a homonuclear diatomic molecule AB. A and B denote
the respective nuclear positions.

Simplifying,
F, = 39 (dS.9 VI [V V1/(4n) - §ds (v3v) /(8n)

s+s” S*5S
—£d3rpvv, (121)

by virtue of the vector form of Gauss’ theorem. Since, on S, the
field is zero and on S',VV.dS = 0, the first term as well as the
S-contribution to the second term vanishes; thus the first two
terms, on the net, lead to a repulsive force. The third term,
owing to the fact that p = f(V) =z 0 can be transformed as

indicated by the following string of arguments :

v
—J; d’r p W = —l &Cr £(V) W = _,[ &er v de’ £V =

- § ds de' £(V) = -I ds J.vdV' £V,
S%S° ’
which also contributes a force in the positive direction. This
readily follows from the fact that f is a non-negative function
and further, that all the surface elements dS on S’ point in the
direction AB leading to a force in the direction BA, tending to
pull the nucleus A apart. Thus, within any theory where the

density at every point is a local function of the electrostatic
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potential at that point, molecular binding is not possible.
Incidentally, Balazs also demonstrated that with the introducticn
of the first inhomogeneity, or the Weizsicker correction, an
attractive force between the two atoms results at large
separations favoring binding. Balazs’ nonbinding arguments /30/

are also generalizable to heteronuclear systems.

5.3. Inequalities for Number of Bound Eigenvalues for

a Discrete Spectrum

As has already been pointed out in Section 4.2, Lieb /14/ and
Lieb and Thirring /105, 217/ obtained a lower bound to the kinetic
energy (the inequality (34) Section 4.2). Their derivation was
founded on the upper bounds to the number of bound eigenstates for
a given potential /214-216/ derived earlier. A comprehensive
treatment of these results has been presented by Thirring /165/,
which now follows.

Notation : Let N(H) denote the number of nonpositive eigenvalues,
2

~

of a Hamiltonian ﬁ =p + Q; & = V(r) being a one-body multipli-
cative potential. Here, we deviate from the usual Hartree units

to keep in conformity with Thirring’s notation.

Theorenm : N(;;2 + A Q) is a monotonically increasing function of

A > 0. By the operator inequality ﬁl = ﬁz' we have, since the
energy levels of the latter could never fall below those of the
former, that N(ﬁl) = N(ﬁz)' Also, N(Aﬁ ) = N(ﬁ), i.e. scaling the
Hamiltonian by a positive scaling parameter does not alter the

number of bound eigenstates. Hence it follows that
N(p® + A V) = N(A(p% + A_VI/A) = N(p2 + A_V)
P 1 N 1P 2 2 P 2 ’
for Al z AL cee (122)

2

The Birman-Schwinger /214,215/ bound reads

~ ~ ~ ~ ~ q
NP+ V + %) s {u (6" + )7 V(8% 02)'“2uq}

«ee {123)
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A

where ¢ is a real constant, N(H + 02) denotes the number of
eigenvalues of ﬁ below —02, g z 1 and |Q|_ =V 08(-V), following
Lieb’s /14/ notation (cf.Sec. 4). Note that the Hamiltonian
H=p?+ V+cle ;2 + |Q|_+ c? = ﬁ’, since, by construction,-l&]_
will have any positive part in V chopped off. The (bound) eigen-

"2 iy : ; :
values of p - AIVI are continuous, decreasing functions of A.

Exploiting the continuity as well as monotonicity of the
energy eigenvalues in A, any given eigenvalue of pz— A|V|_ can be

made to sweep through a range of values, and will definitely cross
2

-c? (from above) for some choice of A, 0 < A = 1. Since p2 + c

is a positive definite operator for c¢ # O, p2 + ¢® is invertible.
Thus, the eigenvalue equation

(p° - A |V] )y =-c% (124)
iy T2 2,-1/2
VI_® + 7% g
= (1/A)}¢. Therefore, N(p2—|V|_ +c?) equals the number of eigen-

can always be cast into the form (p2+ sz%/z

values of the form 1/A = 1 of the Birman-Schwinger operator on the
1

left hand side of the above eigenvalue equation, which resembles

its variant discussed by Lieb /14/, viz. B_(V) = |[V|"2(p*+|E[)7 &
|V|1/2. One therefore has a bound
N(p*- |V]_+ c®) = (1 /)%=
"2 2,-1/2 "2 2. -1,2)7
Tr(p® + ¢) [V]_ (p° + D) , ves (125)

for g = 1 ; Tr herein denotes the trace. The above result has
interesting consequences. For spherically symmetric potentials
V(r) = V(r), the angular momentum ! is a good quantum number and
hence one may project out on to each angular-momentum state
separately. In particular, for 1=0, i.e. bound s-states, and

with the choice q = 1,
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—1/2"

1% + AWV + AR = el |_(8% + D)7

= I a’r d3r'<r| Jv)_ |r’>J dap’ a%p" <r’|p’> x

' | (1/(p% + *))| p><p”|r> = [ & @’ vy | _ste-rr)

[ a% eip"r'r'}/(p2+c2)lmdr e | [ & sty

J dQ expl-c|r-r’|)/(4n|r-r'|), «ee (126)

in which case the integral, upon contour-integration gives the
required trace to be gmdr rzlv(r)f_f d°r’ s(r-r') {sinh(re) x
exp(-r‘c) B(r‘-r) + sinh(r’c) exp(-rc) ®(r-r’)} / (crr’) =

gmdr fvir)| (1 - exp (-2rc))(2¢)”'. Here, ® denotes, as before,
the Heaviside unit step distribution. For ¢ = 0, in particular,
this leads to an upper bound to the number of bound states : this
number can never exceed /218/ the value gmdr' r V(r) . For the

choice q = 2, one is led to

N(p%+ c2) = (1/4m) f a’r d’r’ V) |_[Vr) |

exp (—2c|r—r’|2)/|r-r'|2, cee (127)

for a general binding potential V(r) /14, 216/ The form of the
integral on the r.h.s. of (127) is reminiscent of the

Rellnik /1866/ norm, as seen in Section 4. Further, invoking
Young’s inequality, one arrives at Lieb’s elegant result
(Inequality (35), Section 4.2) : N (V) = (am)™" (2|E[]1/2x

I dr [vir) - E/zlf, which has been exploited by him /14/ in his
classic paper on the Stability of Matter.

5.4. Stability of Matter

Ordinary matter, such as atoms, molecules and solids, despite
the Coulombic attraction between the nuclei and the electrons,

exhibits remarkable stability. Earlier works due to Kato /219/
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and Dyson /220, 221/ have attributed this phenomenon to the Pauli
exclusion principle. That the lower bound to the energy has a
linear dependence on N, the number of constituent particles, was
shown first by Dyson and lLenard /221/ and by Lenard and

Dyson /222/. By "stability of matter”, it is meant /14/ that the
ground state energy of a system is finite. Thus, a question may
be posed : for a hydrogenic atom with ﬁ = —V2/2 - Z/r, does there
exist an E_ (>-w) such that <w|ﬁ|w>/<w|¢> = E? Lieb/14/
demonstrated that the Heisenberg uncertainty principle, viz.

2
<p ><1"2

> z 9/4 cannot account for the stability of such an atom.
On the other hand, he invoked the three-dimensional Sobolev
inequality to obtain a lower bound to the kinetic energy, viz.
T (y] = 3(2)*°

||pw||3 (cf. Section 3)[Inequalities in Lieb’s
work are given in terms of rather peculiar units, where h? = 2,

m = 1 and |e| = 1; thus one Rydberg unit equals 1/4 in these
units]. This leads to a lower bound, in Hartree units,
2
Eo = - 42°/3 . (128)

Extension of this result to many fermion systems was also
carried out by Lieb, wherein lower bounds to the kinetic (cf.
Section 4.2; Inequality (35)) and electron repulsion energies were
invoked. For the latter, the Thomas-Fermi theory enables one to
give a lower bound to the electron repulsion operator, viz.

(Theorem 10, Lieb /14/)

N
-1 3 3, , , -1
i§j |Pi—rjl = (-1/2) Ja r dr’ p(r) p(r’)|r - r'|
+ Id% p(r) V (r) - 2.21 N7y =y J d&r o5 . ev (129)

Here, 7 > O, Vx(r) = jgl|r—r,|_l and p is any non-negative
function belonging to LanLS/s, ensuring, respectively, the
finiteness of [ a°r p and that of [ a’r pS/?

Employing these inequalities for extraction of a lower bound
to Eﬁ = <w|ﬁN|w>, the quantum mechanical energy of an N-fermion

system, in its ground state, yields
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Q

k
E) = - (4.42) (4n 0¥ «H™? s 27% (130)

®) N+ 2]

where K = (3/8) (6 n2)%

and Z ‘s are the nuclear charges of
the constituent atoms, g being the spin multiplicity.

By use of an improved prefactor in the kinetic energy
bound /107/ the lower bound (130), for the case of Zj =1
(hydrogen atoms) and N = k case, becomes (in Lieb’s units)

EN = -566N , (131)

which is equivalent to -11.12 N in Hartree units. Note that the
bound (131) depends linearly on N, which is indeed a desired
characteristic, in that the quantities on the l.h.s. and r.h.s.
are both size-consistent.

To summarize, Lieb’s work forms a remarkable general study of
the fundamental problem of the stability of matter : the results
are independent of statistics of particles and also evince an
improvement by orders of magnitude over the earlier

studies /221,222/.

5.5. Scaling Properties of and Constrained Search Approach to

Energy Functionals

Levy, Perdew and Sahni /18,133/ extensively applied the
constrained search approach for obtaining rigorous inequalities
for a variety of energy functionals. Some of these inequalities
have been presented in earlier sections. The approach adopted in
their derivation is based on the variational principle :
constrain the domain of the functions over which the energy is
minimized. Evidently, the minimum thus reached must be higher
than, or, in the least, equal to the unconstrained minimum value.

Sahni and Levy /18/ obtained a variety of bounds to exchange
and correlation energies as well as to the correlation potential.

They introduced the following definitions :
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E [p] = Elp] - E_I[p] (132)

c X0

- ~ N
where Elpl = <y| T + U + ,Zlv(r()|¢> comes from a y, the
1= 1

interacting g.s. N-electron wave function and the "exchange-only"

energy functional

N

E [p]l =<¢| T+ U+
o]

X

= ovir ) |e> . (133)
i=1 i

In the above definition, ¢ is the single-determinantal wave
function (leading to p, the ground state density) constructed,
a posteriori from the Kohn-Sham orbitals, and simultaneously
minimizes the expectation value defined by Eq. (133},

Similarly, let
N

E’ [pl = <¢’| T+ U+ Lz vie )|e'> . (134)
= 1

Here, ¢’ is that single determinant which is constrained to be

g.s. of some noninteracting Hamiltonian h er = T + ,gl v (r ) and
e S 1

which minimizes the expectation wvalue in {134). The g.s. density
extracted from ¢’ is, in general, different from p. Now introduce
the correlation energy functional

E;[p] = Elp] - E’ [p] . (135)

X0

In similar fashion, one defines the Hartree-Fock (HF) energy

functional EHF[p] as
X0

HF

ETp] = <¢ vir )]¢""> (136)

where ¢HF is a single Slater determinant which minimizes the
expectation value in (136) with no further restrictions. The
. . . HF )
corresponding g.s. density is p # p in general.
Taking into account these definitions and applying the
constrained-search formalism, one gets a set of interconnecting

inequalities. First,

~A A N ~ N
<¢’ |T+U + Ev(r ) f¢’> > <p [T+U + 2 vir)|¢> ; (137)
= = i
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Whereby,

E’ [p] ~E [pl = & >0 . (138)
X0 xo 1

If the function v (r) employed within the KS potential is a
c
constant, then 61 will turn out to be zero.

Also, since ¢ is the energy minimizing KS determinant,
<¢’|% + 0+ 1g1V(r1) + 1glvc(ri)|¢’> - <¢|% + U +121V(P1)
+lglvc(ri)|¢> =s5,>0 . «ee [139)
By addition of (137) and (139), one obtains
f d°r [p’(r) - p(r)] Vc(r) = 61 + 62 >0 . (140)
Similarly, from (139) and (140),

E [p]l - E [p} = f a’r [p'- pl v -5, >0 (141)

X0 X0

is obtained, thereby yielding
0 < Ellpl - Elp] < j a’r Lp-pl v (142)
Also, for general many-electron systems, the inequalities read
, HF
E [p] < E'[p] <E I[pl. (143)
c [+ [

Savin, Stoll and Preuss /223/, in their work on application
of correlation energy density functionals to atoms and molecules
have derived rather similar results. Define Ec[p] = Elp] - EHF[p]
and EC= E[pO] - EHF[pHF], where p, P, and P, are respectively
trial, g.s. and HF electron~densities. Then, by the variational
principle, one obtains in general, the ordering of energies shown
schematically in Fig. 2. Note, however, that the relative
position of E[pHF] is uncertain, except that it lies above E[pol.

Presuming the ordering of energies as depicted in Fig. 2, one has

Elp ] <E <Elp ] . (144)
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Enr [~

- f

Enr [PHE] Eelp]

"f
Ec[r HF]T

E[Phe]
B[]

Figure 2. A Schematic diagram showing the relative magnitudes
of various energy functionals as defined in Section 5.5.

In general, note that Ec[pol as well as EC are nonpositive.
Notice further that the relative position of E [pHF] as shown in
Fig. 2 is for definiteness. Even if it lies anywhere above
EHF[pHF] the inequality (144) still remains valid, since EHF[pHF]
then becomes a positive quantity. Thus the result (144) is valid
in general.

Levy and Perdew /140/ and lLevy /142/ in their works on
scaling behavior of energy density functionals, obtained rigorous

scaling properties of E[p]. For example,

(25-") Elp] + (y=2") [ &F pr) [r.9v (p(r); ©)]
-Elpl>0 . (145)
c ¥
This implies that E [pW] =y E [p] only for ¥ = 1. Also, akin to
c C

the scaling properties of T(pl] and Ulp] as outlined in Section 3,

one has
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Elp ] < 7 EI[p] (y < 1) (148)
< v c
and
7
Ec[pyl > Ec[p] (¥ > 1) (147)
Similar inequalities hold for the Kohn-Sham exchange-
correlation functional, EKS[p]. For computational purposes,
XC

however, the appropriate functionals should be made, by

construction, to satisfy these inequalities. However, the

literature to date, to the authors’ knowledge, lacks such

practical computational tests and further, their applications.

However, the constrained search approach is quite valuable due to
its formal aesthetic appeal.

Siedentop 7100/ devised a practical scheme to obtain an upper
bound to the lowest eigenvalue of a many-electron atom. His
approach is based on the use of the so-termed Hellmann functional
which treats the angular part quantum-mechanically whereas the
radial part is treated semiclassically. The radial part pre-
scribed by Siedentop reads fn(r] = c;;z(r) wn(qlm(r)), with Clm(r)
as the contribution to the fractional charge contained in a sphere
of radius r, by the electron orbitals labelled by the angular
quantum numbers 1l,m. Further, the functions wn(q) = exp(in knq).
with a finite number of choices for kn were constructed.

Siedentop subsequently constructed the determinantal (trial) wave
functionusing the above recipe for construction of orbitals.

After computation of the energy ingredients, the exchange
contribution (which is always nonpositive) was dropped out leading
to the upper bound to the total energy for the N-electron atom in
question.

Siedentop and Weikard /224/ further introduced the Hellmann-
Weizsécker functional to obtain an upper bound to the quantum-
mechanical ground state energy. Their theorem states that
E (2,2) < z'® Ef”“ + B + 0(Z%). Here, E;E““ is the
corresponding Thomas-Fermi energy, EQ(Z,N) is the total quantum

mechanical energy for an atomic system with N the total number of
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electrons and Z, the nuclear charge. This result is in agreement
with Scott’s /225/ conjecture that the leading correction to the

TF energy goes as z°.

5.6. Density Functionals for Coulomb Systems /28/

In his pioneering work, Lieb /28/ studied interconnections
between many-particle wave functions and the single-particle
density. He introduced certain functionals which circumvent the
problem of V-representability and also discussed their properties
in detail. Further rigorous bounds to the energy density
functionals were also presented. We outline below Lieb’s general
treatment on Coulomb systems. First, we acquaint ourselves with

the terminology, starting with the following definitions :
(i) vp e HU(R®) if vp e L? (R®) and Wp e L?(R%);

(ii) IN = {p| plr) 20, Vp e ' (R, J a3 p = N} ;

v

Yy

(iii) RN={p|p(r‘) 0, Idar'p=N, peL(R)}.
Then, RN > IN by the three dimensional Sobolev inequality,

viz. f d3r|Vf|2 = 3(n/2)4/3(f d3r|f|6)1/3

Substituting f = VE yields the following sequence of inequalities:
Tyl =T lp] = (3n"7 277 (j &r pH (148)

It is rather simple to prove that both RN and IN are convex
i i - < <
sets, i.e. if pland pE RN then Ap1+(1 A)pze RN for 0 = A = 1.

Definition : A function (or functional) f is convex if
F(Ax + (1-A)y) = Af(x) + (1-A)f{(y) (149)

for all 0 = A = 1 and for every pair (x,y) in the domain of f. In
particular, it may easily be shown that, [ a’r (VV532 is convex.
Lieb further obtained an upper bound to the kinetic energy, Tlyl,

in terms of this convex functional. As it may be recalled,
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this bound, along with its refinement by Zumbach /101/ was
presented earlier in Section 3. As pointed out earlier, the map
from ¢ to p is a map from Hl(RaN) onto Hl(Ra), but it is not 1:1 ;
different yY’'s can generate the same p. Lieb proved the following
complicated theorems rigorously, answers to which are intuitively
in the affirmative. We shall merely enunciate the theorems here.
Theorem 1 : The map from ' (R®M) to H'(R®) is continuous i.e. for
a fixed y and {w)} if there is a sequence such that ”W‘WJ” and

|74~ | both — 0, then |[o'"*- p!"%| and v "2-vp' 2| both —0.

Theorem 2 : Given a sequence p%/zwhich converges to : p1/2[in the
1 (R%) sense], there exists a ;equence Y that converges to ¢y [in
the H'(R®M) sense] such that P, and p aré respectively generated
by these wave functions.

Theorem 3 : There does exist an N-particle density matrix F(N)
which, on integration yields a one particle spinless density

matrix I', such that
Frir’) =N Z J d&r &% . ..dr w[(r,O'),...(r , o )] X
¢ 2 N 1 NN

w*[(r’,al),...(r&,oh)] . +++(150)

Tr ' = N and T must satisfy appropriate symmetry
requirements /86/.

Lieb /28/ further studied the class of permissible external
potentials. He pointed out that since p € Lia L3, p e L? for
all p satisfying 1 = p = 3. Thus, the integral fd3r p v is
well-defined (i.e. is finite) if v e L>% L% i.e. v can.be

3/2 o
expressed as a sum vV = v1+ v2, where v1 e L and v2 e L (i.e.

v2 is a bounded function). The class L3/2 + L% includes the
Coulombic potential since 1/|r| = 8(|r|)/|r] + (1—é(|r|))/|r| =
v1 + v2, say, where B(r) =1 if r = 1 and zero otherwise, is a

shifted Heaviside unit-step function. The function v,€ L2 since
in £1dr (r/r) = 4m (1/2) = 21 < o, and v,< 1, whence v, € L.
There, of course, does exist a wider class of potentials

which do not belong to L3724 Lm, but [ a’r pv still remains
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finite. For example, consider the potential v = kx2/2. Even

2 SO dx pv is finite for

though this v does not belong to L
the eigenfunctions of the one-dimensional harmonic oscillator.
Lieb proved the following properties of E[v] that follow
from the variation princ}ple : E[v] = inf{ <w|ﬁv|w>| Y = 11} and
T{y] < = where H =T+U-+ igl v(ri).
{i) E[v] is concave in v, i.e. E[v] z A E[vll + {1-2}) E[v2] for
v = Avl + (1—7\)v2 for all vy v, and 0=xs=s1
(ii) E[v] is monotone decreasing, i.e. for v, SV
(at all rJ), E[vll = E[ve]

(iii) E[v] is continuous in the L*2 + L” norm and is locally

2

Lipschitz.

The domain of Flp] = Elv] - [ d°r pv is the set A = { el e
comes from a ground state and [ p @ = N } o AN # IN and further,
is not convex. Thus, apart from FHK being unknown, there still
remain some conceptual problems, e.g. FHK is not convex (for,
strict convexity implies uniqueness of minima). Also, the domain
of FHK , viz. AN is not convex.

Levy /53/ defined a functional Q[p] over IN, as was reviewed
earlier in Section 2. Lieb /28/ put this work on a more rigorous

footing by defining
Flpl = 1nf{<¢|% + O|¢> | w=p, |y =1
and <y | T | > < m} : (151)

The basic difference between the definitions due to Levy and Lieb
being that "min” in the former is replaced by the more appropriate
"inf" in the latter. Lieb subsequently proved the theorem that
for eac? p € IN there exists a y with the attributes tka} nw“: 1
and <y|T|y> < @, such that Flpl, given by Flpl = <y|T+Uly>
i.e. the infimum in (151) is in fact a minimum. The main problem
associated with F is that it is not convex either.

According to Lieb /28/, one may introduce an alternative

choice
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F [p] = Sup {E[v] - I &Crpv | vel¥ 7 } (152)

The functional FL defined for all p € RN, is convex (since it is a
supremum of a family of linear functionals) and depends explicity
on N through the energy functional E[v]. Lieb also established a
rigorous inequality connecting F and FL viz. FL[p] < F [p]l for all
p € IN. A further conjecture was made on the joint convexity of
FL in N and p, that is,

FL[N+1, p1] + FL[N~1, p2] z 2 FL[N, (p1+p2)/2] (153)

The convexity was explored further by Lieb in the form of
following theorem. Assume that (i) FL[N,p] is Jjointly convex
(as in the inequality (183)). (ii) E [N,v] is convex in N for
all fixed v, i.e. E {N+1,v] + E [N-1,v] 2 2 E [N,v]; then

(a) In view of the definition (152), (ii) implies (i)

(b) If E[v] = Inf {FL[p]+ 7 d% vp | o€ L*ALly  or

Elv] = Inf {E [pl+ [ a’r vp | e € IN) holds, then

(i) implies (ii).

Further, Lieb summarized the bounds to the Kohn-Sham kinetic
energy, the March-Young and Lieb-Thirring kinetic energy bounds,
(cf. Section 3) as well as the bound to the indirect Coulomb
energy functional (cf. Section 4).

To sum up, it may be remarked that the elegant and profound
work of Lieb that appeals to the mathematical structure of the
density functional formalism indeed represents a milestone in the
formal development of DFT. His classic paper /28/ presents
detailed studies on the structure of DFT and the convexity and

boundedness properties of a variety of energy density functionals.

5.7. Monotonicity of Molecular Electronic Energy in

Nuclear Co-ordinates

Lieb and Simon /226/addressed the problem of monotonicity of

electronic contribution to the Born-Oppenheimer energy of a
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one-electron diatomic molecule. Let E(R) B the ground state

energy of such a system (with ZA and ZB as the nuclear charges),
and let e(R)
contribution. Lieb and Simon /226/ established that e(R)

E(R) - ZAZB/R, denote the corresponding electronic

increases as R does, via the following theorems.
Theorem 1 : Let e(R) = e(Rl, Rz) with R = Rl— R2.

Then dE/dR = O for anarbitrary R > 0 . This result was
established by these authors, with the use of correlation
inequalities as well as by employing the theory of log-concave
functions. This theorem was later generalized to arbitrary
one—electron polyatomic molecules.

Theorem 2 : Fix the nuclear positions at R1, R2, R RN. For a
single electron moving in such an external potential generated by
this nuclear configuration, e(A) = e(ARl, o, ARN) is monotone
nondecreasing function of A, as A increases.

Theorem 3 : The quantity e(R1, R RN) attains its minimum value
when all |Ri|’s are equal, for fixed N and positive nuclear
charges 21,22,.., ZN. The proof of this theorem employs the fact
that E(Z) is jointly concave since the Hamiltonian (electronic part
only)} is linear in all Zi‘ This result has earlier been proven by
Narnhofer and Thirring/227/. For further work generalizing this
result, see Lieb /228/.

Mezey (/229, 230/ and references therein} in a series of
contributions studied the topology of energy hypersurfaces of
atoms and molecules. Of particular interest are two studies
/231, 232/ that deal with "electronic energy level set topologies”
in the abstract nuclear charge space Z of molecular systems. For
this purpose, Mezey introduced the following definitions. Let the
electronic energy E be a map from R” x 22 — R' (n = 3N, N being
the number of electrons)}, where 2’ denotes a set of nonnegative
integral nuclear charges at a fixed nuclear geometry, denoted by a
generic symbol y. In fact, 2’ is a subset of Z = {X| zi =z 0, for
i =1,2,3, ..., wh, i.e. x denotes a collection of nuclear charges

z . The "level set" of EO is defined /231, 232/ as

i
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Fpo(r) = { x | E(r,x) = E"} : (154)

Here, E° denotes a given {(arbitrary) value of the electronic

. —_— - 2_
energy corresponding to Helec(r,x) = -(1/2) ?Vi E za/ria+i§j1/r1y
which is the electronic part of the Hamiltonian. Equipped with

these definitions, we outline the proof of Mezey’s theorem that,

FEO(P) is a convex subset of Z’ for a fixed geometry r. For this

(2) (1)

. (1) .
purpose, consider two vectors x and x '€ F0; i.e. E = 0

E
and E‘z) = Eo. Now, assume, without loss of generality that
2
E® = £, With the prescription x = &, x' V4 o x' ), along

with a, a = 0, a, + @, = 1 and further, by invoking the

linearity of H . w.r.t. x, it follows that
elec

(1)
s X

E(F’X) = <l/J'Helecl!;l> = “1<leﬂec[P1 )lw>

(2)
+ o <y[H rox )|y +++ (1585)

(
elec

A subsequent use of the variational principle yields

E{r,x) 2z « SRR L (oo + o) g = gy g°
1 2 1 2
e+ (158)
Furthermore, FEo is a connected set, i.e. is not a set of isolated
points in Z but rather is a continuous one, since every point
(1) (2)

Joining x and x also belongs to F_o, vide convexity.

Next, Mezey proved an important gineral inequality connecting
the electronic energies of isoelectronic molecules. What is
remarkable in this bound is that it holds for arbitrary molecular
geometries. We merely enunciate this result, after introducing
the following terminology.

Let x denote an ordered w-tuple with nonnegative integral

nuclear charges for its components X, . The hypercube C 0 and the
z

pyramid on are defined by
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Co = {x|xv = 20, i=1,2, ..., u; x¢€ Z’} (157)
1

and
ot (i)
Po={x|x=§a.z‘; Za_zl;a,zo} ) (158)

Evidently, Czo > on. We illustrate the above two definitions

schematically in Fig. 3 for a two dimensional case. The

C,0=T,oU Po

2°e
#
"
29570
%%%
///%2}\> Th>T,0
9 g//// N
2799%% €/>
£947959555%>
o,
2%%% 04 4% N
979999%%202%%4
| /éé ////4 4 // A4
(o]
z

Pz°
Figure 3. A schematic geometrical construction of the
hypercube C o and the hyperpyramid P o illustrated for a

two-dimensidnal case. T o denotes Ehe upper triangle, i.e. the
region not belonging to P%0 but within C o (c¢f. Section 5.7).
z z

following theorem was then established : For isoelectronic pair of
molecules M(l)(r(l), x(l)) and M(Z)(P(Z), x(z)), with r(l), r(2
denoting arbitrary geometries and with the nuclear charges

(1) (2) (1) (2)
X

w-tuples x R € 2, such that x 'e Po and x "'e Co (the
z z

, the

superscript "c¢" denotes the complement), for some fixed 2°
ground state electronic energies satisfy

gV g (159)
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for arbitrary nuclear configurations. As an illustration, one may

obtain, with a possible choice 2’ = 2.5, N =2, the bound

‘ (160)

v
™

E )
H Li
2

for all possible geometries for the respective molecules. Mezey
applied the above theorem to compare the electronic energies of
molecular species PCIZI, PBP2C1 and the ion pair K++ PSbC1
Arteca and Mezey /233/ have more recently studied simple
inequalities for the electronic energies of diatomics. They have,
further examined the boundaries defining the electronic energy
level set topologies in abstract nuclear charge-space of molecular
systems /18, 234/. Later, these relations have been used to
extract bounds to the internuclear distances at which the
electronic energy of a diatomic molecule reaches a specified
value. In summary, the works of Mezey and co-workers clearly
bring out the applicability of topological arguments to the study

of molecular electronic energies.

5.8. Other Miscellaneous VWorks

While preparing this article, some recent works have come to
our notice. Here, we make a brief mention of them along with
earlier related articles.

Recently, Ghosh /235/ has derived a bound within DFT, viz.

62EA/6A2 < [ d (82VA(r)/6A2) Py (F) (161)

where A parameterizes the external potential, VA(P), thereby

inducing a A-dependence into the ground state density ph(r) and

the ground state energy, EA . Note that for the first derivative,

the well-known Hellmann-Feynman theorem engenders an eguallty :
(BE /OA) = <wA|6H /6A|¢A>/<whlwk for a general Hamiltonian HA
characterlzed a parameter A. Within the wavefunction domain,

Silverman and van Leuven /236/ as well as Deb /237/ had earlier
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derived an upper bound relation

2 2 27 2
a EA/6A < <¢A|6 HA/BA |¢A>/<whlwk> (182)

While (162) is rigorously valid relation, its transcription {181)
due to Ghosh needs rectification (Eq. (7) in his paper has the
second-order “cross-term" missing in the Taylor-expansion of
AE(N,A)).

Mention also must be made of the very recent works due to
Chen and Spruch /238, 233/ which address the question of lower
bounds to the ground state energies and the accompanying necessary

conditions for the existence of bound states.

6. CONCLUDING REMARKS

In this article, we have endeavored to present a
comprehensive survey of inequalities involving atomic and
molecular energy functionals. Indeed, such inequalities are
encountered at every turn in quantum chemistry as well as atomic
and molecular physics. In the mathematical literature, the topic
of inequalities has been given a special status and several
classic monographs dedicated to this topic have been produced.
However, the topic of "Inequalities" is yet to join the club of
accepted keywords in physics and chemistry. In the quantum theory
of atoms, molecules and solids, equalities are rather rare and
what one can achieve at best in most of the situtaticns, is a
rigorous inequality. The state of affairs is even more aggravated
within the density-functional context, since the exact forms of
kinetic and exchange-correlation energy density functionals have
remained unknown. However, upper as well as lower bounds to these
functionals or their ingredients can indeed be derived as
demonstrated in the earlier Sections of this work. In particular,
the connection between electron-electron repulsion energy

functional and its ingredients with simpler, one-electron ones, is
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possible only via the medium of inequalities. Such bounds appear
in the wavefunction, as well as single-particle density domains.
It is such inequalities that enable one the study of fundamental
problems such as stability of negative ions, molecules and that of
matter in general. Topological concepts can also be gainfully
employed for obtaining bounds to molecular electronic energies.
Thus inequalities are indeed all-pervading in the vast literature
of quantum chemistry. To conclude, we earnestly express a hope
that this article has brought out the power and versatility of

inequalities in the quantum theory of atoms and molecules.

APPENDIX

Bounds to Fm(t)

Expressions for electron repulsion integrals over Gaussian

basis-sets involve special functions /204, 205, 207, 240, 241/

1 2m

Fm(t) = g u exp(—tuz) du. (A1)

A variety of upper and lower bounds to FO, F1 and F2 will
be derived here. A reference may be made to Gadre, Shrivastava and

Kulkarni /241/ for full details.
1. Bounds to Fo(t)

Note that Fo(t) is a monotone decreasing function, since
Fé(t) = 0 for finite t = 0. The maximum value attained by FO

is 1, viz. FO(O) = 1. Hence, a trivial bound is

Fo(t) = 1. (A.2)
Another bound is obtained by the following considerations :
F (t) = l[ et du =e (A.3)

For t = 0.1, the following bounds are obtained by series expansion



BOUNDS TO ATOMIC AND MOLECULAR ENERGY FUNCTIONALS 291

F(t) =1 -t/3+ t%/10 (A.4a)
and
F(t) s1-t/3+ t%/10 - t3/42 + t*/216. (A.4b)

The r.h.s. of the bound (A.4b) also serves as a good approximation
to Fo(t) for t = 0.1 with an error estimate of less than 10 °.

Of particular interest is the bound
F () s (n/t) %72 (A.5)

which estimates the function with an error less than 1.25 x 10_7

for t =z 14.

2. Bounds to F1(t)

1 1
Fl(t) = l u? exp(—tuz)du = I u exp(—tuz)du = -(1/(2t))

1
exp(-tu’)| = (1-e™)/(2t) (A.8)

Yet another upper bound to F1(t) may also be readily

derived :
o 2 ' o 3
l u” expl(-tu“)du = l u” expl(-tu)du = (2/t7)

Fl(t)

(2 + 2t + t%) exp(—t)/t3

Some simpler upper bounds to F1 and F2 are given by : FI = 1/3 and

Fz =< 1/5 and in general,
F = 1/(2m + 1) (A.7)
m

These bounds have been successfully employed /241/ for devising an
efficient algorithm for molecular electrostatic potential mapping
An upper bound serving as a useful approximation to Fl(t) is

given by :
F(t) = ()% (at) (A.8)

The r.h.s. of (A.8) estimates the function with an error less than

107% for t = 14.
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3. For some further inequalities, note that x = exp(x-1).
Substitute x = tu® to obtain tu® = exp(tuz—l) = exp(tuz)/e.

Hence, etu’ = exp(tuz), yielding exp(-tuz) < (etu®)™!. This leads
to the result

1
F () = lu"’ exp(-tu?)du = 1/(et) (A.9)

The bounds to F (t) discussed here are of general practical
m
interest since they may be gainfully employed for estimating the

electron repulsion integrals as well as electronic properties of

molecular systems whenever Gaussian basis functions are employed.
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Note added in proof

We note that during the preparation of this article, some
excellent reviews, viz. by Jones and Gunnarsson, in The Reviews
of Modern Physics, 1989; and the entire Volume 21 of the Advances
in Quantum Chemistry, 1990, devoted to the Density Functional
Theory, have appeared. We also have to make a mention of an
earlier article by Weinnhold (Vol. 6 of Adv. Quantum Chem.) that
deals with bounds to quantal expectation values for many-electron
systems.



ATOMIC NATURAL ORBITAL (ANO) BASIS SETS
FOR QUANTUM CHEMICAL CALCULATIONS

Jan Almlof

Department of Chemistry and
Minnesota Supercomputer Institute
University of Minnesota
Minneapolis, MN 55455
USA

Peter R. Taylor?

ELORET Institute
Palo Alto, CA 94303
USA

1. INTRODUCTION
1.1. Atomic orbitals and molecular orbitals

The molecular orbital (MO) theory of electronic structure is the most fruitful
concept introduced into quantum chemistry. Its simple interpretation of structure,
bonding, and spectroscopy in terms of one-electron functions not only provides
great qualitative physical insight, but also leads naturally to a variety of schemes
for the quantitative calculation of molecular properties. Since, in general, the
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functional form of the MOs is unknown, some suitable scheme for approximating
them must be found. Expanding unknown functions in a fixed basis set is a
standard mathematical technique in the physical sciences, and in the earliest
qualitative schemes MOs were represented as arising from overlapping atomic
orbitals (AQs) — a linear combination of atomic orbitals (LCAQO) model. This
model has a very clear and straightforward physical interpretation. In most molec-
ular systems, the forces acting on the electrons are approximately the same as in
the free atoms, and the total electronic energy in a molecule therefore seldom
differs by more than a small fraction from the sum of atomic energies. (In other
words, the heat of atomization for a molecule is small compared to the total
energy). It is therefore a commonly accepted notion that a molecule can be
considered as assemblage of atoms with chemical bonding as a small perturbation.
Consistent with that view, the molecular orbitals in an electronic structure model
can be formed from atomic orbitals with small additional adjustments, and the
LCAO MO model is consequently a cornerstone of quantum chemistry.

The simplest example of the MO model (for the case of more than one
electron) is the H, molecule. Here the ground state arises from two electrons
occupying a bonding MO of 0, symmetry; in the simple LCAO representation the
0, MO is a symmetric combination of 15 AOs on the individual hydrogens. This
picture is qualitatively satisfactory, but for quantitative predictions it suffers from
two well-known disadvantages. First, approximating the wave function by a
single electron configuration neglects the detailed correlation of the electronic
motion: the orbital model is a mean-field treatment (the Hartree-Fock
approximation). Second, while any function such as an MO can be expanded in
some suitable complete set of basis functions (say, AQs), naive valence AO
combinations like the one suggested above for H; will not necessarily be
adequate. Hence for quantitative accuracy we must be concerned both with AO
basis sets that extend beyond the occupied ground-state AOs of the atoms, and
with a treatment of the many-particle problem that goes beyond the Hartree-Fock
approximation. Further, since the exact AOs are not available for any atom
beyond hydrogen (and even in that case have a complicated analytical form),
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additional approximations are necessary. We shall discuss some consequences of
these concerns in the following subsections.

1.2. LCAO MOs and the Hartree-Fock approximation

We begin with an approximation to the N-electron molecular wave function
¥ as a single Slater determinant of orthonormal molecular spin orbitals {y )

vi() ya2) wi(3) . . . wviV)
va(1) va(2) wa(3) . . . ya(N)

0= ) ) 2 2. = lvivayz--- yv>. (1)
wnv(l) ww(2) wwv@3) . . . yw(N)

The LCAO expansion provides a simple solution to approximating the orbitals{ )}

vi= 2aCu . @
A

Here {y]} is a set of AOs: functions centered on the various nuclei. If the
summation in (2) is restricted to run over only those shells of AOs occupied in the
free ground-state atoms, we speak of a minimal basis set. In certain small
symmeitric systems the LCAO coefficients C for a minimal basis are determined
by symmetry, but in more complicated cases (larger systems and/or more AOs)
some condition must be used to determine C. Given the clamped-nucleus Born-

Oppenheimer Hamiltonian (in atomic units)

Za 1 ZpZg
ir,'—RA|+ 2 |l','—rj|+A§BlRA—RBI’ 3)

i<f

1 2
H==33V;- 2%
i iA

where i and A span the range of electron and (fixed) nuclear coordinates,
respectively, a condition for C can be found by taking the expectation value of the
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approximate wave function (1) over the Hamiltonian (3), inserting the
expansion (2) in the resulting functional and making the energy stationary with
respect to all variations of C that preserve orthonormality of the {y }. This gives

the matrix equation
FC = SCg, 4)

where S is the overlap matrix over the AO basis {¥}, € is a matrix of Lagrange

multipliers arising from the orthonormality constraints, and

Fuv = hyy + 3, Pag[(uv120) - (uo12v)]. (5)
Ao

Here hyy is a one-electron integral and (uv 110) a two-electron integral in Mulliken

notation, i.e.

(;wllo):ff x;(rl)xv(rl) %Z;(rz)lo(g)drldrz (6)

over the basis {¥]. P is the density matrix: if we restrict ourselves to the closed-
shell case (where o and [ spin-orbitals have the same spatial part) we have

Pu=2Y, CuiCyi. )
i
and

Fuy = hyy + z Ps{(uv MO—)_%(‘{LO‘IIV)}, ®
Ao

in a space orbital notation. The LCAO self-consistent field (SCF) equations (4)
were first derived for the case of a closed-shell molecule with doubly-occupied
spatial orbitals independently by Roothaan [1] and by Hall [2], and were
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extended to the case of a single determinant of spin-orbitals by Pople and
Nesbet [3]. There have been numerous subsequent extensions to open-shell
systems — further references are given in Ref 4.

It is evident that optimizing the expansion coefficients {C ;) in (2)
using (4) requires the evaluation of one- and two-electron integrals over the AOs.
The form chosen for the AOs therefore has a crucial influence on the
computational complexity and feasibility of the LCAO SCF scheme. A complete
(i.e., infinite) set of AOs would yield the Hartree-Fock limit result, but utilizing
such a set is not feasible in practice. From comparisons with accurate (numerical)

atomic Hartree-Fock calculations, a Slater-type orbital (STO), centered at Ry,

X(n’l’m’C) =lr- R/\ln_lexp(_é‘lr_ RAI)Ylm(eA!‘pA) (9)

involving an exponential radial term (Y}, is a spherical harmonic) is known to be
one of the best single-term approximations to an atomic orbital. The exponential
radial term reproduces the correct cusp behavior at an atomic nucleus if the
exponent § is chosen appropriately; the correct asymptotic decay can also be
described with a suitable (in general different) choice of {. STOs would thus
appear to be a good choice for the AO basis. A minimal basis set of such STOs is
sometimes referred to as a single zeta basis. After the Roothaan-Hall equations
were derived, much effort was devoted to evaluating the two-electron integrals
over STOs [5]. Unfortunately, these integrals were found to be mathematically
complicated and computationally time-consuming, especially where functions on
more than two centers are involved, and where the system has symmetry lower
than cylindrical. In fact, there is still no method for computing multicenter STO
integrals accurately when higher angular momentum functions are involved.
These problems were greatly exacerbated by the early realization that the MOs
obtained from minimal STO basis sets are of rather poor quality. If two
independent STOs are used to represent each occupied AO, the resulting “double
zeta basis” MOs were substantially improved, but at a cost of generating and
handling some 16 times as many two-electron integrals.
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The basis set deficiencies were only partly overcome by using double zeta
sets. A consequence of the lower symmetry of molecules, as compared to atoms,
is that AOs that are unoccupied in the atomic ground state at the Hartree-Fock
level, such as d type functions for first-row atoms, can (and do) contribute to the
occupied MOs. Such higher angular momentum functions are referred to as
polarization functions since they allow for polarization of electron density in
chemical bonds. Adding polarization functions to a double zeta (or larger) STO
basis obviously further increases the computational labour, and although a number
of large basis set STO studies of diatomic and linear polyatomic systems were
performed the need for an alternative to STOs was clear.

Boys [6,7] and Preuss [8] had earlier suggested the use of basis functions
with a Gaussian radial form:

A AV,0) = X ) =Y DF (2-Z,) Yexp(-alr — R 7). (10)

These functions are termed Cartesian Gaussian functions because of the use of
polynomials in x, y, and z to generate the angular dependence. Two-electron
integrals over such Gaussian-type orbitals (GTOs) can be evaluated with little
difficulty, even for nonlinear polyatomic species. Early experience with small
Gaussian basis sets had been discouraging [9]; this is perhaps not surprising,
since a Gaussian function can satisfy neither the nuclear cusp condition nor the
asymptotic behavior of atomic wave functions. An alternative use of GTOs was
to use them for expansions of STOs in order to overcome the integral evaluation
problems associated with the latter [10]. This approach, although frequently
used later in the popular STO-nG basis sets [11], is not free from difficulties. In
fact, GTOs themselves could be used in LCAQ calculations once it was
appreciated that, because of their less satisfactory properties, MO expansions in
GTOs would be more slowly convergent than MO expansions in STOs [12].
That is, more GTOs would be required for a given level of accuracy. Finally, it
was realized that many GTOs appeared with very similar relative weights for the
same element in different molecules: for example, those high exponent GTOs that
were required to approximate the nuclear cusp condition satisfactorily. In such



ANO BASIS SETS FOR QUANTUM CHEMICAL CALCULATIONS 307

cases a single function formed as a fixed linear combination of GTOs — a
contracted Gaussian (CGTO) [13] — could be used as a basis function, thus
substantially reducing the length of the LCAQO expansions of the MOs.

The nodal structure of the Gaussians in (10) is equivalent to that of atomic
orbitals with quantum numbers n = /+1, that is, radially nodeless functions of
the form 1s, 2p, 3d, 4f, etc, where the Cartesian “angular momentum” value
L = A+p+v is used instead of the regular / value for atomic functions. The
correct radial nodal structure of other atomic orbitals is achieved either by the
choice of the contraction coefficients or by using several basis functions with
appropriate relative phases.

It is appropriate at this point to discuss how the role of the “atomic basis
functions” in molecular Hartree-Fock calculations has changed in the light of these
developments. In the early minimal basis set studies, essentially the same basis
functions that would be used in a qualitative LCAO MO model were being used in
the SCF calculations — single-term approximations to atomic orbitals. There was
thus an intimate connection between the SCF calculation and the interpretative
model. However, as the atomic basis sets in common use have expanded,
whether to double zeta STO sets or to extended sets of CGTOs with multiple
polarization functions, the connection with the simple interpretative model has
been considerably weakened. In the vast majority of extended basis set SCF
calculations carried out today, it is seldom possible to identify any of the CGTOs
with functions resembling atomic orbitals, except for core orbitals which are
usually uninteresting for chemical interpretation. The “AO” in LCAO has come to
mean little more than “Gaussian basis function”, with a concomitant loss of simple
physical interpretability in the calculation. To a large extent this arises from
confusing a mathematical expansion basis (CGTOs) used largely for its
computational convenience with a physically motivated set of basis functions
(AOs). This point has been addressed particularly by Raffenetti [14] and by
Ruedenberg and coworkers {15], who first showed how accurate LCAO SCF
calculations could be carried out in a basis of high-quality AOs, while retaining the
computational convenience of an underlying CGTO expansion basis. Later in this
review we shall describe an LCAO approach in which the AOs used are of greater
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physical significance than the rather arbitrary CGTO combinations employed in
most calculations.

1.3. The correlation problem

Lowdin [16] has defined the correlation energy as the difference between
the exact non-relativistic energy of a system and the Hartree-Fock energy. This
difference arises because the exact wave function cannot be represented as a single
determinant like (1). As the correlation energy is a small fraction of molecular
total energies, we may expect the Hartree-Fock determinant (or a combination of a
few determinants) to dominate the wave function, which is conveniently expanded
using the MOs { v } as a configuration-interaction (CI) expansion

¥ T Wi+ IR SR MW e (11)

i<j a<b Y i<j<k a<b<c

The configurations ¥}, ‘P’;jb ... are obtained by exciting one, two, ... electrons
from the occupied MOs (indexed i, j, ...) to empty “virtual” MOs (q, b, ...) that
arise because the expansion basis is invariably larger than the number of occupied
MOs. Of course, the functional form of these empty MOs will reflect the
functional form of the underlying expansion basis. We should note that we have
tacitly assumed a spin-orbital formulation of the CI problem in (11), although
most efficient computational formulations are spin-adapted.

In practice it is often convenient to distinguish between two types of
correlation effects [17,18]. Nondynamical correlation arises when several
configurations are nearly degenerate and interacting, and therefore become
simultaneously important in the expansion of the wave function. This situation
arises, for example, in breaking chemical bonds and in many electronically excited
states, and can lead to qualitatively incorrect predictions from Hartree-Fock
calculations. Nondynamical correlation can usually be accounted for by extending
the wave function from one to relatively few terms, i.e., a multiconfigurational
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SCF (MCSCF) treatment. In general, the convergence of MCSCEF results with
the atomic basis set size is similar to that of SCF calculations.

Dynamical correlation arises from the cusp condition in r; that is satisfied
by the exact wave function. Convergence of the dynamical correlation energy
with excitation level, that is, with respect to successive terms in (11), has been
shown by explicit calculations to be fairly rapid, single and double excitations
being the most important (see, for example, Refs. 18-20). In cases where
nondynamical correlation is important, the expansion (11) must be redefined so
that all important configurations appear as reference functions. In contrast to the
rapid convergence with excitation level, convergence with respect to the size and
nature of the atomic expansion basis set is very slow [18,21]. This is not
surprising — reproducing a two-electron cusp in the wave function by products of
one-electron orbitals is a slowly convergent procedure. In addition, describing
such cusp behavior requires functions with higher angular momenta than the
occupied AOs, and the correlation energy contributions of these higher angular
functions converge much more slowly with angular quantum number than their
SCF contributions in molecules.

A Cl expansion like (11) is not the only approach to calculating dynamical
correlation energies in which an “N-particle basis” is built up as products of one-
electron orbitals. Other related methods like perturbation-theoretic and coupled-
cluster techniques have their own advantages and disadvantages [22]. For
present purposes, we note only that all of these methods naturally show the same
slow convergence of dynamical correlation energy with atomic expansion basis.
We also note that the convergence of the N-particle and one-electron expansions
will be coupled to some extent, although for most extended basis sets this coupl-
ing appears to be rather weak.

1.4. Considerations for basis set design

We have briefly reviewed a number of aspects of the calculation of molec-
ular SCF and correlation energies that are relevant to the design and construction
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of atomic basis sets. Several other issues are also important. If, for example,
accurate atomic or molecular properties are required, the basis set must contain
angular functions suitable for describing the effect of an applied perturbation
(e.g., electric field, if the property of interest is the dipole moment) on the wave
function. Accounting for all these considerations makes basis set design a
complicated and demanding task. It is clear from 1.2 and 1.3 that obtaining
accurate correlation energies will be much more demanding of the atomic expans-
ion basis than the computation of SCF energies, so one strategy is to concentrate
on the design of basis sets for describing dynamical correlation effects, assuming
that such sets will perform adequately at the SCF level or in describing
nondynamical correlation. This is the strategy we will pursue in the remainder of
this review. We will show that it is indeed possible to obtain basis sets for
accurate SCF calculations as a consequence of the accurate treatment of dynamical
correlation. In the next section we review some formal properties of wave
functions and orbitals that are required for our later development. In section 3 we
discuss a variety of computational aspects of basis set contraction and the
evaluation of Gaussian integrals. Section 4 contains a detailed analysis of the
performance of our proposed basis set designs, while in section 5 a number of
different applications to accurate calculations of atomic and molecular properties
are described. Several recent alternative approaches are discussed in section 6,
and our conclusions are given in section 7.
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2. NATURAL ORBITALS
2.1. Properties of Natural Orbitals

For molecular SCF wave functions it may be acceptable to use an LCAQO
representation based on occupied SCF AQOs (although computed properties in
minimal SCF AO basis sets can be poor [23]). However, for correlated wave
functions such small basis sets are even less desirable, and additional basis
functions need to be defined. Unfortunately, the form of the virtual SCF AQs can
change dramatically as the expansion basis is changed, so little in the way of
physical interpretation can be based on the SCF AOs from extended basis sets. It
is desirable to find some set of orbitals whose definition is less dependent on the
expansion basis at the correlated level. Consider the first-order reduced density
kernel [24] from an N-electron wave function ¥:

Y1) = Nf‘P(l',2,...N Yy WP*(1,2,...N ) dt...dy. (12)

In an arbitrary (orthonormal) spin-orbital basis { ¢ } we can expand y(1'11) as

7(1'I1)=%§¢;(1') o ¥y, (13)

where 7 is the first-order reduced density matrix. Yy is a square Hermitian

matrix and can be diagonalized by a unitary transformation. This property can
therefore be used to write y(1'11) in the diagonal representation

y(l'l1)=)£,n; M, 1, (14)
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Loéwdin has termed the set {1} natural spin-orbitals (NSOs) [25]. The ny are

occupation numbers of the NSOs; in the normalization of (11) we have
0 £ £1. (15)

In practice, it is more common to sum over the spin coordinate in (13) and (14),
giving the spinless first-order reduced density matrix, and its eigenvectors, the
natural orbitals (NOs). The occupation numbers of the NOs so defined lie
between zero and two.

Natural orbitals have a number of special properties. SCF orbitals are
themselves NOs — for a closed-shell system the occupied orbitals have occup-
ation numbers of two and the virtuals have occupation zero. For a two-electron
system, the NOs can be shown [26] to yield the most rapidly convergent CI
expansion of the wave function, and truncation of the orbital space by eliminating
the NOs with the smallest occupation number produces the smallest least-squares
error in the wave function. For many-electron systems these properties do not
apply rigorously, but there is considerable empirical evidence to support the
contention that the occupation number of an NO provides a useful measure of its
importance in the wave function [24]. Hence if we are interested in developing
methods for truncating one-particle basis sets, NOs and their occupation numbers
are certainly worth investigating.

2.2. Natural Orbitals for Neon Atom

Let us consider the neon atom NOs. Figure 1 displays the occupation
numbers for the NOs of an SDCI wave function, correlating the eight valence
electrons, in an uncontracted (18s 13p 6d 5f4g 3k 2i) GTO basis set. (This
basis set should account for about 97-98% of the complete basis set limit valence

correlation energy for a given N-particle space treatment.)
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—logm M occ

Figure 1. Ne natural orbital occupation numbers.

Occupation numbers for NOs not shown in Fig. | are smaller than 2x10-6.
There is some regularity in the larger occupation numbers, but this is gradually
lost as the occupation numbers decrease. A systematic pattern can also be
discerned in the s and p NOs, i.e., the ones mainly describing radial correlation,
and a different one in the high / occupation numbers. Since the occupation
number of an NO is a direct measure of its importance in the wave function, we
can expect to obtain a systematic sequence of truncated orbital spaces by
eliminating the NOs with occupation numbers below different selection
thresholds. For example, at an occupation number threshold of 1073, we retain
35 2p 1d NOs, at 1074 4s 3p 2d 1f and at 10-3 55 4p 3d 2f 2g 1h or
5s 4p 3d 2f 1g 1h (the second g NO occupation number is in fact almost
exactly 10-5). However, below a threshold of 1075 the pattern becomes more
complicated. The fifth p NO has an occupation number very close to 1075; and
the fourth 4 and third f occupation numbers are only slightly smaller, although
the size of the GTO basis is probably not large enough to define these occupation
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numbers reliably. At occupation numbers of 1076 and smaller, the NOs take on

an increasingly oscillatory behavior because of the nodal structure enforced by

orthogonality. However, these very weakly occupied NOs obviously contribute

little to the wave function and do not affect the energy significantly (see below).

At thresholds around 1075 and larger, therefore, the NO occupation numbers seem

to provide a very convenient scheme for truncating the one-particle space. We

shall now consider the consequences of this truncation for the total energy.

In Table 1 we list energy results for several truncated NO expansions for

Ne.
Table 1. Ne atom NO expansion energy truncation errors (Ep)2.

Primitive basis sets Escr Espcr
(18s 13p 6d 5f4g 3k 2i) -128.547094 -128.850926
(18s 13p 6d 5f4¢g 3h) -128.547094 -128.849475
(18s 13p 6d 5f 4g) -128.547094 -128.845632
(18s 13p 6d 5f) -128.547094 -128.833422

Threshold  Truncated NO expansions AEscr AEspcy
1x10-6 6s 6p 4d 3f3g 2h 1i 0.000017 0.006476
b 6s 6p 5d 4f 3g 2h 1i 0.000017 0.005897
1x10-5¢ S5s4p 3d 2f2g 1h 0.000068 0.006382
1x10-5¢ 55s4p 3d 2f 1g 1A 0.000068 0.008472
1x10-3 S5s4p 3d 2f 1g 0.000068 0.007298
1x10-4 45 3p 2d 1f 0.000162 0.016939

@ Truncation error measured with respect to primitive set with the same highest

angular momentum.
b “Canonical” sequence — see text.
¢ Occupation number of second g NO is almost exactly 1075,
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For the primitive basis sets we give the total SCF and SDCI energy, while for the
NO sets we give the truncation error, defined as the difference between the energy
in the truncated NO set and the energy in the primitive set, which of course
corresponds to using all NOs. The truncation errors in Table 1 are referenced to
the primitive basis with the same highest angular momentum.The primitive basis
results in Table 1 show that to within the common criterion of 1 kcal/mol —
“chemical accuracy” — in the SDCI energy, it is necessary to include i type
functions (! = 6). The contribution of 4 type functions is several times larger.
Turning to the truncated NO expansion results, we note first that the truncation
error in the SCF energy is effectively zero for all the basis sets listed. For the
SDCI energy, the truncation errors are naturally much larger, ranging from 6 to
9 mEy. For the largest truncated set, 6s 6p 4d 3f 3g 2h 1i, the average error
is approximately 1 mEy per / value, or a little over 0.5 kcal/mol. If the selection
threshold is increased to 1x1073 the truncation error remains almost unchanged,
since although energy is lost by using a smaller NO set, there is a compensating
reduction in the primitive basis energy from the omission of i functions. We can
see a similar effect when A functions are omitted, by comparing the
Ss 4p 3d 2f 1g 1h and S5s 4p 3d 2f 1g results. Included also in Table 1 is a
result from a 6s 6p 54 4f 3g 2h 1i truncated NO space. This does not
correspond to any strict selection by occupation number threshold, but it
represents the final stage (within this primitive space) of the “canonical” sequence
3s 2p 1d, 4s 3p 2d 1f, etc. (The seventh s NO is a highly oscillatory orbital
with a very small occupation number, it was therefore excluded.) This
65 6p 5d 4f 3g 2h 1i set improves the energy by only 0.6 mEy compared to
the 65 6p 4d 3f3g 2h 1i set.

These observations support the contention that NO truncation is a useful
method for excluding unimportant orbitals, However, while a primitive Gaussian
basis that is essentially complete for all / values up to and including I =6 is
useful to establish these convergence properties, it would be impractically large
for correlated calculations on polyatomic molecules. To illustrate that the same
behavior is observed for smaller, more practical primitive basis sets we give in

Table 2 NO truncation errors for a smaller (13s 8p 6d 4f 2g) primitive basis.
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The results of Table 2 are very similar to those of Table 1. The truncation error
in the SCF energy is negligible, while the truncation error in the SDCI energy is
relatively small at an occupation number threshold of 10-5, although it becomes
noticeable at a threshold of 10-4.

Table 2. Ne atom NO expansion energy truncation errors (Ep)4.

Primitive basis sets Escr Espar
(135 8p 6d 4f 2g) ~128.546574 —128.843807
(135 8p 6d 4f) ~128.546574 -128.832550
(135 8p 6d) —-128.546574 -128.798756
Threshold Truncated NO expansions AEscE AEspci
1x10-3 Ss 4p 3d 2f 1g 0.000063 0.006059
1105 55 4p 3d 2f 0.000063 0.004126
1x10-4 4s 3p 2d 1f 0.000166 0.016691
1x10-6 6s S5p 4d 0.000057 0.000731
1x10-3 Ss 4p 3d 0.000063 0.002337
1x10-4 4s 3p 2d 0.000166 0.009408

@ Truncation error measured with respect to primitive set with the same highest

angular momentum.

We note again the importance of higher angular functions: the f and g spaces are
less well saturated than in the larger primitive set used in Table 1, but even here
g type functions contribute more than 11 mEj, to the energy. Overall, occupation
number truncation at a threshold of 10~ produces an energy effect of little more
than 0.5 kcal/mol per [ value (on average), while truncation at the 10 threshold
leads to an average energy loss of about 2 kcal/mol per / value. Interestingly, the
NO truncation patterns closely parallel the importance of polarization functions for
the correlation energy in molecular calculations, pointed out by Jankowski et
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al. [27]. They emphasize the need for “balanced” polarization sets, which they
found to follow the sequence 1d, 2d1f, and 3d2flg. Dunning has arrived at
similar conclusions in basis set optimization studies [28].

We should perhaps note one aspect of expanding NOs in primitive
Gaussian functions here. Traditionally, the (13s 8p) set would be regarded as
“valence triple zeta” [29], since only the outermost three s primitives contribute
substantially to the outer lobe of the 25 AO (the remainder have small coefficients
from the requirement of orthogonality to the 1s). From this point of view, one
would then expect such a basis to be capable of describing only three valence
s AOs, plus the 1s core, yet the primitive set appears to be capable of describing
at least the first four s NOs, as well as the core. In fact, the fourth outermost
primitive in the (13s) set has almost zero coefficient in the 2s AO because of the
position of the radial node; this primitive contributes substantially to higher
valence s NOs. Comparisons of the overlap between s NOs expanded in a
(13s) set with those expanded in an (18s) set also demonstrate that the former
can describe at least four valence s NOs, although only the (18s) set would
normally be regarded as quadruple zeta in the valence shell. Thus designations
like “triple zeta” are best reserved for the SCF level only.

The utility of NOs in providing a set of orbitals with desirable truncation
properties is, of course, well known in quantum chemistry [23,30]. NO
transformations of SCF MOs have long been popular in reducing the number of
orbitals that must be included in the orthonormal basis to be used in a CI
calculation, but this is a transformation performed at the MO level [30]. NOs
have also occasionally been used to define atomic orbital basis sets: for polari-
zation functions by Pettersson and Siegbahn [31], and in a series of small basis
set comparisons on HyCO by Feller and Davidson [32]. These investigations,
however, were isolated special cases, and the possibilities associated with using a
systematic truncation by occupation number were not explored. The results
shown in Tables 1 and 2 suggest that the NOs of an atom provide a well-defined
AO basis that could be used in molecular calculations, and that occupation number

truncation may be appropriate for determining which NOs should be used.



318 JAN ALMLOF AND PETER R. TAYLOR

We therefore propose that if it is desired to perform LCAOQ calculations of
correlated molecular wave functions, an appropriate AO representation, by
analogy with the use of SCF AOs for molecular Hartree-Fock calculations, will be
obtained by using NOs for the atoms — atomic natural orbitals (ANOs) [33].
These will normally be expanded in Gaussian functions, but that is a
computational convenience, not a mathematical requirement. In order to verify
whether this is a reasonable choice of AO basis, we must explore its use in
molecular calculations and evaluate its performance, and this aspect is treated
comprehensively in section 4. A number of computational considerations also
arise, and these merit discussion first. So far, we have paid scant attention to the
details of the expansion basis, or to the computational implementation of any
LCAO method. We now turn to these aspects, in particular to the distinction we
wish to make between the AO basis and an underlying set of expansion functions,
and how that distinction affects the generation of integrals over the AOs.

3. EXPANSION BASIS
3.1. Basis Set Contraction

The practice of contracting Gaussian basis sets [13,34], that is, the use of
fixed linear combinations of primitive Gaussian functions as the one-particle
basis, rather than individual Gaussians, can be viewed as a method of reducing
the dimensionality of the computational problem by projecting out less essential
parts of the expansion basis. By transforming the Gaussians to a new,
intermediate set of functions which better represent the problem, the number of
degrees of freedom involved in representing the MOs is reduced. This contraction
procedure serves several purposes. First, it reduces the size of the final basis set
and therefore reduces the computer time requirements for the wave function
calculation. This is especially important for calculations of the correlation energy
because of their strong (N5 and higher) dependence on basis set size. Second,



ANQ BASIS SETS FOR QUANTUM CHEMICAL CALCULATIONS 319

contraction reduces the size of matrices that must be kept in computer memory
during a calculation: Fock and density matrices (egs. 4-6) in the case of an SCF
calculation, for example. Third, contraction reduces the length of the two-electron
integral files that need to be stored externally in all conventional approaches to
atomic and molecular electronic structure calculations. With modern computers,
the size of the Fock or density matrices is not normally of great concern, and the
real storage bottleneck that calls for basis set contraction is the size of the integral
list.

The most common way to determine contraction coefficients has been to
carry out an atomic SCF calculation in the primitive basis [34]. Often, the
exponents for the primitive Gaussians (« in (10)) are also optimized in these
calculations. The SCF coefficients of the atomic orbitals are then used as
contraction coefficients. Another scheme, popular for developing small basis sets
and for polarization functions, is to expand STOs in a set of primitive Gaussians
to obtain basis functions [11]. In either case, the standard approach to contr-
action has been to let each primitive function contribute to exactly one contracted
function. Hence the transformation

XCGTO = XGTO T (16)

that gives the contracted basis XCGTO {X;, X5, ...} in terms of the primitive
basis XGTO {X,, X,, ...} is blocked in such a way that only one element is

non-zero in every row of the rectangular transformation matrix T — see Fig. 2.
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[ CGTO | = | GTO |

Fig.2. Segmented contraction scheme

This restriction on the contraction transformation is referred to as a segmented
contraction scheme. It has several disadvantages; perhaps the greatest being that
it is difficult to apply to heavy elements and/or large basis sets, since in these
cases one primitive function often contributes significantly to several AOs [35].
With segmented contraction schemes the segmentation becomes ambiguous, in the
sense that the primitive function can be assigned to any of the contracted functions
to which it contributes strongly, but no choice will give a contracted basis set that
adequately approximates the AOs in the original primitive basis. In such a case
there is little recourse but to include the same primitive Gaussians in several
contracted functions. If a transformation of the form of Fig. 2 is still required
(this is commonly the case for computational reasons, as discussed later in 3.4),
the particular primitive Gaussian(s) will have to be duplicated, increasing the size
of the primitive basis. A much more satisfactory solution is to use a more flexible
scheme than segmented contraction. In the general contraction scheme of
Raffenetti [14], the transformation T in (16) is simply a rectangular matrix
(Fig. 3).
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[ cGTo | = | GTO |

Fig. 3. General contraction scheme

One considerable advantage of the general contraction scheme is that the CGTOs
reproduce exactly the desired combinations of primitive functions. For example,
if an atomic SCF calculation is used to define the contraction coefficients in a
general contraction, the resulting minimal basis will reproduce the SCF energy
obtained in the primitive basis [14]. This is not the case with segmented contr-
actions. There are other advantages: for example, it is possible to contract inner-
shell orbitals to single functions with no error in the atomic energy, making
calculations on heavy elements much easier [36]. Another advantage is a
conceptual one, much exploited by Ruedenberg and co-workers [15,37]. Using
a general contraction, it is possible to perform calculations in which the one-
particle space is a set of atomic orbitals, a true LCAO scheme, rather than being a
segmented grouping of a somewhat arbitrary expansion basis. The MOs can then
be analyzed very simply, just as for the original qualitative LCAO MO approach,
but in terms of “exact AOs” rather than crude approximations. In this respect,
general contraction is uniquely able to meet one of our criterion from section 1:
that the one-particle space should retain the conceptual simplicity of the original
LCAOQ approximation.

The segmented contraction scheme is simpler to implement and has
therefore gained certain popularity, indeed, the vast majority of Gaussian-based ab
initio calculations carried out to date have used segmented basis sets.

Nevertheless, we advocate here the use of a general contraction scheme, that is,
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one in which no restrictions are placed on the elements in T other than those
imposed by orthogonality and normalization. In doing so, we allow the basis
function to resemble AOs as closely as the primitive expansion allows.

It is, of course, possible to combine some features of the two contraction
schemes, as in Fig. 4.

[ CGTo | = | GTO |

Fig. 4. Modified general contraction scheme

This approach is useful where it is desired to “uncontract”, say, the outermost
primitive functions from the contraction, i.e., to let them constitute basis functions
on their own [14,15]. We shall discuss this possibility in more detail below. For
our present purposes we regard the modified contraction of Fig. 4 as simply a
general contraction, paying no special attention to the zero elements in the
contraction matrix.

With general contraction in mind, we now consider aspects of basis set
choice for use in molecular calculations with correlated wave functions.

3.2. Extended Basis Sets

A basis set that provides a good description of the atoms is a necessary,
though by no means sufficient, condition for balanced calculations on molecules.
A scheme based on atomic SCF calculations defines only a minimal basis, and to
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obtain sufficient flexibility for a molecular calculation additional functions will be
required. In addition to describing the atoms well, the basis must have the
necessary flexibility to account for the deformation that the atoms undergo when a
molecule is formed, as discussed in 1.2. For the calculation of molecular
properties, the basis must also be able to account for the change of the wave
function caused by an external perturbation. We consider first the extension of the
basis for molecular SCF calculations to include angular functions unoccupied in
the atoms, a topic we have already touched on briefly in 1.2.

The center of a basis function (R4 in Egs. 8 and 9) is usually chosen to
coincide with an atomic nucleus. For calculations on atoms this is a natural choice,
but for molecules, where the local environment of an atom has lower than
spherical symmetry, this position is not necessarily optimal. Now, it is easily
shown that the derivative of a Gaussian with respect to its center is a combination

of Gaussians with the same exponent but with higher and lower / values:

XA, V,0)
X,

= A X(A-1,u,v,00) — 200 X(A+1,01,v,00). an
Hence if functions having similar exponents to the valence orbitals, but different
I values, are added to the basis, they will be able to describe the effect of
displacing the basis functions from the nuclei. A first necessity for an accurate
molecular SCF wave function is therefore to add higher angular functions to the
basis to describe this “polarization” effect. In addition, as we have already
pointed out, a minimal basis of AOs does not have the flexibility to describe the
relaxation of the AOs in the molecule, and the basis must also be augmented with
additional functions of the same angular type as the occupied AOs to account for
this. Since chemical bonding affects only the valence AOs substantially,
additional flexibility is required primarily in the valence region. A segmented
contraction of the type shown in Fig. 2 commonly has this flexibility imposed on
it to avoid excessive duplication of functions. The situation for general
contractions is discussed below.



324 JAN ALMLOF AND PETER R. TAYLOR

We have pointed out in section 1.3 that the basis set requirements for
correlated calculations are even more demanding than for SCF calculations.
Functions with the same / value as the occupied AQOs, but with more radial nodes,
are required to describe atomic radial correlation, while functions with higher
! values are required to describe atomic angular correlation [38,39]. We note
again that convergence of the correlation energy with basis set size is slow,
especially with respect to angular quantum number. The polarization effect
described above and dynamical electron correlation are two quite different physical
effects, and there is no reason to expect that the basis sets required to account for
these effects will be the same. In practice, however, it is found that the
requirements on polarization functions are less critical than those on correlation
functions, and that the error in the correlation energy due to basis set limitations is
much larger than the deviation from the Hartree-Fock limit, at least for practical
basis sets. The basis is thus effectively “saturated” with respect to the Hartree-
Fock level by the time it is adequate for describing correlation, as we shall see in
sections 4 and 5. In schemes where the original contracted basis is determined
by atomic SCF calculations, neither polarization nor correlating basis functions are
defined by any systematic method, and in some cases these functions are chosen
by what is no more than an educated guess.

There are thus several deficiencies in the usual methods of determining
exponents and contraction coefficients for atomic basis sets. These are commonly
based on atomic SCF calculations, and thus reflect nothing of the requirements for
describing electron correlation, nor for augmentation of the basis to describe
polarization. Such effects involve angular functions that are not occupied in the
SCF atomic ground state, and hence to incorporate them systematically it will be
necessary to turn our attention to correlated treatments of the atom.

Making the assumption, as discussed above, that an adequate set of
correlating basis functions will also provide the requisite polarization functions,
we can restrict ourselves to determining the former. In close analogy with using
atomic SCF calculations to determine basis sets for molecular SCF calculations,
we may use correlated calculations for atoms to determine basis sets for more

sophisticated molecular calculations. This could be done by optimizing a
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correlated wave function for an atom with respect to the LCAO coefficients of
some primitive Gaussian basis, i.e., an atomic MCSCF treatment [40].
However, since we wish to describe dynamical correlation, a very large external
space would be required in these calculations, and the MCSCF configuration
space in a large uncontracted basis set would rapidly become prohibitive. Instead,
we propose to utilize the convergence properties of ANOs, as discussed in
section 2 above. We can perform a CI (or, in principle, a coupled-cluster or
perturbation-theoretic) calculation on the atom of interest using a primitive
Gaussian basis, and then generate the NOs of this wave function. As we have
discussed, the NO occupation numbers provide a sequence for systematic
truncation of the NO space, to give a hierarchy of contracted basis sets; each such
set will be a proper subset of the larger sets. We also regain our connection with
traditional LCAO methods, as the one-particle basis will once again comprise

well-defined atomic functions — atomic natural orbitals.

3.3. Primitive Basis Sets

As we have already noted, the calculation of the correlation energy using
basis set methods has a higher power dependence on the size of the basis set than
integral evaluation or the SCF calculation, and in high-quality calculations of
electronic structure the computer time and other resource requirements are
dominated by the correlation energy. The time for two-electron integral
evaluation, once a major bottleneck, is insignificant by comparison. This
dominance of the correlation energy calculation is accentuated as the systems
studied and/or the basis sets become larger. As a consequence, the cost of a
calculation is largely determined by the size of the contracted basis, and this
should thus be kept as small as possible. In contrast, the size of the primitive set
only affects the integral time, which usually accounts for a marginal fraction of the
cost for a calculation when modern methods for integral evaluation are used.
Large primitive sets can therefore be used to allow for as accurate an expansion of

the AOs as desired, in order to maximize the quality of the calculation within the
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constraints given by the size of the contracted basis. In calculations involving no
or low-level correlation (such as second-order perturbation theory), integral time
is still of some concern, and basis sets are usually chosen with the economy of
integral evaluation in mind. In highly correlated calculations, however, other
aspects of the basis become increasingly more important than the size of the
primitive set. The most desirable approach is then to ensure that the primitive
basis effectively saturates the atomic radial space for each angular momentum
included in the basis. A brute-force approach to this problem, taken in many of
the applications presented below, is to employ a non-optimized even-tempered
expansion for the exponents, simply ensuring that the primitive sets are large
enough [33]. Obviously, there ought to be more efficient approaches, and
Dunning [28] has recently determined large energy-optimized primitive sets, very
useful in their own right and well suited to ANO contraction.

Accurate primitive sp basis sets for first-row atoms have been available for
some time in the compilation of van Duijneveldt [29]. His large (13s 8p) sets
reproduce numerical Hartree-Fock atomic energies to within 0.5 mEj, in the worst
case (Ne). These primitive sets are suitable for the generation of ANOs. For even
higher accuracy, Partridge has generated sets of size up to (18s 13p) for the first-
row atoms [41]. For heavier elements, basis sets of accuracy similar to (135 8p)
for the first row have only recently become available, in work by
Partridge [41,42] and by Partridge and Fagri [43]. Of course, before contraction
it is necessary to supplement these sp sets with polarization functions. For the
even-tempered sequences used here the exponents are of the form off%, with
0 <k <n. In order to ensure that the angular spaces are saturated, we have
used values of n large enough that primitive functions with k=0 and k=n make
little contribution to the ANOs we retain, although Dunning’s recent work [28]
indicates that this is an unnecessarily conservative approach. For first- and
second-row atoms, the values of a and B are determined as follows. First, we

use the formulas

Nopt = 0.02 Z2 (18)
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for the first row, and
Nope= 0.077 Z — 0.69 19)

for the second row, to determine molecular correlation-optimized single Gaussian
d exponents 17),,, for an atom of atomic number Z. These formulas were
originally given by Ahlrichs and Taylor [44], from fitting of optimized
exponents, and are used to define the geometric mean of the sequence 8% for
the d primitive set. fis taken to be 2.5, which is approximately the ratio between
successive terms of a high-quality optimized sp basis; « then follows from 7.,
and n. The geometric mean exponent of a higher angular set is then taken to be
1.2-2n,p,, for whatever / value is desired. This approach was derived from the
observation that the optimum (correlation-optimized) single f exponent is
approximately 1.2 times that of the optimum d, and similarly for the ratio of
g exponent to fexponent [27]. Such qualitative behavior is also observed in the
more recent work of Dunning [28].

A similar approach can be taken for heavier atoms: optimizing a single
correlating function exponent for the lowest polarization function angular
momentum, scaling it by 1.2 for each additional higher unit of angular mom-
entum, and then expanding even-tempered sequences about these “optimized”
mean exponents. If the conservative approach to verifying saturation of each
angular quantum number is followed, large primitive polarization spaces will be
obtained. This will return some of the overall computational burden to the integral
evaluation. Many improvements have been made (and continue to be made) in
methods for the evaluation of integrals over Gaussian functions, and the reader is
referred elsewhere for details [45-47], but some aspects of the computational
methodology that are particularly relevant to general contractions and the use of

large primitive sets and large polarization spaces are discussed in the Appendix.
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3.4. Basis Set Superposition Error

For most chemical applications relative energies are more important than
absolute ones, and for any type of bonding it is important that deficiencies that
may exist in the description of the fragments are not accidentally removed when
the bond is formed. Unfortunately, this is not always the case. Deficiencies in the
description of one fragment can be reduced by the presence of basis functions on
the other fragment [48,49]. This effect is referred to as basis set superposition
error (BSSE) [50]. It is most commonly known as a problem of one-particle
basis incompleteness, although there are also effects arising from N-particle space
incompleteness [51]. While the common view is that BSSE is dominantly a
problem encountered in the calculation of weak intermolecular interactions
(because here the BSSE is a substantial fraction of the interaction energy), BSSE
pervades the quantum chemical calculation of energy differences. The spurious
“improvement” can be minimized by ensuring that the description of the monomer
fragments is as good as possible, although practical considerations also mandate
keeping the basis sets small. Where the fragments are atoms, we may expect that
ANOs will satisfy this criterion better than most basis sets, because the basis set is
constructed with an accurate description of the atom in mind. Even so, for the
highest accuracy, it is desirable to estimate the BSSE by, for example, a
“counterpoise” calculation in which both fragment basis sets are used to describe
each fragment [49].

The BSSE is often significant at the SCF level, and this is a situation often
discussed in the literature [48,52]. However, a similar situation occurs at the
correlated level. The presence of neighboring molecules provides an additional
virtual space and increases the effective many-particle basis set for a molecule
involved in intermolecular interaction, with a resulting lowering of the energy.
For several reasons, the magnitude of this superposition effect in correlated
calculations is often more severe than at the SCF level. First, a typical calculation
recovers a much greater fraction of the SCF energy than of the correlation energy,
leaving more room for improvement in the correlated case. Second, most of the

residual energy in an SCF calculation is due to an imperfect description of the
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core, which is not easily recovered with orbitals from neighboring molecules. In
contrast, the deficiencies in correlation treatment are mostly due to a lack of high
angular momentum functions, which can often be approximately modelled by
diffuse orbitals from the neighboring atoms. Third, the correlation contribution to
intermolecular forces is usually of most interest when weak interactions are
considered, a situation where small errors are particularly serious [51]. Finally,
the basis functions are usually optimized in SCF calculations for the atoms, and
the effect can therefore be very small at the SCF level, but still rather large at the
correlated level.

The concept of BSSE also applies to strongly bound systems, that is, to
covalent bonds. The mechanism in that case is similar, with the interaction energy
overestimated due to an improvement of the atomic description by neighboring
atomic orbitals. The net effect of BSSE is to artificially overestimate the
intermolecular or interatomic interaction. However, since LCAQO basis sets
usually lack the flexibility to describe a molecule as accurately as the constituent
atoms, calculated bond energies are routinely too small. In that case, BSSE is
often seen to bring the results in seemingly better agreement with experiment, and
it has been common practice to ignore the effect rather than correcting for it.
However, if the aim of a calculation is chemical understanding these effects
should not be ignored. Correcting for BSSE, whenever possible, will provide a
less uncertain approximation to the solution of the Schrédinger equation, and is
likely to contribute more to our chemical understanding.

3.5. Core Correlation

Our discussion so far has been confined to correlation effects involving the
valence electrons of a molecule. In general, for chemical binding and for most
properties, correlation of the core electrons makes a minor contribution only,
although this can be crucial in very accurate calculations (see, for example,
Ref. 20). The calculation of correlation effects involving core electrons is very
demanding. If core orbitals are not correlated, such as in an SCF calculation, they
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can often be represented by only one or two basis functions per orbital, whereas at
the correlated level the basis set must be substantially expanded to include higher
angular functions with the same radial extent as the core orbitals [53]. Thus very
large basis sets, both primitive and contracted, are required to provide an adequate
description of core correlation. It is natural to ask whether NOs can provide a
route to compact contracted basis sets capable of describing core correlation
effects.

Correlation effects involving the 1s electrons of first-row atoms are
qualitatively different from those of the valence electrons [18]). The 152 pair
correlation energy is essentially constant from Li to Ne, and a simple perturbation
theory argument shows that the occupation numbers of core-correlating NOs must
therefore decrease as Z increases. The requirement that the NOs form an
orthonormal set will then mix core-correlating NOs with weakly occupied valence-
correlating NOs, and truncation by occupation number will clearly be unsuitable in
that case. If core-correlating NOs are determined separately they can be merged
into the valence ANO basis, but this does not necessarily provide orbitals
appropriate for describing core-valence inter-shell correlation, which is probably
the most important contribution to core correlation effects on spectroscopic
constants. Computing core, core-valence and valence ANOs separately leads to
large basis sets that suffer from near linear dependencies [54]. Thus it would
appear that ANO contractions do not provide a very satisfactory solution to the
problem of core correlation, at least for first-row atoms.

For heavier elements, assuming that core correlation involves only the
outermost of the core orbitals, the problems are less severe. For example, for a
second-row atom the differences in correlating NO occupation numbers between
the L and M shells is much less than between the K and L shells for first-row
atoms. It is then easier to use ANO contractions to determine contracted basis sets
capable of accounting for both core and valence correlation effects [33,55].
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not form full sets of partner functions for degenerate representations. For
example, the NOs of a CI wave function for a component of the 3P state of carbon
atom will comprise mixtures of / values (of the same parity, i.e., sd or pf ), and
will not display rotational equivalence among the AOs of (nominal) p symmetry,
etc. The simplest way to recover the desired atomic symmetry properties is to
impose symmetry and equivalence restrictions [57] on the density matrix, before
diagonalizing to give NOs [58]. This corresponds to projecting the totally
symmetric component out of the density matrix. An alternative computational
means to the same end is to compute density matrices for all components of a
degenerate state, and then to average these before diagonalizing. This is much
more expensive, however.

Another difficulty not yet addressed arises when constructing an ANQO basis
set for one-valence-electron atoms like hydrogen or the alkali metals. The use of
SCF orbitals provides a possible solution for the core and valence orbitals, but of
course cannot provide data for correlation or polarization functions. An
alternative, which has the advantage of sampling a molecular environment, is to
obtain NOs for the homonuclear diatomic system, such as Hp, in the primitive
basis [33]. The ANOs are then taken from the NO coefficients of, say, the o,
7., O,, etc orbitals. Another alternative would be the use of negative ion NOs,
such as those of H™ or Li™ [59]. The former approach is probably the more
satisfactory for the alkali metals and for hydrogen in covalent molecules, while the
latter might be preferred for hydrogen in ionic hydrides.

It should be noted that the case of hydrogen is somewhat special. It is well
known [60] that hydrogen 1s functions are not optimum for use in a minimal
basis calculation on, for example, Hp, and that the SCF energy is a minimum for a
scaling of the orbital exponents by a factor of about 1.2 in this case. By analogy,
Gaussian exponents optimized for hydrogen atom are usually scaled by a factor of
1.2-1.4 when used in molecular calculations. With the molecule-optimized
“ANOs” the reverse problem is encounted: the 1s function derived from the
strongly occupied Hy g, NO is not optimum for H. The “ANQOs” derived from
H, display contraction errors similar (if somewhat smaller) to those in other first-
row atoms. Hence a [3s] ANO contraction of van Duijneveldt’s (8s) primitive
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4. CONTRACTION ERRORS

As discussed in the previous section, for a given correlation treatment the
ultimate accuracy is determined by the initial expansion basis. For almost all
current calculations, this means the primitive GTO basis chosen. We define the
contraction error in a calculated quantity as the difference between the value
computed in the primitive basis and in the particular contracted basis. In the
context of atomic wave functions and NOs, the contraction error is identical to the
truncation error defined in 2.2. In this part of our discussion, we shall concen-
trate on procedures to reduce the contraction error in our LCAO calculations,
using the primitive basis result as our comparison standard. It is nor appropriate
at this stage to compare with experiment — although we shall eventually do that
— as there are other sources of error in our calculations that we need to explore.
Accurate atomic correlation energies are certainly a necessary, if not a sufficient,
condition for accurate molecular correlation energies. Further, if ANOs are to be
a useful basis for LCAQ expansions, we must establish that the contraction errors
converge quickly enough for truncated ANO sets of a practical size to perform
acceptably.

4.1. Construction of ANO basis sets

We have already presented details of the contraction error in the correlation
energy of neon atom, in 2.2 (Tables 1 and 2). The NOs were obtained from one
of the simplest correlation treatments: configuration interaction including all single
and double excitations from the Hartree-Fock determinant (usually denoted
SDCI). In general, this is how the ANO sets used in the examples here have been
generated [33]. The only complication arises for open-shell atoms, or, more
specifically, for spatially degenerate atomic states. As discussed in detail by
McWeeny and Kutzelnigg [56], or Davidson [24], the NOs of an atom display
spherical symmetry only for § states. For degenerate states the NOs do not span
irreducible representations of the rotation group in three dimensions, and they do
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4.2. N2 spectroscopic constants
Table 3 contains total energies for N (at a bond length of 2.0 ag) and N
atom obtained with an uncontracted (13s 8p 64 4f) primitive Gaussian basis set

and several different ANO contraction schemes [33]. These are all based on
SDCI natural orbitals for the 4§ atomic ground state.

Table 3. N and Nj total energies and contraction errors? (Ey)

Basis N atom N> molecule
(135 8p 6d 4f) —54.400790 -108.995877
—54.522139 -109.354902

[6s5 5p 4d 3] 0.000007 0.000794
0.000252 0.001914

[5s 4p 3d 2f] 0.000016 0.001543
0.000890 0.005017

[4+1s 3+1p 2+1d 1+1f] 0.000009 0.001879
0.002115 0.008435

(45 3p 2d 1f] 0.000048 0.003724
0.003822 0.016937

@ Upper numbers SCF, lower numbers SDCI

The set denoted [4+1s 3+1p 2+1d 1+1f] is derived from the [4s 3p 2d 1f]
ANO set, augmented by the outermost primitive Gaussians (uncontracted) of each
symmetry type. The atomic SCF energies display almost no contraction error for
any of the sets listed, and even for the molecular SCF energies the contraction
errors are less than 4 mEy. The results in the [5s 4p 3d 2f] ANO set are
actually somewhat better than our observation for Ne in 2.2 that the contraction
error at this level is about 1 kcal/mol per [ value. For the atomic SDCI energies
the contraction errors are also less than 4 mE, and for the larger ANO sets the
contraction error is even smaller. The contraction errors in the molecular SDCI
energies are larger, of course; even in the [6s 5p 4d 3f] ANO set the contraction
error is 2 mEy, rising to 17 mEy, in the {4s 3p 2d 1f] set. Uncontracting the
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basis [29] has a contraction error of 0.6 kcal/mol. However, segmented
contractions for H, even in scaled primitive sets, commonly have enough
flexibility that the contraction error is zero. For H it may be preferable to use
either a [4s] ANO set, which has a negligible contraction error [33], or to
uncontract the outermost primitive function from the [3s] set. Otherwise H in the
molecule may be described better than the free atom.

Another case requiring special attention arises for species such as transition-
metal atoms, in which several low-lying states arise from different atomic
configurations (such as dns? and dn+ls). In general, the orbitals for these
different occupations have very different radial extents, so that, for example,
ANO:s for a dns? state will give a poor description of a d#+1s state. One solution
to this problem is to obtain ANOs for an average of the states of interest [61]. As
a rule, the errors in atomic separations for the average ANOs are much smaller
than the errors associated with using the ANOs of one state for the other.
Analogous problems arise for species like the alkaline-earth atoms, where the
strong sp near-degeneracy effects require that the definition of the valence shell be
extended to include the p orbitals; ANOs can then be generated by, say, averaging
the NOs for the ground 1S and excited P or 3P state [55,62]. The same situation
is encountered again in treating molecules with strong ionic character; for
electronegative atoms it is useful to use ANOs averaged for the neutral atom and
its negative ion [63]). (The original neutral atom ANOs usually work well for a
positive ion.) This technique of using averaged ANOs has been investigated in
detail by Widmark et al. [64], and is discussed in sections 5 and 6 below.

In general, the contraction errors in the energy for individual atoms follow a
very similar pattern to Ne above, although the actual contraction errors are
somewhat smaller since Ne has one of the largest valence correlation energies.
Rather than list data for a variety of atoms, we shall proceed to the investigation of

contraction error in molecular energies and spectroscopic constants.
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outermost primitives in this set reduces the error to 9 mE;, but the results of
Table 3 show that this is not as effective a way of reducing contraction error in
the energy as adding an additional ANO of each symmetry type.

Table 4 lists spectroscopic constants obtained at the SDCI level for Nj.
The r, and w, values were obtained from quadratic fits in r7! to three points
around r,. The “dissociation energies” are simply differences between the Nj
energy at the computed r, and twice the N atom SDCI energy in the same basis.
This approach is not size-consistent, and does not give “D,” values to be
meaningfully compared with experiment directly, but they should still be adequate
for studies regarding contraction errors.

Table 4. Contraction errors in Nj spectroscopic constants

Basis ro(A) @, (cm™) “p.’ (V)
(135 8p 6d 4f) 1.085 2516 8.51
[6s 5p 4d 3f] 1.086 2514 8.48
[5s 4p 3d 2f] 1.086 2513 8.43
[4+1s 3+1p 2+1d 1+1f] 1.087 2512 8.41
[4s 3p 2d 1f] 1.089 2507 8.28

a See text.

Consider first the r, values. The two largest ANO sets both agree with the
uncontracted result to within 0.001 A, and even the [4s 3p 2d 1f] set is within
0.004 A of the uncontracted result. The [4+1s 3+1p 2+1d 1+1f] set gives a
bond length contraction error slightly larger than the [Ss 4p 3d 2f] ANO set.
The harmonic frequencies show a similar pattern of contraction error — the largest
ANO sets are in very close agreement with the uncontracted set, but even in the
worst case the contraction error is less than 10 cm~1. Finally, the contraction
error in D, varies from 0.03 eV in the largest ANO set to 0.23 eV in the
smallest. Due to a partial cancellation of contraction error in the total molecular

energy with contraction error in the atom (see Table 3), the contraction error in D,
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is considerably less than that in the total energy. N, with its triple bond and its
large correlation contribution to D,, is one of the more difficult systems to
describe accurately. Bearing this in mind, the contraction errors in spectroscopic
constants obtained here paint a very encouraging picture.

4.3. H,O Properties

We now consider calculations on the water molecule [65]. Results for the
energy, dipole, and quadrupole moments are listed in Table 5.

Table 5. H,O properties and contraction errors (a.u.)?

Basis Energy ;uz Gxx ®yy
(135 8p 6d 4f/8s 6p 4d) -76.067080 0.7792 1.7962 -1.8844
~76.340323 0.7337 1.8019 -1.8762

[5s 4p 3d 2f/4s 3p 2d] 0.000636 0.0085 -0.0246 0.0215
0.003490 0.0180 -0.0307 0.0283

[4+1s 3+1p 2+1d 2f/ 0.000572 0.0002 -0.0032 -0.0001
3+1s 2+1p 2d] 0.005150 0.0053 -0.0016 -0.0018

[4s 3p 2d 1f/3s 2p 1d] 0.002508 0.0112 -0.0676 0.0714

0.014127 0.0196 -0.0878  0.0947

[3+1s 2+1p 2d 1f/2+1s 2p 1d] 0.001252 0.0030 -0.0052  0.0010
0.023035 0.0018 -0.0038 -0.0015

[3s 2p 1d/2s 1p] 0.008466 0.0371 -0.0750  0.0290
0.064935 0.0403 -0.1412  0.0986

[5s 4p 3d 2f/4s 3p 2d] 0.005367 0.0029  0.0008 -0.0010
segmented 0.016241 0.0068  0.0032 -0.0017

[4s 3p 2d 1f/3s 2p 1d] 0.058075 0.0299 -0.0002 -0.0079
segmented 0.082060 0.0301 0.0014 -0.0112

[3s 2p 1d/2s 1p] 0.069596 0.0528 -0.1512 0.1217
segmented 0.129705 0.0609 -0.2097 0.1864

a Upper numbers SCF, lower numbers SDCI
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To establish a standard we first compute an SDCI wave function using a
(13s 8p 6d 4f) primitive set on O and (8s 6p 4d) on H. We then compare
results obtained with this wave function to results obtained with different
contractions of this primitive basis. It will usually be convenient to quote the
uncontracted results explicitly and then to give contraction errors for the other
sets.

We note first that the contraction errors in the SCF and correlation energies
are much smaller for ANO basis sets than for segmented contracted sets of the
same size, just as we observed for Ne. (The segmented sets were obtained by
grouping the innermost functions into one term and leaving the outermost
primitives uncontracted. For polarization functions the contraction coefficients are
actually from the atomic NOs.} In the largest ANO set, [5s 4p 3d 2f/4s 3p 2d],
the contraction error in the SDCI total energy is only 3.5 mEy, five times less
than that of a segmented contracted set of the same size. The contraction error in
the energy for the [4s 3p 2d 1f/3s 2p 1d] segmented set is very large: actually
larger than for the [3s 2p 1d/2s 1p] ANO contraction.

For the dipole moment of H,O, somewhat different behaviour is observed.
The contraction errors for the [S5s 4p 3d 2f/4s 3p 2d] ANQ basis set are almost
three times larger than for the segmented set, at both the SCF and SDCI levels,
and are unacceptably large (over 2% at the SDCI level). We can readily under-
stand this result. The permanent moments of a molecule are determined by the
wave function at relatively large distances from the nuclei, and thus to keep the
contraction error small it will be necessary to retain the maximum flexibility in this
region. Since segmented sets invariably have the outermost primitives
uncontracted, this flexibility appears as a by-product of trying to keep contraction
errors manageable while using segmented contractions. Conversely, general
contractions determined from energy considerations alone, like ANOs, reduce the
emphasis on the outermost regions of the wave function, and hence the
contraction error in the dipole moment is larger. The apparent superiority of
segmented contractions here, however, is strongly dependent on the size of the
basis: the [4s 3p 2d 1f/3s 2p 1d) ANO basis shows a smaller contraction error
in the dipole moment than the segmented set of the same size. The contraction of
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one more primitive into the core orbital in this segmented set clearly drastically
affects the valence part of the wave function, even though the original primitive set
is regarded as triple zeta valence quality [29]. Similar considerations apply to the
quadrupole moments, where the results obtained with unmodified ANO basis sets
show comparatively large errors.

The smallest dipole moment contraction errors tabulated are obtained with
ANO sets in which the outermost primitive functions have been uncontracted.
Even the smaller [3+1s 2+1p 2d 1f/2+1s 2p 1d] set, with the polarization
functions fully contracted, shows a negligible contraction error in the dipole
moment. This simple approach to increasing the flexibility of the wave function in
its outer region is clearly very effective [61,65,66]. We discuss below its
application to the dipole polarizability.

A somewhat different perspective on contraction error is obtained by
considering the electric field gradient (EFG) at the nuclei in HyO, values for which
are given in Table 6.The contraction errors for the hydrogen EFG are uniformly
smaller for the ANO sets than for segmented contracted sets of the same size. For
oxygen, the contraction errors are similar for the two contraction schemes, except
that the [4s 3p 2d 1f/3s 2p 1d] ANO set produces an anomalously large
contraction error. This is a genuine effect, but its origins are unclear.

Table 6. Contraction error in H>O electric field gradients (a.u.)@

Basis Oxx Oyy Hy, Hyy H,,

(135 8p 6d 4f/8s 6p 44d) -1.6200 1.8021 -0.2265 0.2621 -0.3177
-1.5057 1.6878 -0.2313 0.2658 -0.3234

[5s 4p 3d 2f/4s 3p 2d] -0.0355 0.0350 -0.0028 0.0035 -0.0039
-0.0343 0.0342 -0.0031 0.0040 -0.0043

[4+15 3+1p 2+1d 2f/ -0.0456 0.0577 -0.0025 0.0015 -0.0020
3+1s 2+1p 2d] -0.0420 0.0544 -0.0029 0.0020 -0.0027

[4s 3p 2d 1f/3s 2p 1d] -0.1415 0.1454 -0.0095 0.0101 -0.0158

-0.1538 0.1625 -0.0107 0.0114 -0.0178
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Table 6 (continued)

339

Basis Oy Oyy Hyx Hyy H,,
[3+1s 2+1p 2d 1f/ -0.0513 0.0516 -0.0075 0.0090 -0.0139
2+1s 2p 1d] -0.0329 0.0317 -0.0097 0.0113 -0.0172
[3s 2p 1d/2s 1p] -0.0792 0.0978 -0.0276 0.0371 -0.0460
-0.0680 0.0914 -0.0293 0.0386 -0.0464
[5s 4p 3d 2f/4s 3p 2d] -0.0304 0.0292 -0.0062 0.0067 -0.0110
segmented -0.0238 0.0231 -0.0075 0.0081 -0.0131
(45 3p 24 1f/3s 2p 1d] -0.0649 0.0365 -0.0091 0.0095 -0.0152
segmented -0.0301 -0.0039 -0.0115 0.0122 -0.0191
(3s 2p 1d/2s 1p] -0.0840 0.0679 -0.0448 0.0579 -0.0766
segmented -0.0656 0.0551 -0.0469 0.0602 -0.0782

a Upper numbers SCF, lower numbers SDCI

Polarizability results for HyO in different ANO contractions of a

(135 8p 6d/8s 6p) primitive set are given in Table 7. The polarizability is

sensitive to the description of the outer regions of the charge density, and is easily

seen from perturbation theory to require higher angular functions diffuse enough

to polarize the charge density in this region.

Table 7. Contraction error in H>O dipole moment and polarizability (a.u.)

Energy H Oy x Ayy 73]

(135 8p 6d/8s 6p) —76.065465 0.780 9.17 7.81 8.43
-76.313308  0.738 9.68 8.69 9.10

(4+1s 3+1p 2+1d/ 0.000844  0.000 -0.03 -0.03 -0.05
3+1s 2+1p] 0.005416  0.001 -0.06 -0.02 -0.06

[Ss 4p 3d/4s 3p) 0.000716  0.008 -0.55 -1.69 -0.80
0.003103 0.013 -0.75 -2.17 -1.03
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As would be expected, the most diffuse primitives must be left uncontracted to
achieve the necessary flexibility. In the [5s 4p 3d/4s 3p] ANO set the
contraction error in the SDCI dipole moment is 2%, which may be acceptable for
some purposes, but the errors in the polarizability tensor components are as large
as 20%, which is clearly unacceptable. Replacing the most weakly occupied ANO
by the outermost primitive in each shell reduces the contraction error in the
polarizabilities to considerably less than 1%, and the contraction error in the dipole
moment is insignificant [61,65]. The contraction error in the energy increases
when this is done, but this is probably less important in calculations where a good
polarizability is the prime concern.

This examination of N, and HpO, while brief, illustrates essentially all
aspects of ANO basis performance. A variety of additional molecules and
properties are analyzed in greater detail in Refs. 33 and 65, providing further
confirmation of the conclusions given above. In summary, we may expect ANO
contractions to perform very well in the calculation of total energies, spectroscopic
constants, and for properties that do not depend strongly on the outer regions of
the wave function. The simple modification of releasing the outermost primitive
from the contraction is usually all that is required to eliminate contraction errors in
multipole moments and dipole polarizabilities.

5. APPLICATIONS OF ANO BASIS SETS

There have been numerous applications of large-scale correlated calculations
using ANO basis sets. Several of these applications have been discussed in
illustrative detail in Ref. 20. Here, we shall consider a few specific applications
with special features of interest.
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5.1. Binding energies

One of the earliest applications of ANO basis sets was in the prediction of
the D, value for the molecule NH by Bauschlicher and Langhoff [67]. These
authors used a multireference CI treatment of electron correlation, calibrated
against full CI calculations in a relatively small [5s 4p 2d 1f/4s 2p] ANO basis.
They then employed their MRCI treatment in a very large
[Ss 4p 3d 2f 1g/4s 3p 1d] ANO basis. By computing also the dissociation
energy of CH and OH (again using MRCI wave functions calibrated against full
CI), and comparing these values to experiment, they estimated the NH Deg value to
be 3.371+0.03 eV. Their value fell exactly between the earlier estimates of Meyer
and Rosmus (3.40 eV) [68] and Melius and Binkley (3.35 eV) [69], although
their estimated uncertainty encompassed both of these values. At the time, the
dissociation energy had not been established experimentally to better than the
range 3.29-3.47 eV, three times larger than the theoretical uncertainty. The most
recent [70] experimental estimate is 3.40%0.03 eV, which agrees with the
theoretical value within the stated uncertainties. Hence experiment and theory for
this case appear to agree to considerably better than 1 kcal/mol for the NH
binding energy.

A more challenging binding energy calculation is the dissociation energy of
the CN radical. In a set of investigations of first-row diatomic binding
energies [71,72], elaborate MRCI wave functions in conjunction with large ANO
basis sets were shown to yield dissociation energies for C, N2, O3, and Fy in
error by a maximum of 0.18 eV, and by extrapolating the computed values to
account for errors in the correlation treatment and the basis, it appeared to be
possible to compute D, for CN to within 0.1 V. Since the available experimental
values ranged from 7.63 to 8.53 eV [73], an accuracy of 0.1 eV from theory
should assist in eliminating some experimental results.

The CN radical is too large to permit meaningful full CI calibrations with
realistic one-particle basis sets at present. One approach to estimating the accuracy
of the computed D,, and to extrapolating to the exact value, is then to compare
with computed results for C2 and Np. Since there may be problems calibrating an
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extrapolation procedure for a heteronuclear diatomic against homonuclear
diatomics, it is also advantageous to compare with NO. Finally, since the electron
affinity (EA) of CN is very well established experimentally, we can obtain D, for
CN by computing D, for CN7, and correcting by the experimental EAs of C and
CN. An advantage of this procedure is that CN™ dissociates to C~ and N, both of
which have 2522p3 (48) ground states. The 252p near-degeneracy in the 3P
ground state of C atom, which is almost absent in the CN molecule and which is
difficult to describe to the same level of accuracy across the potential curve, is
therefore absent.

Table 8 displays computed binding energies for these various diatomic
molecules [73], obtained in different ANO basis sets and with multireference CI

Table 8. MRCI+Q D, values (eV) for CN, CN7, N, C,, and NO.

Molecule Basis D,
CN [4s 3p 2d 1f] 7.44
[5s 4p 3d 2f 1g] 7.65
CN~ [4s 3p 2d 1f] + (1p) 9.95
[Ss 4p 3d 2f 1g] + (1p) 10.19
N, [4s 3p 24 1f] 9.38
[5s 4p 3d 2f 1g] 9.74
Expt# 9.90
C {4s 3p 24 1f] 6.02
[5s 4p 3d 2f 1g] 6.19
Exptb 6.29
NO [4s 3p 2d 1f] 6.38
[Ss 4p 3d 2f 1g] 6.62
Expt? 6.73
a Ref 74

b Ref 75
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wave functions (including Davidson’s correction for the effects of higher
excitations). The MRCI wave functions were based on references selected from a
valence-shell CASSCEF calculation, at a threshold of 0.01 for CN and Cs, and on
CASSCEF reference spaces for the other molecules in the table. Discrepancies
between experiment and the best computed results are also given. The increase in
D, on going from a [4s 3p 24 1f] to a [Ss 4p 3d 2f 1g] ANO basis is
remarkably similar for all species listed (about 0.2 eV) except Na, for which the
effect is considerably larger. The discrepancy with experiment in the larger basis
is 0.12 eV in NO, 0.16 eV in Ny, and 0.10eV in C,.

Bauschlicher and co-workers used two different formulas for extrapolating
the computed data to the basis set limit [73]; these give 7.74 and 7.78 eV by
extrapolating using the CN data, and 7.75 and 7.81 by extrapolating using the
CN™ data. They recommended a value of 7.78+0.06 eV, with an estimated
confidence of 80% based on their basis set and correlation methodology studies.
To within a 99% confidence limit D, was asserted to be 7.78+0.10 eV. As noted
above, experimental results range from 7.63 to 8.53 eV, although Arnold and
Nicholls [76] suggested the true value should lie between 7.9 and 8.1 eV,
consistent with most of the data available at that time, as well as their own experi-
mental estimate of 8.02+0.13 eV. Such a value is considerably outside the
estimate of Bauschlicher and co-workers. A more recent experimental study by
Engleman and Rouse [77] gives 7.7820.05 eV, in much better agreement with
the theoretical number. Further, use of the oscillator strengths for the CN red
system, calculated by Bauschlicher and co-workers, in the analysis of solar
spectra by Lambert {78] suggests a D, value of 7.82+0.05 eV. Thus recent
experimental evidence supports the current theoretical value for the dissociation
energy of CN.

Many studies, in addition to the two discussed explicitly above, have
stressed the severe basis set requirements for computing accurate binding
energies; see, for example, Refs. 27 and 79. Recently, Almlof and co-workers
have investigated the convergence of the N7 D, value with basis set [80],
focussing particularly on the contribution from high angular momentum basis
functions. A selection of their results is displayed in Table 9. These were
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obtained with MRCI wave functions in which all occupations from a six-electron,
six active orbital CASSCF calculation were used as references.

Table 9. MRCI D, values (kcal/mol) for N».

Basis D,

(135 8p 6d 4f 2g) primitive set

[4s 3p 2d 1f] 216.0
[Ss 4p 3d 2f] 219.6
(65 5p 4d 3f] 220.8
(65 5p 4d 31 + (15 1p) 221.0
(55 4p 3d 2f 1g] 222.1
[65 Sp 4d 3f 28] 223.6
(185 13p 6d 5f 4g 3h 2i) primitive set
[65 5p 4d 3f 2g] 223.7
[65s 5p 4d 3f 2g 1h] 224.5
[6s 5p 4d 3f 2g 2h 1i] 225.0

The rather slow convergence of binding energy with basis set angular momentum
is well illustrated by these results. Functions of A type contribute something
more than 1 kcal/mol, the common definition of thermochemical accuracy, but it
appears that [ and higher angular types together will contribute no more than half
this. Diffuse s and p functions make very little contribution. The expansion of
the spd or spdf contractions from [Ss 4p 3d 2f] to [6s 5p 4d 3f] affects the
binding energy by more than 1 kcal/mol, but the results of section 4.2 suggest
that further expansion of the contracted set will hardly change the result.

It is not really appropriate to compare the best result from Table 9,
225.0 kcal/mol, with the experimental value of 228.4. As discussed in Ref. 80,
the MRCI result is not size-consistent, and inclusion of the multireference
Davidson correction increases the computed D, value by about 0.5 kcal/mol.
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Further, core correlation (mainly core-valence correlation) increases D,, by about
0.7 kcal/mol in Refs. 79 and 80. Additional basis set expansion was estimated
in Ref. 80 to increase by no more than 1 kcal/mol, although it should be noted
that even the largest basis used in that work suffers from BSSE of about
0.3 kcal/mol, so this basis set extension effect might be an overestimate. Adding
all these contributions and subtracting a counterpoise correction for BSSE gives a
“theoretical” D, value of some 226.8 kcal/mol, or about 1.6 kcal/mol smaller
than experiment — somewhat outside chemical accuracy, but a relative accuracy
of considerably better than 1%. Very recently, Werner and Knowles have
performed an additional series of basis set investigations on the binding energy of
N7 [81]. They obtain 228.1 kcal/mol, in even better agreement with experiment.
Their core correlation contribution is considerably larger than that computed in
Refs. 79 and 80 and their correlation treatment gives a somewhat larger binding
energy than that obtained by AImli&f and co-workers [80]. The differences due to
the (valence) basis set used are very small.

5.2. Dipole moments

In many applications of electronic structure theory, it is important to have a
balanced description of the different parts of the molecule, rather than a calculation
that is independently optimum at any one point. This is especially true for the
calculation of reliable electric moments. A balanced description of the different
parts of the molecule is imperative to get the right polarity. Based on both
variational and perturbational arguments it can be shown that a local improvement
of the wave function will increase the electron density in that region of space.
This applies to the addition of both one-particle basis functions and reference
configurations. Improvement of the basis set on one atom in a molecule will
therefore affect the polarity of the system, and, consequently, if one atom in a
molecule has a better basis set than the others the calculation of a dipole moment
will be biased. An approach in the ANO spirit, which optimizes the atomic
description is therefore likely to perform very well in this context. Further, the



346 JAN ALMLOF AND PETER R. TAYLOR

incremental improvement of the ANO basis by successive addition of new
functions without altering the previous set is likely to yield a stable description, as
well as a test of the convergence of the basis set expansion.

Calculations of the dipole moment for the 2Z+ ground state of the diatomic
molecule CP will be discussed as one example of such an approach [82]. A
primitive basis set of size (18s 13p 6d 4f 2g/13s 8p 6d 4f 2g) was used,
contracted according to three different schemes that are shown in Table 10,
together with total energies and dipole moments.

Table 10. CP total energy and dipole moment4

Basis Energy (Ey) M (a.u.)
[5s 4p 2d 1f/4s 3p 2d 1f] 378481947  0.3059

~-378.746669 0.3559
[5+1s 4+1p 3d 2f/4+1s5 3+1p 3d 2f] -378.482821 0.3128

—378.752308 0.3629

[S+1s 4+1p 3d 2f 1g/4+1s5 3+1p 3d 2f 1g]  -378.483264  0.3129
-378.758078  0.3599

@ Upper numbers SCF, lower numbers SDCI. Bond length 2.9517 ag

The energy improvements obtained on enlarging the contracted basis are negligible
at the SCF level, but several mEj, at the SDCI level. The dipole moment is more
affected: uncontracting the outermost s and p primitives increases the SCF and
SDCI dipole moments by 0.007 a.u., while the further addition of a g ANO has
no effect on the SCF dipole moment but decreases the SDCI result by 0.003 a.u.
The similarity of the dipole moment results of Table 10 suggests that this quantity
is essentially converged with respect to further extensions of the one-particle
basis. Further, the SDCI dipole moment was computed both as an expectation
value and as an energy derivative with respect to an applied electric field and
excellent agreement between the two methods was obtained (a difference of less
than 0.001 a.u. in the largest contracted basis). While these two approaches are
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not equivalent for truncated CI [83], even in a complete basis, experience shows
that they do not differ significantly for SDCI wave functions unless the one-
particle basis is deficient or non-dynamical correlation effects are important.

In order to improve the accuracy of their dipole moment prediction,
Rohlfing and Almlof [82] employed the [S+1s 4+1p 3d 2f/4+1s 3+1p 3d 2f]
basis in a succession of MRCI calculations. They found it necessary to include
the phosphorus 3d orbitals in the reference space for the MRCI, and the 3d;
orbitals were almost as strongly occupied. Similar effects have been previously
observed in calculations on CCl and CIF [31] — it is clearly crucial to have an
adequate d basis when effects like these are important, and ANOs can satisfy this
requirement very compactly. The most elaborate calculation of the dipole moment
in Ref. 82 gave a value of 0.351 a.u., which can be assumed to be at least
0.003 a.u. too large because of the omission of the g ANOs. By considering a
sequence of MRCI selection thresholds Rohlfing and Almlof inferred that
reference selection led to overestimating i by another 0.003 a.u., leading to a
predicted CP dipole moment of 0.34+0.005 a.u. after an estimate for core-
valence correlation effects.

5.3. The bond distance in CHgy4

The CH bond length in methane has been a contentious issue in quantum
chemistry. The first accurate, correlated determination of this quantity was the
work of Meyer [84], at the pair-natural orbital (PNO) CI and CEPA level using
an extended basis. He obtained a bond length of 1.091 A, 0.005 A longer than
the experimental estimate at that time. This was a larger discrepancy than would
have been expected at this level of treatment, and Meyer suggested it might
originate from an overestimation of the cubic anharmonicity of the CH stretch in
the experimental analysis [85]. However, later theoretical work [86] and
reanalysis of experiment [87] showed that although the anharmonicity had indeed
been overestimated, this had almost no consequence for the bond length. Further
experiments and refined analyses (including both ab initio and experimental force
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field data) [88] confirmed a bond length of 1.08610.001 A, and it was
hypothesized that the source of the discrepancy between the best theoretical value
and experiment must be a deficiency in the calculations, either in the basis set or
correlation treatment. Several subsequent theoretical studies were performed,
including a very detailed investigation by Siegbahn [89], but apart from indicating
that core-valence correlation reduced the computed bond length by between 0.001
and 0.002 A, the results of the calculations were little different from Meyer’s.
Handy and co-workers [90] investigated very large basis sets at the MP2 level
and pointed out a significant basis set issue: p functions on H with high exponents
(larger than 1.0) were required to obtain an MP2 geometry close to the basis set
limit. In view of this finding it appeared desirable to perform a systematic
investigation of basis set extension at a suitable high level of correlation treatment,
and Bowen-Jenkins er al. [91] therefore re-examined the CHy bond length using
successively larger ANQ basis sets at the MRCI and CPF levels.

Bowen-Jenkins et al. used a primitive (14s 9p 6d 3f 2g) Gaussian
expansion basis on carbon and an (8s 6p 3d) set on hydrogen [91]. These
expansion basis sets were contracted using ANOs for the 3§ state of C and NOs
from H, (as described above). The final basis sets were of the form
[4+15 3+1p 3d 2f 1g/ 4s 3p 1d] and [5s 3p 2d 1f/4s 3p]. Optimized bond
lengths using these basis sets and a variety of correlation treatments are given in
Table 11. At the (externally contracted) MRCI level, these basis sets gave bond
lengths of 1.088 A and 1.089 A, respectively, compared with 1.090 A obtained
earlier by Siegbahn [89] from a segmented [9s 5p 44 1f/4s 2p 1d] set and the
same correlation treatment. After correction for core-valence correlation effects, a
result of slightly over 1.086 A was obtained, in perfect agreement with experi-
ment [88]. Using the same ANO basis sets in CPF (and MCPF) calculations
gave essentially the same results.
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Table 11. CHy bond lengths (A)

Method Basis re
CCI [5s 3p 2d 1f/4s 3p] 1.089
[4+1s 3+1p 3d 2f 1g/4s 3p 1d] 1.088
(95 5p 4d 1f/4s 2p 1d] 1.090
+Cva 1.089
CCI+Q {Ss 3p 2d 1f/4s 3p] 1.090
[4+1s 3+1p 3d 2f 1g/4s 3p 1d] 1.089
[9s 5p 4d 1f/4s 2p 1d] 1.091
+ CVa 1.090
CPF [S5s 3p 2d 1f/4s 3p] 1.088
+ CVa 1.087
CPF (4+1s 3+1p 3d 2f 1g/4s 3p 1d] 1.087
+ CVve 1.086
PNO-CEPA? [8s 5p 2d 1f/4s 2p] 1.091
SDCI [Ss 3p 2d 1f/4s 3p] 1.085
SDCI+Q [Ss3p 2d 1f/4s 3p] 1.089
MP2¢ (8s 6p 3d 1f/6s 3p] 1.083
Exptd 1.0860.001
a Core valence correction from Ref, 89
b Ref. 84
¢ Ref. 90
d Ref. 88

Investigation of BSSE showed that it affected the computed bond length by no
more than 0.0005 A. Studies involving a systematic reduction of the ANO basis
by successively deleting functions (see Table 12) established convergence of the
bond length with respect to the one-particle space to within about 0.0005 A [91].
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Table 12. Basis set dependence of CHs MCPF bond lengths (A)

Basis re
[5s 3p 2d 1f/4s 3p] 1.088
[4+1s 3+1p 3d 2f 1g/4s 3p 1d] 1.087
[4+1s 3+1p 2d 1f/3s 2p 1d] 1.089
[4+1s 3+1p 2d/3s 2p 1d] 1.088
[4+1s 3+1p 2d/3s 2p] 1.088
[4+1s 3+1p 1d/3s 2p] 1.088
[4+1s 3+1p 1d/3s 1p] 1.093

These basis set investigations also showed that deleting (from the smaller ANO
set) the f ANO and the second d ANO on carbon or the d from hydrogen
affected the computed bond length by less than 0.001 A, but deleting the second
p ANO from hydrogen lengthened the bond by 0.004 A. This observation
supports the contention of Handy and co-workers [90] that the earlier studies
used basis sets with deficiencies in the hydrogen p space, although the source of
this deficiency in Siegbahn’s largest set [89] is unclear. Hence these results
resolve the discrepancy between theory and experiment: earlier calculations, even
in large CGTO basis sets, suffered from lack of basis set saturation. The ANO
sets used by Bowen-Jenkins et al. [91] perform well in allowing for basis set
saturation without the basis set size becoming unmanageable.

5.4. Ne atom polarizabilities

We have already referred to the problems associated with computing
properties such as polarizabilities, which are very sensitive to the description of
the outer valence charge distribution, if AO sets obtained by energy optimization
are used. Segmented contraction of large primitive sets has usually involved
leaving most of the outer primitive GTOs uncontracted, as otherwise there is an
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unacceptable loss of energy. This was shown in 4.3 for H,O, and is discussed
in more detail in Refs. 65 and 66. When using general contractions (not only
ANO sets) one approach, as we have described at length, is to uncontract the
outermost primitive GTOs; Widmark er al. [64] suggest the somewhat more
elegant alternative of determining the ANQOs from a calculation in which a field has
been applied. Either of these techniques works well for dipole moments and
dipole polarizabilities. However, for higher polarizabilities the results become
progressively more dependent on the outer reaches of the valence charge density.
Since an energy-optimized primitive GTO expansion basis does not include
exponents that sample these outer regions, no contraction scheme will be able to
produce useful results. We shall explore here the requirements for extending a
high-quality ANO basis set to predict higher polarizabilities for the neon atom,
using results from the recent study by Taylor ez al. [92].

Some information on augmentation of energy-optimized basis sets can be
obtained by considering the functional form of the applied perturbation and the
energy derivative to which the property corresponds, as discussed briefly in 3.2
above. It is obvious, for example, that at the SCF level a dipole perturbation (a
static homogeneous electric field) will couple to one higher unit of angular
momentum than is required in the unperturbed wave function. Further, as the
resulting new basis function is required to polarize the outer valence charge
density, it will be relatively diffuse. Similarly, a quadrupole perturbation (a static
electric field gradient) will couple to two higher units of angular momentum.
Hence we see the well-documented requirement (see, for example, Ref. 93 and
references therein) for rather diffuse d functions for dipole polarizabilities and
£ functions for quadrupole polarizabilities in first-row atoms, for example. The
static dipole hyperpolarizability of an atom is a fourth derivative of the energy, so
for first-row atoms it must be expected that diffuse f functions will be required.
In addition, as the order of the perturbation increases, the contribution to the
perturbed energies of the outer regions of the charge density increases. Hence it
may also be necessary to augment the sp basis with diffuse functions. Finally, we
reiterate that this analysis corresponds to the SCF case. Since correlation
generates (small) populations in the higher angular functions, it is possible that in
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correlated studies diffuse functions of even higher angular types will have to be
included.

The perturbed energy of a closed-shell atom in a homogeneous field F and
field gradient F ' is

E(F,F')= Eg— 30 F2 — 32y F4 — 1BF2F' - ;CF" (20)
which defines the dipole polarizability (o) and hyperpolarizability (y), the dipole-
dipole-quadrupole hyperpolarizability (B), and quadrupole polarizability (C) [94].

Table 13 displays these polarizabilities for Ne at the SCF level {92].

Table 13. Ne SCF polarizabilities (a.u)

Basis o Y B C
As 2.15 17.5 -5.92 2.28
A+ (s 1p) 2.34 49.2 -10.10 2.34
A+ (2s2pld) 2.34 56.3 -10.55 2.35
A+ Qs2pldlf) 2.34 66.9 -12.87 3.10
A+ (Q2s2pld2f) 2.34 70.2 -13.33 3.20
A+ (3s3p 24 3f) 2.34 71.9 -13.39 3.20
A + (35 3p 2d 3f 2g) 2.34 72.2 -13.42 3.20
A+ (Bs3p2d3fagih) 2.34 72.2 -13.42 3.20
A+ (3s 3p 2d 3f 3g)° 2.34 72.2 -13.42 3.20
B% + (3s 3p 2d 3f) 2.34 72.2 -13.38 3.20
Cd + (35 3p 2d 3f) 2.38 71.2 -13.25 3.21

4 Basis A: [4+1s 3+1p 2+1d 1+1f].

b Basis B: [4+1+1s 3+1+1p 2+1d 1+1f].

¢ Includes a tighter, correlation-optimum g function
d Basis C: [4+1+1s 3+1+1p 2+1+1d 1+1f].
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The main source of error in ¢ from the modified ANO contraction (denoted A) is
the omission of diffuse s and p functions, which affects a by about 10%.
Uncontracting the second outermost d as well as the first increases « by 2%, and
this result is now at the Hartree-Fock limit. Convergence of the SCF value for ¥
is clearly much slower. The value does not begin to stabilize until at least two
diffuse s, p, and f functions and a diffuse d function are added. The reason more
diffuse f functions than d functions are required reflects the original primitive set,
which has 6 d functions, but only 4 f functions whose mean exponent is tighter
than the mean d exponent. Hence uncontracting the outermost f primitive is less
effective at describing field polarization than is uncontracting the outermost d.
Uncontracting the second outermost d function has less effect on ¥ than on q,
consistent with our reasoning above. The polarizabilities that involve field
gradient perturbations show similar basis set convergence behaviour to ¥.

For accurate values of polarizabilities it has long been established that
correlation effects must be included. In Table 14 we list values for the various
polarizabilities in a succession of ANO-derived basis sets [92], using the
coupled-cluster method with single and double excitations (CCSD).The basis set
convergence of « follows a very similar trend to the SCF level, although where
basis set extension affects the results the changes are somewhat larger. We may
note that the addition of more diffuse f functions has almost no effect on «, nor
does the addition of diffuse g (or k) functions. A tighter g function increases the
correlation energy but does not affect a. Overall, correlation increases ¢ by about
10% at the CCSD level, and this is essentially independent of basis set size.

The convergence of ¥ with basis set at the CCSD level is again much
slower than for &. This results partly from the very large correlation contribution
— almost 40% — which converges even more slowly than the SCF value. Not
until a (3s 3p 2d 3f) diffuse set has been added has the CCSD value of y

stabilized to within 1%.



354 JAN ALMLOF AND PETER R. TAYLOR

Table 14. Ne CCSD polarizabilities (a.u)

Basis o Y B C
Ad 2.35 22.4 —-6.95 2.49
A+ (Is 1p) 2.60 68.7 -12.59 2.59
A+ (25 2p 1d) 2.60 83.8 -13.51 2.60
A+ Q2s2pld1f) 2.60 97.2 -16.56 3.52
A+ (25s2p 1d 2f) 2.60 103.1 -17.32 3.67
A+ @Bs3p2d3f) 2.61 107.3 -17.46 3.67
A+ (3s3p2d3f2g) 2.61 108.1 -17.54 3.68
A+ (Bs3p2d3f2g lh) 2.61 108.2 -17.55 3.68
A + (3s3p 2d 3f3g)c 2.61 107.5 -17.48 3.67
B + 35 3p 2d 3f) 2.61 109.9 -17.43 3.67
Cd + (3s 3p 2d 3f) 2.64 108.7 -17.27 3.68

@ Basis A: [4+1s 3+1p 2+1d 1+1f].

b Basis B: [4+1+1s 3+1+1p 2+1d 1+1f].

¢ Includes a tighter, correlation-optimum g function
d Basis C: [4+1+15 3+1+1p 2+1+1d 1+1f].

The effect of diffuse g functions is not quite negligible (just under 1%), but a
diffuse 4 function makes almost no contribution. This is also observed for the
polarizabilities B and C, for which convergence with basis set is again similar to
the SCF level.

The overall conclusions about the basis set dependence of correlated
polarizabilities for Ne are a little surprising: the diffuse functions that must be
added can be determined entirely at the SCF level. The inclusion of correlation
does not appear to require any further extension of the diffuse functions, although
g functions are almost important enough to be needed. Further, while the CCSD
method itself yields polarizabilities that are not quite converged with respect to the
correlation treatment (especially for y), correcting the results for the effect of triple

excitations appears to yield converged results, and the basis set conclusions still
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hold [92]. Investigations of Be atom and of the other rare-gas atoms [95]
indicate that these basis set conclusions are valid for other atoms as well. It will
certainly be of interest to see whether they hold for molecules. It is clear that
substantial computational economy results from “decoupling” the determination of
the field response and correlation requirements of the basis set .

5.5. Ni(H,0)

The ability of ANO basis sets to reduce basis set superposition error
substantially, as well as to describe molecular properties accurately, has been
exploited by Bauschlicher [61] in computing the interaction betwen a nickel atom
and a water molecule. The interaction energy had previously been computed by a
number of groups, with conflicting results [96-98]. Early calculations predicted
quite large Ni-H;O binding energies [96,97], but after correction for BSSE the
binding was estimated to be around 3 kcal/mo! (see discussion in Ref. 61),
arising mainly from dipole-induced dipole interaction. However, experimental
studies of transition metal-H,O interaction [99] suggested that (unlike other late
transition metals), Ni does rot form a stable complex with H,O, in contradiction
to the theoretical results. Yet another conclusion was reached in calculations by
Sauer et al. [100]: they obtained no Ni-H;O binding at all in BSSE-corrected
SCF calculations, but almost 11 kcal/mol in SDCI calculations (corrected only for
the SCF BSSE). Their interpretation was that the metal-ligand binding therefore
arose from dispersion, rather than electrostatic, interactions [100].

In order to try to resolve whether Ni binds to H,O, and by what
mechanism, CI calculations in a large basis set were undertaken by
Bauschlicher [61]. The primitive Ni basis was the (20s 12p 9d) set of
Partridge [41], augmented with three diffuse p functions to describe the Ni 4p
orbital, and a diffuse 4 function to describe the contribution of the Ni 3d%4s
configuration to the wave function properly. Six f primitives were added for
polarization and correlation. This final (20s 15p 104 6f) primitive set was
contracted using SDCI ANOs averaged for the 3d84s2 3F) and 3d%s (3D)
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states. In order to improve the description of the Ni polarizability the outermost
s and p primitives were uncontracted, giving a final contracted basis of the form
[6+1s 5+1p 4d 3f]. For water, a basis similar to those discussed in 4.3 above
was used, based on van Duijneveldt’s primitive sets [29] and contracted to
[5s 4p 3+1d 2f/4s 3p] + (1s 1p/) (that is, diffuse functions added to O only).
At the SDCI+Q level the H;O dipole moment was within two percent of
experiment, while the zz component of the polarizability was about 7% smaller
than experiment. The error in the Ni polarizability was estimated to be about
10%.

Computed binding energies for the Ni-H;O complex [61] are given in
Table 15.

Table 15. Ni—H,O binding energies (kcal/mol).

Method D, D (corrected)?
SCF 2.86 2.82
SDCI 4.84 4.36
SDCI+Q 5.30 4.75

a Corrected for BSSE.

The SCF BSSE is seen to be almost zero, while at the correlated level the BSSE is
about 0.5 kcal/mol. Explicit calculations show that about two-thirds of the BSSE
arises from improvement in the Ni energy produced by the H,O basis.
Comparison of the BSSE-corrected SCF and SDCI+Q results shows that disper-
sion is responsible for less than 50% of the binding energy, and although the
dispersion contribution would increase with improvements in the calculation it is
unlikely to be more than 50% even in the limit of a complete CI. The contention
of Sauer er al. [100] that at the SCF level the complex is unbound is not
substantiated — the basis set of Ref. 100 is too small to describe the interaction
correctly even at the SCF level. On the other hand, the CI result in that basis is
much too large when corrected using only the SCF BSSE: CI superposition errors
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can be an order of magnitude or more larger than SCF superposition errors, so
using the latter only as a correction will severely overestimate the degree of
binding. Bauschlicher’s SCF result [61] is consistent with the earlier, smaller
basis set studies, and it seems reasonable to assume that his correlated result, after
BSSE correction, is a lower bound to the binding energy. Thus the various
theoretical results can be understood in the light of the large basis investigations,
although it is still unclear why the Ni-H,O complex is not observed in matrix
isolation experiments.

The use of a very large expansion basis is crucial to the success of this sort
of investigation. While the counterpoise correction [49] for BSSE has been
shown to be a physically reasonable and numerically reliable approach, it works
best when the correction is small, as with any correction method. The only safe
way to obtain small BSSEs is to use large basis sets, and these can be handled
compactly via ANO contractions. As we discussed in 3.4, in general we
recommend the use of counterpoise corrections even for strong interactions such
as chemical bonding, although the situation here is more open to debate than for
weak interactions such as van der Waals systems.

6. ALTERNATIVE APPROACHES

While the ANO contracted sets we have discussed are certainly no larger
(and are commonly smaller) than more conventional CGTO sets of similar quality,
the primitive sets from which they are obtained are larger than many others
commonly used. As we have explained at some length in section 3, this has less
consequence from the point of view of computation time than might be imagined,
at least when an efficient integral evaluation scheme is used. Nevertheless, there
is obviously much to be gained if the Gaussian expansion basis used to represent
the AOs can be made smaller without materially affecting the results. On the one
hand, the investigations of Ahlrichs and co-workers [27,79] give no ground for
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optimism about this possibility, as we have discussed above. Dunning [28],
however, has explored the use of carefully optimized primitive sets and reached
much less pessimistic conclusions. By augmenting generally contracted sp sets
for first-row atoms with additional uncontracted s, p and polarization functions
whose exponents are optimized in atomic CI calculations, Dunning has obtained
atomic energies as good as ANO sets of the same size. When these sets are used
in molecular calculations, they also yield very good results [28,81,101]. While
they do require augmentation for the calculation of some molecular prop-
erties [101], this is not really different from modification of ANO contraction
schemes as discussed above. A very promising possibility is that optimization of
polarization function exponents can reduce the size of the GTO expansions used
for ANOs. It is also interesting to note that the optimized polarization exponents
of Dunning are not radically different from those obtained from the formulas of
Ahlrichs and Taylor [44] and the scaling relations for multiple primitives used in
3.3.

Another alternative, one we have already discussed in the context of
representing AOs by Gaussian expansions, is to obtain the contraction coefficients
not from natural orbitals (which could be regarded as a “maximum overlap”
criterion for reducing the contraction error) but from energy optimization. For
systems dominated by a single reference configuration, the AOs so obtained can
be expected to be very similar to the ANOs. One advantage of using NOs is that
virtually all CI codes produce natural orbitals as a normal by-product of the
calculation, while the energy optimization requires an MCSCF calculation for a
configuration space of SDCI type. Codes to perform this optimization are much
less common than codes that yield CI NOs. The recent developments of restricted
active space (RAS) CI methods [102,103], in which wave functions are defined
by allocating electrons to different orbital spaces according to desired occupation
number restrictions, and their extension to MCSCF orbital optimization in
RASSCF methods, should allow a wider investigation of energy optimized
contractions as opposed to ANO contractions. It would be useful if a scheme for
including core correlation could be devised along these lines; a brute-force
inclusion of the core orbitals into the RAS CI expansion will probably not do, as
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the total correlation energy benefits so much more from core correlation than
valence correlation that the RASSCF orbitals will be heavily biased in favour of
core correlation.

Other variations on the ANO approach have been examined. Shavitt and
co-workers [104] have constructed contracted sets that comprise the occupied
SCF AQs, and correlating NOs obtained by performing, say, an SDCI calculation
and then diagonalizing the first-order reduced density matrix projected into the
unoccupied SCF AO space. In this way the AOs expected to contribute most to
the molecular wave function are the original SCF AOs. For most purposes this is
an unimportant distinction — the main benefit is that the AO set used for a given
atom reproduces the original atomic SCF energy exactly with a minimal set. The
resulting basis sets perform just as well as the true ANO sets in molecular
applications. As we noted briefly above, Widmark et al. [64] have extended the
scope of the calculations that define the ANOs. They include other electronic
states (possibly including ionic states), and the ground state perturbed by an
electric field, in a density matrix averaging procedure. This provides a
compromise set of ANOs that should be able to describe the atom even in an ionic
molecule, and also yields a better description of molecular properties like the
dipole moment and polarizability, as we touched on in 4.3. This appears to be a
very promising extension to techniques for generating ANO basis sets.

A somewhat different approach to using contracted basis sets that describe
atomic correlation well in molecular calculations has been explored in considerable
detail by Petersson and co-workers [105-107]. They use pair-natural
orbitals (PNOs) of the atoms, rather than natural orbitals. PNOs are closely
related to NOs for two-electron systems, and share the unique convergence
properties of the latter [26]. Petersson and co-workers have exploited these
convergence properties to develop sophisticated schemes for extrapolating
computed molecular correlation energies to basis set limit values, with
accompanying uncertainty estimates [106]. Hence the PNOs are used not only to
provide a physically motivated AQ basis for molecular calculations, but also to
guide estimation of the “complete basis set” (CBS) correlation energies, as they
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are termed by Petersson and co-workers. The extrapolation technique has been
used to compute binding energies to high accuracy, for example [107].

All of the alternative approaches we have discussed so far have been
concerned with modifications or improvements to “physical” LCAO schemes; that
is, those which seek to perform a molecular calculation in a basis that has a clear
connection to a physically illustrative description of the atom. There have been
attempts to extend the more ad hoc traditional contraction schemes to incorporate
correlation, without any special attention to physical interpretability. For example,
correlation-optimized primitive exponents have been generated in atomic MP2
calculations by Krishnan et al. [108], and form the backbone of the larger basis
sets used in calculations with the GAUSSIAN series of programs. There has been a
number of attempts to exploit bond-centered sets rather than atom-centered
polarization functions. There are several difficulties with such approaches,
although by far the most important is the issue of superposition error, which has
been discussed by several authors; see, for example, Ref. 109 and references
therein — Ref. 110 describes a more recent investigation. Perhaps the least
aesthetically appealing aspect of bond functions is that considerable evidence has
accumulated since the earliest days of ab initio quantum chemistry that a major
source of error in molecular calculations is the inability to describe correlation in
the dissociated atom limit correctly [111], and it does seem more than plausible
that atomic problems should be solvable within a one-center model. The
spectacular successes of empirical correction schemes of “‘atoms-in-molecules”
type [112] (see also Refs. 113 and 114 for more recent work) attest to the vital
role atomic correlation and its correct description plays in molecules, as for that
matter does the success of ANO basis sets.

Finally, it is always possible to define prescriptions (for correlation
treatments as well as basis sets) for successful “prediction” of specific properties
by exploiting cancellation of errors. For example, while we have sought to
compute reliable binding energies by reducing the errors in both fragments and the
bound system as much as possible, one can proceed by trying only to find a level
that is equally inadequate for both limits. While some of the dangers in this
procedure are obvious, it must be stressed that the primary problem is one of
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predictive reliability. This question of predictive reliability also has consequences
for error analysis in quantum chemistry: the mean deviation of a set of
comparisons between computed and experimental data is one test of reliability, but
it may be less useful than the maximum deviation. By analogy with a numerical
analyst trying to write an accurate sine function routine, we must be interested in
minimizing the maximum error, not in the less challenging and less interesting

minimization of least-squares error, if we are to make reliable predictions.

7. CONCLUSIONS

We have reviewed here an approach to basis set design that is driven by the
desire to use physically motivated atomic orbitals as basis functions for molecular
calculations. The fact that the AOs are expanded as fixed contractions of Gaussian
functions is a physically irrelevant computational device. For correlated
calculations the natural orbitals derived from correlated atomic wave functions
prove to be a compact, computationally efficient, and physically meaningful set of
basis functions. The efficient evaluation of AQO integrals over such basis sets
imposes certain computational requirements on an integral code; we discuss in the
Appendix how these requirements are implemented in evaluation of two-electron
integrals over a generally contracted Gaussian basis set in the MOLECULE integral
program [115]. We have shown how ANO basis sets are effectively able to
exhaust the capabilities of the underlying Gaussian expansion basis — that is, to
minimize the contraction error. Finally, we have enumerated several applications
of quantum chemistry to problems in which the use of ANO basis sets has been
instrumental in obtaining the required high accuracy.
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APPENDIX: COMPUTATIONAL CONSIDERATIONS
A.l. Implementation of general contraction

Most techniques for Gaussian integral evaluation are designed for seg-
mented contractions: since each integral over primitive functions contributes to
only one integral over contracted functions there are various mechanisms for
incorporating part of the segmented contraction process into the primitive integral
evaluation. For an average “contraction ratio” Nprim/Ncons = k, the expected k4
dependence of integral evaluation can be sharply reduced, for example [47]. We
make no attempt here to discuss general aspects of Gaussian integral evaluation,
nor to discuss segmented contractions, but concentrate instead on specific
computational issues that arise when using general contractions, large primitive
spaces, and high angular quantum number basis functions. We will assume that
the usual efficiencies obtained by treating all members of a shell with the same
angular quantum number together, and evaluating integrals using vector loops
over exponent quadruplets, are already being exploited [45].

In terms of arithmetic operations, the computational overhead associated
with performing a general contraction is not insignificant. Given the same average
contraction ratio Nyrim/Ncont = k, the number of operations needed per con-
tracted integral is of the order of 2Nj,im (k*-1)/(k-1). This is usually
significantly larger than in the segmented scheme, where it is only 242, even for
the most naive implementation. This disadvantage is partly outweighed by the fact
that the general contraction scheme lends itself well to vectorization in terms of
matrix multiplications, where the effective vector length varies between (Np,,-,,,)3
and (Ncon)3 [116,117]. It should be noted, though, that the number of
operations is linear in the number of primitive integrals, the ratio being of the
order 2N,y /(k-1).

Consistent with our assumption that the calculation of primitive integrals is
vectorized, we assume that batches of primitive integrals arising from all
exponents and all components of a set of four / values have been evaluated
simultaneously, or at least handled in a specific sequence. The general contraction
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transformation from the primitive basis {,f,...} to the contracted basis {1, v,...)}

is carried out in four steps [116],

@f1y8) = B 1Ys) = (uviyd) = (uvIAd) = (uvido) (A1)
using as index quadruples

(B8], [Bydul, (néuvl, 8wl (1v.A,0l, (A2)

respectively, where the index [a,f,7,6] denotes storage with the first index
varying fastest, etc. [f the shells contain ny, n, ... primitive functions and m;,
mo, ... contracted functions, we can define a compressed index from the last
three indices of the quadruple, say for [a,3,%6], as

p1 =0+ (y— Dxng + (B— D*n3xny (A3)

so that

¢y 1
Agpys = (@B1YO) = Ay, . (A4)

The first quarter-transformation is then

(2)
Aprg = WB1Y0) = A,, "

n g
()
=2 (@B ou=2, A gy Tau=[ADT], (AS)
a o

or, in matrix notation

A= AT, (A6)
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Clearly, this step is a matrix multiplication with a vector loop length of ny*n3*ny,
if the “inactive” index p; is used for the innermost loop,

Next, consider the quarter-transformed integrals (uf3 |yd) as a two-
dimensional array where now p,  and yare collapsed into a single index, p,.

) _ D
Aﬁ}’aﬂ - (#[”Yb) - Aﬁ‘p2. (A7)

It should be noted that no explicit data movement (that is, no reordering of data in
. 2

computer memory) is necessary to go from A,(, )#
"

is a set of integrals (1 |y5) stored with B as the fastest varying index, g as the

slowest; the change is only one of notation. Again, the second step in the

2
to A;,) . In both cases the array
Py

transformation is carried out as

3y _ NG
Avguv= (uviyd) = Apz,v
ny 1% 2)
=2 (B1YOTpy=2, Ag, Tpy=[ADIT],,,, (A8)
B b

or
AB)= ADIT, (A9)

with a largest vector length of n3*ng*m. The last two quarter-transformations can
be carried out in exactly the same way, with vector lengths of ng*my*m; and
mi¥mo¥*ms.

The above scheme thus allows computationally efficient use of a general, as
opposed to a segmented, contraction scheme, and has been incorporated into the
program MOLECULE [115]. It works well if the number of primitive functions in
a shell is reasonably large, so that the number of primitive integrals, nj*xny*ny*ny
is large. The effective vector length might often be less than optimal for many
small basis sets, especially when basis sets contain polarization functions with a
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single exponent for a given [-value. Unfortunately, therefore, the highest (and
thus most time-consuming) /-values are likely to suffer most from these short
vector lengths. A remedy for this problem can often be obtained by rearranging
the basis sets to “superatoms”, i.e. groups of basis functions extending over
several different centers. The only modification needed in the integral code is that
coordinates must be assigned to each primitive function in the shell, rather than to
the entire shell itself. The atoms contributing to a superatom can be of different
type, though to facilitate the exploitation of molecular symmetry we normally
require that they all have the same multiplicity with respect to the symmetry
operations used. This procedure increases the effective vector length in the integral
calculation, and improvements in integral time ranging from a factor of two to ten
are typically seen on vector computers. In addition, the overhead involved in the
integral evaluation is significantly reduced, and important savings are therefore

seen also on hardware where vector length by itself is of no immediate concern.

A.2. Symmetry Properties of Basis Functions

GTOs for polyatomic calculations are usually defined in terms of their
Cartesian components, as in Eq. (9). For s and p orbitals their angular parts are
identical to the real spherical harmonics, but for L>1 the space spanned by the
Cartesian functions is larger than that spanned by the spherical harmonics with

I =L. Hence for a given L the (ng) Cartesian functions, which form a

linearly independent set, can be transformed to subsets which comprise not only
the (2/+1) orthogonal spherical harmonics of order /, but also sets of spherical
harmonics with | =L-2,L-4, ... . These “contaminants” are radially nodeless
functions of the type 3s for L =2, 4p for L =3, 5d and 5s for L = 4, etc.

In the evaluation of many-center integrals over GTOs, the calculation is
almost invariably carried out in terms of Cartesians. The basis is thus of larger
dimension than it would be if the contaminants were excluded. The contaminants

have not been chosen according to any optimization criterion, and are therefore not



366 JAN ALMLOF AND PETER R. TAYLOR

necessarily well suited for the description of AOs with their particular n and
! quantum numbers. In this sense, the integral list is needlessly lengthened by
retaining the contaminants. In SCF calculations where integral time is the rate-
determining step, and in which the basis set is small enough that storage of the
integrals is not a problem, there may be arguments for retaining them [118], since
their removal only increases the computation time. The near-linear dependence
that may arise when these functions are added to an already large basis can be
controlled with the same standard methods used to handle more general linear
dependencies [119]. In correlated calculations, however, there is clearly an
advantage in selecting each basis function carefully, as the cost of the entire
calculation in that case depends largely on the size of the contracted basis set. The
contaminants should therefore always be projected out of the basis. The final (i.e.
spherical harmonic) CGTOs then become linear combinations of Cartesian
CGTOs, and a transformation of Cartesian integrals to spherical harmonic
integrals must be performed. In the MOLECULE program [115] this
transformation is handled using the same scheme as described in 3.4 for general
contraction. Lindh er al. [120] have developed schemes whereby the trans-
formation to spherical harmonics can be amalgamated with the evaluation of
primitive integrals in the same way as the contraction, resulting in significant
savings. Explicit timing comparisons of integral evaluation and correlated wave
function generation for Cartesian and spherical harmonic basis sets are given in
Ref. 121.

There are additional computational techniques to be exploited in the calcul-
ation and manipulation of the two-electron integrals, at least when the molecule
has spatial symmetry. Atom-centered basis functions are symmetry-related: they
span reducible representations of the molecular point group. Hence integrals over
the basis functions are symmetry-related, and only unique integrals need be
evaluated; see, for example, Ref. 122 and references therein. This reduces the
integral evaluation time, and can be used to reduce the computation time in other
steps of the calculation. An even more powerful approach is to form linear
combinations of the basis functions that transform according to irreducible
representations of the point group [123-125]. Such symmetry adaptation leads to
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an extensive blocking of the integral list and other arrays that are manipulated in
the wave function calculation. In most implementations of symmetry in
algorithms for electronic structure calculations, only point groups with real, one-
dimensional representations are considered, that is, Dy, and its subgroups. While
the theory for higher point groups is known [125], it has turned out difficult to
design cost-effective implementations for general electronic structure codes. The
symmetry adaptation of unique integrals can be formulated to require considerably
less work than the (obvious) four-index transformation scheme, and as discussed
in Ref. 121, the gain in computational efficiency in subsequent steps, such as
transformation of integrals from the AO to MO basis, is considerable.
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Boson
functional integral, 43
Goldstone, 81
partition function, 108
systems, 35, 92, 105
Bound states, 127
energies, 44
BP, see Bond path
Brownian motion theory, 12

BSSE, see Basis set superposition error

Bulk metals
EAM study, 143
EAM-MD calculations, 143

INDEX

C

C2
binding energy, 342
dissociation energy, 342
C,H, chemisorbed on Ni(111) surface, 132
Carbon dimer, ground state, 3
Carrier space, 106
Cartesian Gaussian functions, 306
CAS-SCF calculations, 150
Catastrophe machine, Zeeman, 79
Catastrophe theory, see Bifurcation and
catastrophe theory
CBS, see Correlation energy, complete basis
set
CC, see Coupled cluster method
CCDPPA, see Coupled cluster doubles
polarization propagator approximation
CCPPA, see Coupled cluster polarization
propagator approximation
CCSD, see Coupled cluster equations, singles
and doubles model
CEPA, see Coupled electron pair approxima-
tions
CGTO, see Contracted Gaussian type orbital
CH*ion
cluster amplides, 193
correlation coefficients, 193
excitation energy, 189, 191
oscillation strength, 192
radiative lifetime, 193
transition moment, 192
CH,, bond distance(length), 347-350
Charge density, 180
contour interval, 131
contours, 131, 133
H-H, 135
H,Niy, 133
Li clusters, 131
Na clusters, 131
Ni-H, 135
Ni-Ni, 135
Ni,, 131, 136
Pt , 139
Charge-density waves, 80
Charge distribution, 130
Chemical activity, 136
Chemical bond, directionality, 136
Chemical bonding, see Bonding
Chemisorption,
C,H, on Ni(111) surface, 132



H, on Pt surface, 153
Chemisorption path, 132
CHF, see Coupled Hartree-Fock method
CI, see Configuration-interaction expansion
Closure relations, 84
Cluster amplitudes, CH* ion, 193
Cluster valency model, 150
CN

binding energy, 342

dissociation energy, 342
CN-

binding energy, 342

dissociation energy, 342
Coherent states, 16, 35
Cohesion, 144, 145
Cohesive energies, 126, 137

Ni,, 128

P, 139

Pr, 142
Commutation superoperators, 93
Complex formation, 130
Compression energy, s bonds, 4
Compton profile, directional, 242
Configuration-interaction expansion, 308
Configuration space, 45
Conjugated hydrocarbons, CC distances, 4
Constrained search procedure, 243-246
Contracted Gaussian type orbital, 307
Cooper pairs, 81
Core orbitals, 145
Correlation coefficients

CH* ion, 193

spin-adapted, first order, 174
Correlation effects

dynamical, 309

nondynamical, 308
Correlation energy, 174

complete basis set, 359

second order, 174

third order, 174
Correlation energy functional, 277-278

atoms, 278

molecules, 278
Corresponding effective action, 15
Coulomb potential, 4447, 53, 56, 127
Coulomb problem, 59
Coulomb singularity, attractive potential, 44
Coupled cluster doubles polarization

propagator approximation, 183
Be atom, excitation energies, 187, 190

INDEX 377

CH" ion, excitation energies, 189
exiended, 184
Coupled cluster equations
singles and doubles model, 170
spin-adapted, 170-209
Coupled cluster method, 168
Coupled cluster polarization propagator
approximation, 180-185
Coupled cluster polarization propagator
method, 167-209
analysis, 185-191
list of calculations, 194
Coupled electron pair approximations, 168
Coupled Hartree-Fock method, 181
Covalent bonding, 128, 148-149
Pt,, 148,152
Pt,(0,CCH,)q, 149
CP, see Critical points
Critical points, 130
dipole moment, 346
energy, 346
Cusp catastrophe surface, 79-81

D

D-MBPT(e0), see Linearized coupled cluster
doubles

Defect structures
EAM study, 143
TM oxides, 138

Density functional theory, 213, 216-231
constrained search procedure, 243-246
electronegativity, 229
hardness, 229
N-representability, 221
non-V-representability, 224
pure state V-representability, 223-225
self-interaction correction, 229
Slater transition state method, 228
spin-polarized, 229
V-representability, 222
X ,-method, 228

Density functionals
Coulomb systems, 281-284
scaling properties, 245

Density gradient field
H,Ni, cluster, 133
Niy cluster, 131

Density matrix, 35, 45
equivalence restrictions, 332

Density operator, 42
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Density of states
pantial
Pt 4, 139
Pt: AL,O,, 147
partial spin
Ni,, 129
DFT, see Density functional theory
Dipole moments, 345
CP, 346
H,0, 336
Dirac-Slater approximation, 261
Dirac-Slater model, P, 144
Dirac-Slater moment-polarized relativistic
scheme, 139
Directional Compton profile, 242
Discrete-variational X, scheme, 126-127
Dissociation energy
C,, 342
CN, 342
CN-, 342
N,, 342
NH, 341
Ni(H,0), 356
NO, 342

DV-X,,, see Discrete-variational X scheme

Dyson equation, 72
Dyson's time-ordering operator, 26, 36
Dyson's U matrix theory, 92, 96

E

EAM, see Embedded atom method
EAM-MD calculations, 143
Effective core potentials, 127
relativistic, 150
EFG, see Electric field gradient
Electric field gradient, H,0, 338
Electron-repulsion energy functional, 214
bounds, 250-265
bounds to direct Coulomb energies,
251-258
bounds to indirect Coulomb energies,
259-263
Electron-repulsion integrals, 213, 252
bounds, 264-265, 290-292
Electronegativity, atoms, 229
Electronic density, 151-152
pointwise, 246-247
Electronic energies, total, 214
bounds, Coulomb systems, 265-290
Electronic energy level set topologies, 285
Ellipticity, bond, see Bond ellipticity

INDEX

Embedded atom method, 143
Energy density functional, constrained search

procedure, 243-246

Energy functionals

bounds to atomic and molecular, 211-300
constrained search approach to, 276
Hartree-Fock, 277

scaling properties of, 276

Thomas-Fermi, 219

Energy hypersurface, topology, 285
Energy propagator, 48—49, 58
Energy truncation errors in

Ne, 314,316
NO expansion, 314-316

Equivalence restrictions, on density matrix,

332

ERI, see Electron-repulsion integrals
Euclidean path integral, 63, 72
Euler-angle coordinates, 50
Evolution operator, 18-19, 26
Evolution superoperators, 94

in Liouville space, 15

Exchange-correlation energy, 214

bounds, 276

Exchange-correlation potential, 127
Exchange forces, 2

Exchange integrals, molecular Coulombic, 70
Excitation energies

Be atom, 187, 190
CH* jon, 189, 191

Excitation operators, singlet, 171

F

Fermi energy, Ni,, 129
Fermi levels, Ni,, 129
Fermi systems, 16, 35-36
Fermionic

field operators, 92
systems, 35,92

Fermions, 16, 36, 80

interacting system, 35, 42
propagator, 43

Ferromagnetic cluster, 129
Feynman functional integral, see Feynman

path integral

Feynman path integral, 7-123

fermion particle system, 14
field theories, 62

gauge, 90

time dependent mean, 84
formulation of quantum mechanics, 62



hydrogen atom in four-dimensions, 14
least-action mechanical principle, 9
Liouville space, 92-98
many electron systems, 62
one-dimensional harmonic oscillator, 14
partition function, 62
propagator, 12—-14, 16-20, 23, 25-26,
28-30, 35, 38, 41-43, 52-54, 59,
61,63
short-time propagators, 21, 41, 57, 66
time-lattice subdivision process, 12
Feynman superpropagator, 92, 104-105, 107
Field operators, 92-110
Finite many-body problem, equivalence
between non-relativistic molecular
system, 15
First quantized Hamiltonians, 36
Fluctuation potential
second-order, 169
third-order, 169
Fluorine molecule, 3
Fredholm's integral equation, 12, 102
“Frozen-core" approximations, 127
Functional calculus, 11
Functional integrals, see Feynman path
integral

G

Gaussian approximation, 73, 75, 91
Gaussian integrals, 30, 45, 72, 111
path integrals, 45
Gaussian-type orbital, 306
contracted, 307
Generalized valence bond, 138
ab initio method, 147-153
orbitals, 148
Py, 148-152
wave function, 151-152
Pt,, 152
Gradient field
H,Ni,, 133
Ni,, 131
Gram-determinantal inequality, 252
Green's functions, 12-13, 16, 44-45, 47,
50-51,72,92, 110
double-time retarded, 175
energy dependent, 176
Group theory classifications, 3
GTO, see Gaussian-type orbital
GVB, see Generalized valence bond
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H

H-H bonds, 135
charge density, 135
ellipticity, 135
Laplacian, 135
H, adsorbed on Ni(111) surface, 132
H, adsorbed on Ni, surface, 132
H, chemisorbed on Pt, surface, 153
binding energy, 154
H,Ni, cluster, 126, 128, 132-137
charge density contour map, 133
density gradient field, 133
H,0, 336-340
contraction errors, 336-340
dipole moment, 336
electric field gradient, 338
energy, 336
polarizability, 339
quadrupole moment, 336
Hamiltonian superoperator, 177
Harmonic oscillator, 29
four-dimensional isotropic, 45
Harmonic patential, 127
Hartree-Fock approximation, 303
Hartree-Fock calculations, 127
Hartree-Fock determinant, 308
Hartree-Fock equations, 85
Hartree-Fock model
non-linear, 82
time-dependent, 84
Hartree-Fock SCF orbitals, spatial, 171
Hartree-Fock theory, 137
time-dependent, 112
Hartree product, 67
Heaviside step function, 176
Hellmann-Feynman theorem, 244
Hellmann functional, 280
Hellmann-Weizséicker functional, 280
Hermitian superoperators, see Superoperators,
linear hermitian
HF, see Hartree-Fock
Higgs fields, 82
Higher random phase approximation, 181
HK functional, universal, 214, 218
HK, see Hohenberg-Kohn
Hohenberg-Kohn energy functional, 226
Hohenberg-Kohn theorem, 213, 217-220
Hopf fibration, 111
HRPA, see Higher random phase approxima-
tion
Hiickel model, 62,71, 75,77, 111
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Hiickel model (continued)
Gaussian, 81, 91
partition function, 72-77

Huygens-like principle, 102

Hydrocarbon free radicals
CH,, 4
polyacetylene, 4

Hydrocarbons, conjugated, CC distances, 4

Hydrogen atom

chemisorbed on Pt,, 154

path integral theory, 4461

rotational invariance, 45
Hydrogen bonding, double, 75, 78, 81
Hydrogen molecular ion equation, 3
Hydrogen molecule, 2, 4, 132
Hydrogen-Pt, interaction, 147
Hydrogen saturation, P,H, 155-160
Hydrogenic atomic orbials, 55
Hydrogenic oscillator, 4547
Hyperthyroidism, 78

I

Information theory, 241

Infra-red vibrational spectra, 126

Interatomic potential, 146

Interatomic surface, 131

Interface, metal-metal oxide, 126

Intermetallic bonding, 125

Ionic potentials, 146

Ising model, 67, 75
bidimensional continuum, 71
continuum,67, 72-73
one-dimensional, 15, 64,72, 111
partition function, 64, 74

K

Kepler motion, 53
Kemel, see Propagator
Kinetic energy
anisotropies, 242-243
bosonic, 234
bounds, density-matrix based, 232
directional, 242
fermionic, 234
functional, 231-250
pointwise electron density, 246-247
Kinetic energy-density functional, 231

constrained search procedure, 243-246
r-space local kinetic energy density, 243

INDEX

Kinetic-potential energies, interconnections,
248-250
Kinetic repulsion energy functional, 214
Klauder’s continuous representation theory,
84, 88
Kohn-Sham exchange-correlation energy
functional, 226
Kohn-Sham exchange-correlation functional,
280
Kohn-Sham method, 226230
one-electron equations, 227
Slater determinants, single, 227
Kohn-Sham orbitals, 227
Kohn-Sham-Slater exchange potential, 128
Kohn-Sham transformation, 46, 49-50, 53, 56,
59-61, 111
KS, see Kohn-Sham

Laplacian, 135
H-H, 135
Ni-H, 135
Ni-Ni, 135
Ni,, 135-136
Lattice constant, 144
LCAQO, see Linear combination of atomic
orbitals
LCAO self-consistent field(SCF) equations,
304
LCCD, see Linearized coupled cluster doubles
L.CCDPPA, see Linearized coupled cluster
doubles polarization propagator
approximation
LD theory, 137
LDF, see Local density functional calculations
Lennard-Jones paper, 1-6
auf-bau principle, 3
hydrogen molecular jon equation, 3
molecular orbital theory, 1-6
Levi-Civita transformation, 60
Lewis model, 2
Li cluster, 148
charge density topological analysis, 131
Linear combination of atomic orbitals, 1, 85,
151,302
Linear hermitian operators, 94
Linear muffin tin orbital method, 127
Linear response function, 175
Linearized CCD, see Linearized coupled
cluster doubles
Linearized coupled clusier doubles, 174



CH*ion, excitation energy, 191
Linearized coupled cluster doubles polariza-
tion propagator
approximation, 183
CH* ion, excitation energies, 191
extended, 184
Liouville superoperators, 94
Lithium molecule, 4
LMTO, see Linear muffin tn orbital method
Local density functional calculations
Py, 152
Pt H, complex, 150
wavefunctions, 152
Local spin density
calculations, 143
jellium model, 143
single particle theory, 126
London force, 3

Lowdin model, proton tunneling probabilities,

11
LSD, see Local spin density

M

Magnetic moment

Ni, 137

Pt,, 139
Magnetic resonance frequencies, protons, 82
Magnetic susceptibility, 84
Many body perturbation theory, 168-169,

193,212

correlation coefficients, CHY, 193
March-Young result, 232
Markovian property, 25
Matter, stability, 274-276
MBPT, see Many body perturbation theory
MCSCEF, see Multiconfigurational self-

consistent field

MD, see Molecular dynamics
Memory superoperators, 15, 92-110
MESP, see Molecular electrostatic potentials
Metal clusters

in enzymatic reaction centers, 125

in inorganic chemistry, 125

in organometallic chemistry, 125

in petroleum refining and chemical

industries, 126

in photographic process, 125
Metal-ligand interaction, 147
Metal-metal bonds, Pt,, 148-149
Metal-metal oxide interface, 126
Metallic bonding, Pt,(CO)s, (PMe,Ph)s, 149

INDEX 381

Mezey's theorem, 286
MO, see Molecular orbitals
Molecular-beam techniques, preparation of
mass-separated Pt fluxes by, 142
Molecular dynamics, 143
Molecular electronic energy, monotonicity,
284
Molecular electrostatic potentials, bounds, 2635
Molecular nonbinding theorems, 268-272
Molecular orbitals, 1-6, 301, 303
Lennard-Jones paper of 1929, 1-6
theory, 1-6,
Molecular structure
determining by intra-atomic relaxation
mechanisms, 145
theory of, 1
MRCI, see Multireference configuration
interaction
MS-X . see Multiple scattering X, method
Mulliken populations
Py, 152, 155
Pt H, 155
P, H,, 158-159
Multiconfigurational self-consistent field, 169,
212
Multiple scattering X, method, P, 141
Multireference configuration interaction, 341

N

N atom, contraction errors, 334
NZ
binding energy, 342
contraction errors, 334-336
dissociation energy, 342
spectroscopic constants, 334-336
Na cluster, 148
charge density topological analysis, 131
Natural orbitals, 311-318
Ne atom, 312-318
Natural spin-orbitals, 312
Ne, 3
natural orbitals, 312-318
polarizability, 350-355
Negative ions, stability, 266268
NH
binding energy, 341
dissociation energy, 341
Ni(111) surface, pocket site, 132
Ni(H,0), 355-357
binding energy, 356
dissociation energy, 356
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Ni, magnetic moment, 137
Ni-H bond
charge density, 135
ellipticity, 135
Laplacian, 135
Ni-H,0 interaction, 355-357
Ni-Ni bond, 131, 134
charge density, 135
ellipticity, 135
Laplacian, 135
Nij, cluster, 132
Ni, bonding, 129
Ni, cluster, 126, 128-132, 148
charge density, 131, 135-136
density gradient field, 131
ellipticity, 135
Fermi energy, 129
Fermi level, 129
Laplacian, 135-136
Ni H, cluster, 126, 128, 132-137
NO
binding energy, 342
dissociation energy, 342
Non-relativistic molecular system, equiva-
lence between finite many-body
problem, 15
Nonbinding theorems, 268
NR, see Density functional theory, N-
representability
NSO, see Natural spin-orbitals
Nucleic bases, 75, 78, 81

0

Orbital expansion, 127
Oscillator strength, CH* ion, 192
Oxygen

ground state, 3

structure, 3

P

Pair interactions, 168
Pair-natural orbital, 359
CH,, 347
Partition function, 65
Partition functional for N-electrons, 68, 90
Path integral method, see Feynman path
integral
Permutation operator, 173
Permutation symmetry, 171
Perturbation techniques, 9

INDEX

Perturbative polarization propagator methods,
175-180
Phase-integral approximation, 44
Phase-space representations, 10
Phase transitions, 82
Platinum valency model, 147
PNO, see Pair-natural orbital
Pointwise electron densities, 246-247
Polarizability
H,0, 339
Ne atom, 350-355
Polarization propagator formalism
coupled cluster wavefunction, 168
response properties, 168
Polarization propagator method, 167-209
coupled cluster, analysis, 185-191
coupled cluster, approximation, 180-185
perturbative, 175-180
second order, approximation, 169
spin-adapted coupled cluster equations,
170-175
Polaron problem, 11
Polyacetylene, 4
Potential expansions, 127
Potts model, 74
Projected generating functional, 87
Propagator, 12-14, 1620, 23, 25-26, 28-30,
35, 38, 41-43, 52-54, 59, 61, 63
shon-time, 21, 41, 57, 66
Proto-atoms, 131
Pseudo-atoms, 131
PSVR, see Density functional theory, pure
state V-representability
Pt cluster, 138-145
multiple scattering X, methed , 141
Pt-ligand complex, 139
Py
binding energy, 144
nonrelativistic, 145
relativistic effect, 145
P, 147
generalized valence bond orbitals, 147-152
H, chemisorbed, 154
local density functional wavefunctions, 152
magnetic moment, 139
Muiliken populations, 152, 155
Pt: AL,O,, 138, 146
density of states, partial, 147
PtAl;0.* cluster, 146
P,(CO)s,(PMe,Ph)s, metallic bonding, 149
Pt,H, Mulliken populations, 155
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Pt,H, cluster

binding energies, 158

Mulliken populations, 158
P H,

binding energies, 158

Mulliken populations, 158
P Hg

binding energies, 158

Mulliken populations, 158
Pt Hg

binding energies, 158

Mulliken populations, 158
PrHyq

binding energies, 158-159

Mulliken populations, 158
P, H, cluster, 151

binding energies, 158

Mulliken populations, 158-159
Pt,H, cluster, hydrogen saturation, 155-160
Pt,(0,CCHy)g, covalent bonding, 149
Pt 5 cluster, 128

density of states, partial, 139
Pt,,(CO),,(1,-CO); 2" dianion, 139
Pt fluxes, mass-separated, preparation, 142

Q

Quadrupole moment, H,0, 336

Quantum field operators, 97

Quantum field theoretic regime, 9

Quantum field theory, 78, 81

Quantum fluctuations, 15, 78, 81

Quantum many-body propagator, 84

Quasiclassical TF energy functional, 219

Quatemionic polar coordinates, 50

Quaternions, see Anticommutng complex
variables

R

Radial path integral, 45

Radiative lifetime, CH* ion, 193

Random phase approximation, 177

RASCI, see Restricted active space configura-
tion interaction

RASSCEF, see Restricted active space self-
consistent field methods

Rayleigh-Schrédinger correlation coefficients,
spin-adapted first order, 174

Rayleigh-Schrédinger correlation energy, 174

Rayleigh-Schrédinger perturbation theory,
174

Resonance
annulenes, 75, 81
aromatic systems, 78
electron exchange, 2
perturbation theory, 2
Restricted active space configuration
interaction, 358
Restricted active space self-consistent field
methods, 358
Restricted active space self-consistent field
orbitals, 359
Roothaan’s equations, 15, 84-91
Roothaan-Hall equations, 305
RPA, see Random phase approximation
RS, see Rayleigh-Schridinger
RSPT, see Rayleigh-Schrédinger perturbation
theory
Runge-Lenz-Pauli vector, 49

S

Saddle-point approximation, 15, 74-75, 77,
84,91, 111
Saddle-point equations, 77
Scattered wave method, 127
SCC, see Self-consistent-charge scheme
SCF, see Self-consistent field
Schrodinger operators, 93
SCM, see Self-consistent-multipolar
approximation
SDCI, see Single and double configuration
interaction
Second order polarization propagator
approximation, 169, 177-197
Be atom, excitation energies, 187, 190
CH* ion, excitation energies, 189
Second quantized hamiltonians, 13, 35-36,
42-43
Self-consistent-charge scheme, 127-128, 151
analysis, 129
Self-consistent field
ab initio method, 75, 213
equations, 5
Hamiltonian, 5
potential, 127
Self-consistent iteration process, 145
Self-consistent-multipolar approximation, 128
Self-consistent orbitals, 127
Self-consistent perturbative DV-X  approach,
144
Self-energy and reactivity indices, 72
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Single and double configuration interaction,
312,331
Slater determinants, 68-69, 84-85, 88, 112
single, 227, 277
Slater transition-state method, 228
Slater-type orbital, 305
Sobolev inequality, 253
three-dimensional, 239
Soliton, 82
SOPPA, see Second order polarization
propagator approximation
Spin density, local, 126
calculations, 143
Spin quantum numbers, 171
Stark effect, 46, 55
Stationary phase approximation, 91
STO, see Slater-type orbital
Superoperators
identity, 101, 177
linear hermitian, 94
memory, 15, 92, 95-96, 98, 102
mutually orthogonal projection, 94
time-dependent, 94
Surfaces
EAM study, 143
Y-ALO,, 146
Symmetry, 14, 46
cylindrical, 130
dynamical, 53
geometrical, 53
“hidden”, 53
permutation, 171
spherical, 53
Symmetry restrictions, on density matrix, 332
Synergetics, links between critical phenomena
and bifurcation theory, 82

T

TA, see Topological atom

TDHF, see Time-dependent Hartree-Fock

TF, see Thomas-Fermi

TFD, see Thomas-Fermi-Dirac model

TFDW, see Thomas-Fermi-Dirac-Weizsicker
model

Thomas-Fermi-Dirac model, 219

Thomas-Fermi-Dirac-Weizsicker model, 219

Thomas-Fermi energy functional, 219

Thomas-Fermi theory, 268

Thomson principle of classical electrostatics, 251

Three-dimensional Sobolev inequality, 239
Time-dependent Hartree-Fock, 177
Time evolution equation, 103
Time-ordering operator, see Dyson’s time-
ordering operator
TM, see Transition metal
TM magnetism
chemisorbed atoms, 137
chemisorbed molecules, 137
quenching, 137
TM-H bond, 138
TM-TM bonds, 138
Topological atom, 129
analysis, 130
charge density, Li clusters, 131
charge density, Na clusters, 131
transferability, 130
Topology of energy hypersurfaces, 285
Transfer matrix, 64
one-electron, 69
Transition metal clusters, 125-165
bonding mechanism, 130
electronic structure, 125
interaction with external ligands, 125
interaction with hydrogen and oxides,
125-165
intermetallic bonding 125
Transition metal oxides, defect
structures, 138
Transition moment, CH* ion, 192
Transition probabilities, in propagator or
response methods, 168
Transition state method, 228
Tunnel effect, 80-81

U

U matrix theory, 92, 96
Universal HK functional, 214, 218

A%

Valency model, P, 147
Variational principle, 217, 266
Dirac, 74
Hamilton, 79
Virial theorem, 130, 248
Volterra integral equation, 95
VR, see Density functional theory,
V-representability



W

Wave equations, non-linear, 78

Wave functions
bound states, 44
coupled cluster, 168-169
determinantal, §
hydrogenic, 46, 54-55
microscopic Green’s function approach, 12
molecular SCF, 311
multielectronic, of a p electron system, 79
N-electron molecular, 303
one-dimensional harmonic oscillator, 46, 52
one electron, 67-68, 72
path integral method, 12-13
single electron, 44
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Weizsicker correction, lower bounds, 233,
239-240

Wick rotation, 63, 107

WKB approximation, 10, 44

X

X-ray absorption near edge spectra, Pt clusters,
126, 138-142

X -scheme, 228

XANES, see X-ray absorption near edge spectra

z

Zeeman effect, 46
Zwanzig-Feshback projection space technique, 98





